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Abstract

We present a computational evaluation of three hypotheses
about sources of deficit in sentence comprehension in apha-
sia: slowed processing, intermittent deficiency, and resource
reduction. The ACT-R based Lewis and Vasishth (2005) model
is used to implement these three proposals. Slowed processing
is implemented as slowed default production-rule firing time;
intermittent deficiency as increased random noise in activa-
tion of chunks in memory; and resource reduction as reduced
goal activation. As data, we considered subject vs. object rela-
tives whose matrix clause contained either an NP or a reflexive,
presented in a self-paced listening modality to 56 individuals
with aphasia (IWA) and 46 matched controls. The participants
heard the sentences and carried out a picture verification task
to decide on an interpretation of the sentence. These response
accuracies are used to identify the best parameters (for each
participant) that correspond to the three hypotheses mentioned
above. We show that controls have more tightly clustered (less
variable) parameter values than IWA; specifically, compared to
controls, among IWA there are more individuals with low goal
activations, high noise, and slow default action times. This
suggests that (i) individual patients show differential amounts
of deficit along the three dimensions of slowed processing, in-
termittent deficient, and resource reduction, (ii) overall, there
is evidence for all three sources of deficit playing a role, and
(iii) IWA have a more variable range of parameter values than
controls. In sum, this study contributes a proof of concept of
a quantitative implementation of, and evidence for, these three
accounts of comprehension deficits in aphasia.

Keywords: Sentence Comprehension; Aphasia; Computa-
tional Modeling; Cue-based Retrieval

Introduction

In healthy adults, sentence comprehension has long been ar-
gued to be influenced by individual differences; a commonly
assumed source is differences in working memory capacity
(Daneman & Carpenter, 1980; Just & Carpenter, 1992). Other
factors such as age (Caplan & Waters, 2005) and cognitive
control (Novick, Trueswell, & Thompson-Schill, 2005) have
also been implicated.

An important question that has not received much attention
in the computational psycholinguistics literature is: what are

sources of individual differences in healthy adults versus im-
paired populations, such as individuals with aphasia (IWA)?
It is well-known that sentence processing performance in
IWA is characterised by a performance deficit that expresses
itself as slower overall processing times, and lower accu-
racy in question-response tasks (see literature review in Patil,
Hanne, Burchert, De Bleser, & Vasishth, 2016). These per-
formance deficits are especially pronounced when IWA have
to engage with sentences that have non-canonical word order
and that are semantically reversible, e.g. Object-Verb-Subject
versus Subject-Verb-Object sentences (Hanne, Sekerina, Va-
sishth, Burchert, & Bleser, 2011).

Regarding the underlying nature of this deficit in IWA,
there is a consensus that some kind of disruption is occur-
ring in the syntactic comprehension system. The exact nature
of this disruption, however, is not clear. Although a broad
range of proposals exist (see Patil et al., 2016), we focus on
three influential proposals here:

1. Intermittent deficiencies: Caplan, Michaud, and Hufford
(2015) suggest that occasional temporal breakdowns of
parsing mechanisms capture the observed behaviour.

2. Resource reduction: A third hypothesis, due to Caplan

(2012), is that the deficit is caused by a reduction in re-
sources related to sentence comprehension.

3. Slowed processing: Burkhardt, Pifiango, and Wong (2003)

argue that a slowdown in parsing mechanisms can best ex-
plain the processing deficit.

Computational modelling can help evaluate these different
proposals quantitatively. Specifically, the cue-based retrieval
account of Lewis and Vasishth (2005), which was devel-
oped within the ACT-R framework (Anderson et al., 2004),
is a computationally implemented model of unimpaired sen-
tence comprehension that has been used to model a broad ar-
ray of empirical phenomena in sentence processing relating



to similarity-based interference effects (Lewis & Vasishth,
2005; Nicenboim & Vasishth, 2017; Vasishth, Bruessow,
Lewis, & Drenhaus, 2008; Engelmann, Jiger, & Vasishth,
2016) and the interaction between oculomotor control and
sentence comprehension (Engelmann, Vasishth, Engbert, &
Kliegl, 2013).!

The Lewis and Vasishth (2005) model is particularly attrac-
tive for studying sentence comprehension because it relies on
the general constraints on cognitive processes that have been
laid out in the ACT-R framework. This makes it possible to
investigate whether sentence processing could be seen as be-
ing subject to the same general cognitive constraints as any
other information processing task, which does not entail that
there are no language specific constraints on sentence com-
prehension. A further advantage of the Lewis and Vasishth
(2005) model in the context of theories of processing deficits
in aphasia is that several of its numerical parameters (which
are part of the general ACT-R framework) can be interpreted
as implementing the three proposals mentioned above.

In Patil et al. (2016), the Lewis and Vasishth (2005) archi-
tecture was used to model aphasic sentence processing on a
small scale, using data from seven patients. They modelled
proportions of fixations in a visual world task, response ac-
curacies and response times for empirical data of a sentence-
picture matching experiment by Hanne et al. (2011). Their
goal was to test two of the three hypotheses of sentence com-
prehension deficits mentioned above, slowed processing and
intermittent deficiency.

In the present work, we provide a proof of concept study
that goes beyond Patil et al. (2016) by evaluating the evi-
dence for the three hypotheses—slowed processing, intermit-
tent deficiencies, and resource reduction—using a larger data-
set from Caplan et al. (2015) with 56 IWA and 46 matched
controls.

Before we describe the modelling carried out in the present
paper and the data used for the evaluation, we first introduce
the cognitive constraints assumed in the Lewis and Vasishth
(2005) model that are relevant for this work, and show how
the theoretical approaches to the aphasic processing deficit
can be implemented using specific model parameters. Having
introduced the essential elements of the model architecture,
we simulate comprehension question-response accuracies for
unimpaired controls and IWA, and then fit the simulated accu-
racy data to published data (Caplan et al., 2015) from controls
and IWA. When fitting individual participants, we vary three
parameters that map to the three theoretical proposals men-
tioned above. The goal was to determine whether the distri-
butions of parameter values furnish any support for any of the
three sources of deficits in processing. We expect that if there
is a tendency in one parameter to show non-default values in
IWA, for example slowed processing, then there is support
for the claim that slowed processing is an underlying source
of processing difficulty in IWA. Similar predictions hold for

IThe model can be downloaded in its current form from
https://github.com/felixengelmann/act-r-sentence-parser-em.

the other two constructs, intermittent deficiency and resource
reduction; and for combinations of the three proposals.

Constraints on sentence comprehension in the
Lewis and Vasishth (2005) model

In this section, we describe some of the constraints assumed
in the Lewis and Vasishth (2005) sentence processing model.
Then, we discuss the model parameters that can be mapped to
the three theoretical proposals for the underlying processing
deficit in IWA.

The ACT-R architecture assumes a distinction between
long-term declarative memory and procedural knowledge.
The latter is implemented as a set of rules, consisting of
condition-action pairs known as production rules. These
production rules operate on units of information known as
chunks, which are elements in declarative memory that are
defined in terms of feature-value specifications. For example,
anoun like book could be stored as a feature-value matrix that
states that the part-of-speech is nominal, number is singular,
and animacy status is inanimate:

pos nominal
number sing
animate no

Each chunk is associated an activation, a numeric value
that determines the probability and latency of access from
declarative memory. Accessing chunks in declarative mem-
ory happens via a cue-based retrieval mechanism. For exam-
ple, if the noun book is to be retrieved, cues such as {part-of-
speech nominal, number singular, and animate no} could be
used to retrieve it. Production rules are written to trigger such
a retrieval event. Retrieval only succeeds if the activation of
a to-be-retrieved chunk is above a minimum threshold, which
is a parameter in ACT-R.

The activation of a chunk is determined by several con-
straints. Let C be the set of all chunks in declarative memory.
The total activation of a chunk i € C equals

Ai=Bi+S;+P +¢, (D

where B; is the base-level or resting-state activation of the
chunk i; the second summand S; represents the spreading ac-
tivation that a chunk 7 receives during a particular retrieval
event; the third summand is a penalty for mismatches be-
tween a cue value j and the value in the corresponding slot
of chunk i; and finally, € is noise that is logistically dis-
tributed, approximating a normal distribution, with location
0 and scale ANS which is related to the variance of the dis-
tribution. It is generated at each new retrieval request. The
retrieval time 7; of a chunk i depends on its activation A; via
T; = F exp(—A;), where F is a scaling constant which we kept
constant at 0.2 here.

The scale parameter ANS of the logistic distribution from
which € is generated can be interpreted as implementing the
intermittent deficiency hypothesis, because higher values of
ANS will tend to lead to more fluctuations in activation of a



chunk and therefore higher rates of retrieval failure.” Increas-
ing ANS leads to a larger influence of the random element
on a chunk’s activation, which represents the core idea of in-
termittent deficiency: that there is not a constantly present
damage to the processing system, but rather that the deficit
occasionally interferes with parsing, leading to more errors.

The second summand in (1), representing the process of
spreading activation within the ACT-R framework, can be
made more explicit for the goal buffer and for retrieval cues
jed{l,....J}as

J
Si=Y W;S;. )
j=1
Here, W; = GTA, where GA is the goal activation parameter
and S; is a value that increases for each matching retrieval
cue. Sj; reflects the association between the content of the
goal buffer and the chunk i. The parameter GA determines
the total amount of activation that can be allocated for all
cues j of the chunk in the goal buffer. It is a free parameter in
ACT-R. This parameter, sometimes labelled the “W param-
eter”, has already been used to model individual differences
in working memory capacity (Daily, Lovett, & Reder, 2001).
Thus, it can be seen as one way (although by no means the
only way) to implement the resource reduction hypothesis.
The lower the GA value, the lower the difference in activa-
tion between the retrieval target and other chunks. This leads
to more retrieval failures and lower differences in retrieval la-
tency on average.

Finally, the hypothesis of slowed processing can be
mapped to the default action time DAT in ACT-R. This de-
fines the constant amount of time it takes a selected produc-
tion rule to “fire”, i.e. to start the actions specified in the ac-
tion part of the rule. Higher values would lead to a higher
delay in firing of production rules. Due to the longer decay in
this case, retrieval may be slower and more retrieval failures
may occur.

Next, we evaluate whether there is evidence consistent
with the claims regarding slowed processing, intermittent de-
ficiency, and resource reduction, when implemented using the
parameters described above.

Simulations

In this section we describe our modelling method and the pro-
cedure we use for fitting the model results to the empirical
data from Caplan et al. (2015).

Materials

We used the data from 56 IWA and 46 matched controls pub-
lished in Caplan et al. (2015). In this data-set, participants
listened to recordings of sentences presented word-by-word;

2 As an aside, note that Patil et al. (2016) implemented intermit-
tent deficiency using another source of noise in the model (utility
noise). In future work, we will compare the relative change in qual-
ity of fit when intermittent deficiency is implemented in this way.

they paced themselves through the sentence, providing self-
paced listening data. Participants processed 20 examples of
11 spoken sentence types and indicated which of two pictures
corresponded to the meaning of each sentence. This yielded
accuracy data for each sentence type.

We chose two of the 11 sentence types for the current sim-
ulation: simple subject relatives (The woman who hugged the
girl washed the boy) vs. object relatives (The woman who
the girl hugged washed the boy), and subject relatives with
a reflexive (The woman who hugged the girl washed herself)
vs. object relatives with a reflexive (The woman who the girl
hugged washed herself). We chose relative clauses for two
reasons. First, relative clauses have been very well-studied in
psycholinguistics and serve as a typical example where pro-
cessing difficulty is (arguably) experienced due to deviations
in canonical word ordering (Just & Carpenter, 1992). Second,
the Lewis and Vasishth model already has productions de-
fined for these constructions, so the relative clause data serve
as a good test of the model as it currently stands. The re-
flexive in the second sentence type adds an additional layer
of complexity to the sentences. In the model, this is reflected
by an additional retrieval process on the reflexive, where the
antecedent is retrieved.

The Caplan et al. (2015) dataset only provides accuracy
data for the dependency between the embedded verb and its
subject. We will address this problem in future studies where
new data will be collected.

Lastly, since the production rules in the model were de-
signed for modelling unimpaired processing, using them for
IWA amounts to assuming that there is no damage to the pars-
ing system per se, but rather that the processing problems in
IWA are due to some subset of the cognitive constraints dis-
cussed earlier. This also implies that the IWA’s parsing sys-
tem is not engaged in heuristic processing, as has sometimes
been claimed in the literature; see ? (?) for discussion on that
point.

Method

For the simulations, we refer to as the parameter space I1 the
set of all vectors (GA,DAT, ANS) with GA, DAT, ANS € R.
For computational convenience, we chose a discretisation of
IT by defining a step-width and lower and upper boundaries
for each parameter. In this discretised space IT’, we chose
GA € {0.2,0.3,...,1.1}, DAT € {0.05,0.06,...,0.1}, and
ANS € {0.15,0.2,...,0.45}.3 TI' could be visualised as a
three-dimensional grid of 420 dots, which are the elements
p ell.

The default parameter values were included in IT. This
means that models that vary only one or two of the three pa-
rameters were included in the simulations. This is motivated
by the results of Patil et al. (2016): there, the combined model
varying both parameters (default action time (DAT) and util-
ity noise) achieved the best fit to the data. Including all mod-

3The standard settings in the Lewis and Vasishth (2005) model
are GA = 1, DAT = 0.05 (or 50 ms), and ANS = 0.15.



GA DAT ANS GA &DAT GA & ANS DAT & ANS GA & DAT & ANS

SR control 19 24 18 18 11 16 10
IWA 38 41 42 32 33 36 27
OR control 21 26 36 21 20 25 20
IWA 40 48 53 38 40 48 38

Table 1: Number of participants in simple subject / object relatives for which non-default parameter values were predicted,
in the subject vs. object relative tasks, respectively; for goal activation (GA), default action time (DAT) and noise (ANS)

parameters.
GA DAT ANS GA &DAT GA & ANS DAT & ANS GA & DAT & ANS
SR control 17 36 23 11 11 5 5
IWA 40 46 42 36 35 31 31
OR control 28 26 37 27 19 27 18
IWA 51 48 51 44 46 41 39

Table 2: Number of participants in subject / object relatives with reflexives for which non-default parameter values were
predicted, in the subject vs. object relative tasks, respectively; for goal activation (GA), default action time (DAT) and noise

(ANS) parameters.

els allows us to do a similar investigation.

For all participants in the Caplan et al. (2015) data-set, we
calculated comprehension question response accuracies, av-
eraged over all items of the subject / object relative clause
and subject / object relative clause with reflexive conditions.
For each p’ € IT', we ran the model for 1000 iterations for the
subject and object relative tasks. From the model output, we
determined whether the model made the correct attachment
in each iteration, i.e. whether the correct noun was selected
as subject of the embedded verb, and we calculated the ac-
curacy in a simulation for a given parameter p’ € IT' as the
proportion of iterations where the model made the correct at-
tachment. We counted a parsing failures, where the model did
not create the target dependency, as an incorrect response.

The problem of finding the best fit for each subject can be
phrased as follows: for all subjects, find the parameter vector
that minimises the absolute distance between the model ac-
curacy for that parameter vector and each subject’s accuracy.
Because there might not always be a unique p’ that solves this
problem, the solution can be a set of parameter vectors. If for
any one participant multiple optimal parameters were calcu-
lated, we averaged each parameter value to obtain a unique
parameter vector. This transforms the parameter estimates
from the discretised space IT' to the original parameter space
IT.

Results

In this section we presents the results of the simulations and
the fit to the data. First, we describe the general pattern of
results reflected by the distribution of non-default parameter
estimates per subject. Following that, we test whether tighter
clustering occurs in controls.

Distribution of normal parameter values Tables 1 and 2
show the number of participants for which a non-default pa-

rameter value was predicted. By default values we mean the
values GA = 1, DAT = 0.05 (or 50 ms), and ANS =0.15. It
is clear that, as expected, the number of subjects with non-
default parameter values is always larger for IWA vs. con-
trols, but controls show non-default values unexpectedly of-
ten. In controls, the main difference between subject and ob-
ject relatives is a clear increase in elevated noise values in
object relatives for both simple subject / object relatives and
those with reflexives. Perhaps surprisingly, in the reflexives
condition (cf. Table 2), controls display higher DAT in subject
vs. object relatives.

For IWA in simple subject relatives, the single-parameter
models are very similar, whereas in simple object relatives,
most IWA (95%) exhibit elevated noise values, while a far
smaller proportion (71%) showed reduced goal activation val-
ues. In the relatives with reflexives, IWA show the same pat-
tern in subject and object relatives, with a high degree of non-
default parameter estimates for each of the three parameters.

Overall, most IWA exhibit non-default parameter settings
ANS and DAT. While in subject / object relatives with reflex-
ives, a similar number of IWA shows elevated GA settings,
we think this might be due to the similar model behaviours
that non-default GA and ANS elicit. We address this point in
the discussion below.

Cluster analysis In order to investigate the predicted clus-
tering of parameter estimates, we performed a cluster anal-
ysis on the data too see to which degree controls and IWA
could be discriminated. If our prediction is correct that, com-
pared to IWA, clustering is tighter in controls, we expect that
a higher proportion of the data should be correctly assigned to
one of two clusters, one corresponding to controls, the other
one corresponding to IWA. We chose hierarchical clustering
to test this prediction.

We combined the data for subject and object relatives into



Subject relatives  Object relatives

predicted group controls IWA  controls IWA
control 34 21 42 24
IWA 12 35 4 32

accuracy 74% 63% 91% 57%

Table 3: Discrimination ability of hierarchical clustering
on the combined data for simple subject / object relative
clauses. Numbers in bold show the number of correctly clus-
tered data points. The bottom row shows the percentage ac-
curacy.

Subject relatives  Object relatives

predicted group controls IWA  controls IWA
control 31 17 27 45
IWA 15 39 19 11

accuracy 67% 70% 59% 20%

Table 4: Discrimination ability of hierarchical clustering on
the combined data for subject / object relative clauses with
reflexives. The numbers in bold are the correct classifications
of controls/IWA. The bottom row shows the percentage accu-
racy.

one respective data set, one for simple relatives, and one for
relatives with reflexives. We calculated the dendrogram and
cut the tree at 2, because we are only looking for the dis-
crimination between controls and IWA. The results of this are
shown in Table 3 and 4. In simple relatives (cf. Table 3), the
clustering is able to identify controls better than IWA, but the
identification of IWA is better than chance (50%). In rela-
tives with reflexives (cf. Table 4), clustering shows moderate
but above chance discrimination ability in subject relatives.
In object relatives with reflexives, controls are discriminated
barely above chance, while there is an above chance propor-
tion of misclassifications in IWA, demonstrating poor perfor-
mance of the clustering there. Discriminative ability might
improve if all 11 constructions in Caplan et al. (2015) were to
be used; this will be investigated in future work.

Discussion

The simulations and cluster analysis above demonstrate over-
all tighter clustering in parameter estimates for controls, and
more variance in IWA. This is evident from the clustering re-
sults in Tables 3 and 4. These findings are consistent with
the predictions of the small-scale study in Patil et al. (2016).
However, there is considerable variability even in the param-
eter estimates for controls, more than expected based on the
results of Patil et al. (2016).

The distribution of non-default parameter estimates (cf. Ta-
bles 1 and 2) suggest that all three hypotheses are possible
explanations for the patterns in our simulation results: com-
pared to controls, estimates for IWA tend to include higher
default action times and activation noise scales, and lower
goal activation. These effects generally appear to be more

pronounced in object relatives vs. subject relatives. This
means that all the three hypotheses can be considered viable
candidate explanations. Overall, more IWA than controls dis-
play non-default parameter settings. Although there is evi-
dence that many IWA are affected by all three impairments
in our implementation, there are also many patients that show
only one or two non-default parameter values. Again, this is
more the case in object relatives than in subject relatives.

In general, there is evidence that all three deficits are plau-
sible to some degree. However, IWA differ in the degree of
the deficits, and they have a broader range of parameter values
than controls. Nevertheless, even the controls show a broad
range of differences in parameter values, and even though
these are not as variable as IWA, this suggests that some of
the unimpaired controls can be seen as showing slowed pro-
cessing, intermittent deficiencies, and resource reduction to
some degree.

There are several problems with the current modelling
method. First, using the ACT-R framework with its multiple
free parameters has the risk of overfitting. We plan to ad-
dress this problem in three ways in future research. (1) Test-
ing more constructions from the Caplan et al. (2015) data-
set might show whether the current estimates are unique to
this kind of construction, or if they are generalisable. (2) We
plan to create a new data-set analogous to Caplan’s, using
German as the test language. Once the English data-set has
been analysed and the conclusions about the different candi-
date hypotheses have been tested on English, a crucial test of
the conclusions will be cross-linguistic generalisability. (3)
We plan to investigate whether an approach as in Nicenboim
and Vasishth (2017), using lognormal race models and mix-
ture models, can be applied to our research question.

Second, the use of accuracies as modelling measure has
some drawbacks. Informally, in an accuracy value there is
less information encoded than in, for example, reading or lis-
tening times. In future work, we will implement an approach
modelling both accuracies and listening times. Also, counting
each parsing failure as ‘wrong’ might yield overly conserva-
tive accuracy values for the model; this will be addressed by
assigning a random component into the calculation. This re-
flects more closely a participant who guesses if he/she did not
fully comprehend the sentence.

Lastly, simulating the subject vs. object relative tasks sep-
arately yields the undesirable interpretation of participants’
parameters varying across sentence types. While this is not
totally implausible, estimating only one set of parameters for
all sentence types would reduce the necessity of making addi-
tional theoretical assumptions on the underlying mechanisms,
and allows for easier comparisons between different syntactic
constructions. We plan to do this in future work.

Although our method, as a proof of concept, showed that
all three hypotheses are supported to some degree, it is worth
investigating more thoroughly how different ACT-R mecha-
nisms are influenced by changes in the three varied parame-
ters in the present work. Implementing more of the construc-



tions from Caplan et al. (2015) will, for example, enable us to
explore how the different hypotheses interact with each other
in our implementation. More specifically, the decision to use
the ANS parameter makes the assumption that the high noise
levels for IWA influence all declarative memory retrieval pro-
cesses, and thus the whole memory, not only the production
system. Also, as both the GA and ANS parameters lead to
higher failure rates, it will be worth investigating in future
work whether a more focussed source of noise, such as utility
noise, may be a better way to model intermittent deficiencies.

One possible way to delve deeper into identifying the
sources of individual variability in IWA could be to inves-
tigate whether sub-clusters show up within the IWA param-
eter estimates. For example, different IWA being grouped
together by high noise values could be interpreted as these
patients sharing a common source of their sentence process-
ing deficit (in this hypothetical case, our implementation of
intermittent deficiencies). We will address this question once
we have simulated data for more constructions of the Caplan
et al. (2015) data-set.
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Abstract

The Lucia comprehension system attempts to model human
comprehension by using the Soar cognitive architecture,
Embodied Construction Grammar (ECG), and an incremental,
word-by-word approach to grounded processing. Traditional
approaches use techniques such as parallel paths and global
optimization to resolve ambiguities. Here we describe how
Lucia deals with lexical, grammatical, structural, and semantic
ambiguities by using knowledge from the surrounding
linguistic and environmental context. It uses a local repair
mechanism to maintain a single path, and shows a garden path
effect when local repair breaks down. Data on adding new
linguistic knowledge shows that the ECG grammar grows
faster than the knowledge for handling context, and that low-
level grammar items grow faster than more general ones.

Keywords: Natural language understanding; cognitive
models; Soar; construction grammar; Embodied Construction
Grammar; local repair; ambiguity resolution; garden path
effect.

Introduction

In previous work, we described the development of a
cognitive model of language comprehension (Lindes and
Laird, 2016; 2017), implemented in Soar (Laird, 2012), that
incorporates the Embodied Construction Grammar (ECG)
cognitive linguistic theory of grammar (Feldman, Dodge, and
Bryant, 2009; Bergen and Chang, 2013). A key part of our
model is that it attempts to model human comprehension
processes. This is done by using parsing that is incremental
and word by word, eagerly applying all available knowledge
sources at each step, while maintaining a single syntactic and
semantic interpretation. Our work is inspired by previous
cognitive model-based theories, such as NL-Soar (Newell,
1990; Lehman et al. 1991; Lewis, 1993), and is consistent
with the recent “Now-or-Never bottleneck” proposal of
Christiansen and Chater (2016).

Traditional natural language processing approaches focus
on syntactic analysis of isolated sentences (Hale, 2014).
Techniques for resolving ambiguities include multiple
parallel paths, using statistics from corpora, global
optimization, and producing a ranked list of possible parses.
These methods lack contextual knowledge to resolve
ambiguities to produce accurate, grounded meanings in
context. Their success is at the cost of relaxing constraints
imposed by an incremental model of human processing.

Although our system, called Lucia, has been successful in
supporting language understanding for an embodied robotic
agent (Lindes and Laird, 2016), a significant question is
whether incremental, word-by-word approaches can handle
the many types of ambiguity that can arise in language

understanding. Parsers developed for ECG (Bryant, 2008)
and Fluid Construction Grammar (FCG; Steels and Hild,
2012) do not attempt to model incremental parsing, but
instead treat parsing as optimization over a complete
sentence, with no commitment to word-by-word processing.
Thus, these other approaches do not treat the issues of dealing
with ambiguity that arise in incremental parsing.

In this paper, we explore the problem of ambiguity in
incremental language processing. We build on previous work
by Lewis (1993), where local repair is used to recover from
some types of syntactic ambiguity, but we extend this to other
forms of lexical, grammatical, structural, and semantic
ambiguity, taking advantage of the contextual knowledge that
is available during processing. Comparison to detailed human
performance data is outside the scope of our current research.
In the following, we discuss the basic operation of the system,
and explore how it deals with different ambiguous situations.

Basic Comprehension

Lucia is built within a Soar agent called Rosie (Mininger and
Laird, 2016) that learns new tasks involving robotic object
manipulation and navigation. It uses a grammar for a domain-
specific subset of English written in the formal language of
ECG (Bryant, 2008). A program translates the ECG grammar
into Soar production rules that we call G rules. Another set of
Soar rules that connect to the embodied context of the agent,
are written by hand, and are called C rules. Together these
rules process language input to produce meaningful messages
that Rosie uses to perform actions and learn new tasks.

Grammars in the ECG language are made up of two kinds
of “items:” constructions and schemas. Each schema defines
the structure of a certain kind of meaning element and defines
its “roles” or “slots.” A construction is a pairing of a form
with a meaning. There are three types of ECG constructions.
Lexical constructions (L cxns) recognize input words.
Phrasal constructions (P cxns) combine one or more
constituents already recognized into a higher-level structure.
General constructions (G cxns) do not recognize specific
forms, but augment instances of other constructions that are
marked as their subcases. Any construction can evoke a
schema to represent its meaning and provide constraints to
specify how to populate the slots of the schema.

Semantic parsing is carried out incrementally, with
processing done greedily for each word, as in the incremental
approach called “Chunk-and-Pass,” which Christiansen and
Chater (2016) claim models human comprehension. The
basic operation is a word cycle in which a new word is
received, a lexical access operator retrieves one or more



senses of that word (L cxns), and then further processing is
performed. The further processing includes operators that
recognize and apply phrase level constructions (P cxns) and
operators that ground the meanings built from the grammar
to the perceptions and actions of the agent using C rules.
The current state of the parse is represented by a stack in
working memory that contains a sequence of construction
instances that have been recognized but not yet incorporated
as constituents of a higher level construction. During lexical
access, one or more L cxn instances are added to the current
state. Then a P cxn that matches the current state, if any,
creates a new instance of itself on the stack, removing its
constituents from the stack and adding them as its children,
to form a new “chunk.” This can happen several times in a
single word cycle. When a construction instance is created,
its corresponding meaning structure is also built. These
meaning structures trigger grounding operators that look for
something to ground this meaning, either in the agent’s
perceptual model or its general background knowledge.

(a) I I

the I green I sphere.

(b)

I
I
Pick I up
I
I

l l stove.

Put I it on l the

Figure 1: Examples of word-by-word comprehension.

Figure 1 shows some example parses. The word processing
cycles are separated by vertical dotted lines. Each rectangle
is a construction instance, with L cxns shown larger. An
asterisk means a grounding operator was used. Meaning
structures are not shown. Within each cycle, operators are
executed from the bottom up. When the whole sentence has
been processed and the result is a single construction
instance, that construction is interpreted to produce a message
to tell the robot what to do. If the processing does not produce
a single result, the parse fails.

The Lucia comprehender has been applied to a corpus of
several hundred sentences previously used with the Rosie
system. The grammar and context rules have been developed
sufficiently to correctly comprehend 130 of those sentences.
A variety of sentential forms are comprehended, including
the examples in (1).

(1) a.
b. Store the large green sphere on
the red triangle.

The sphere is green.

€. Pick a green block that is
larger than the green box.

Drive to the wall.
Go until there is a doorway.

f. If the green box is large then
go forward.

g What is inside the pantry?

h. Where is the red triangle?

i. Is the large triangle to the
right of the green sphere?

J- Drive down the hall until you
reach the end.

k. Fetch a soda.

A variety of declarative, interrogative, and imperative
sentences are handled, including ones with relative clauses
and conditional clauses. In many of the 130 sentences,
various kinds of lexical, syntactic, and semantic ambiguities
must be handled. Below we examine some of these cases.

Handling Ambiguities

Here we analyze how Lucia handles instances of lexical,
grammatical, structural, and semantic ambiguities, as well as
garden path sentences. For each type of ambiguity, we give
some specific examples and show how Lucia resolves them
using different types of contextual knowledge within its
incremental, word-by-word approach to comprehension.

Lexical Ambiguities

Lucia has several strategies for dealing with words that have
different meanings depending on the context.

Resolution by Syntactic Context Many function words have
meanings that vary depending on the syntactic context. For
example, up can be a particle together with a verb as in pick
up, or it can be a preposition. Various forms of fo be, such as
is, have many possible uses. When possible, Lucia uses the
strategy of having a single construction for the word defined
in the grammar and instantiated during lexical access, and
then resolving the correct meaning from the syntactic context
by what phrasal construction uses that word. This follows the
principle in construction grammar theory that both words and
larger constructions contribute to meaning (Goldberg, 1995).
Consider some of the many uses of is in (2):

2) a.

b. The red triangle is on the
Stove.

The sphere is green.

C. Go until there is a doorway.

d. Is the large orange block a
sphere?

Is can declare an object property (2a) or a relation (2b).
With there, is can declare the existence of something (2¢). Is
can also introduce a question (2d). None of this information



is derived during lexical access, but is added as phrasal
constructions are recognized.

Multiple Senses, Immediate Resolution Content words
often have multiple senses, with context needed to select
from them. In these cases, the grammar defines two or more
alternative lexical constructions. A phrasal construction that
recognizes one of them chooses that one and deletes the
others, as in (3):

3) a

b. Where is the red triangle?

The sphere is red.

C. Is this a sphere?

These three sentences show different senses for both
sphere and red. Sphere produces two senses, a noun and a
class name. The noun sense is recognized by one P cxn in
(3a), while a sphere in (3¢) is recognized by a different P cxn
that uses the class sense, discarding the noun. In both (3a) and
(3b) red is recognized as a property, but in (3a) it is declared
to apply to the sphere, while in (3b) it is used as an adjective
to modify triangle.

That can be deictic (4a) to refer to something being pointed
to, or can be used to introduce a relative clause (4b). Both
senses are generated in lexical access. A P cxn that matches
the context then selects one of the senses and deletes the
other.

4 a

b. pick up the green block that is
on the stove.

Put that in the pantry.

Multiple Senses, Delayed Resolution The word square can
be a property to be applied, a noun, or an adjective:

) a
b. put the square in the square
box.

This is a square.

All three senses are generated by lexical access each time.
For a property application as in (5a), that sense is chosen by
a P cxn and the others discarded. In the first case in (5b), the
noun is chosen similarly.

The second case in (5b) is more complicated: in processing
this instance of square, the noun will be chosen as before.
When box is being processed, the system recognizes that the
chosen sense is wrong, and an operator called suip is selected,
which deletes the P cxn for the square. Next, the previously
discarded adjective sense of square replaces the noun sense.
Now the whole phrase the square box can be recognized.
Many nouns can be used as adjectives like this.

The case of square as an adjective illustrates the delayed
resolution strategy. In immediate resolution, other senses are
not completely forgotten; they are linked to the chosen sense
and can be brought back and selected in a later context. This
is one kind of repair process that makes incremental parsing

possible. These strategies make it possible for the
comprehender to maintain only a single path in its parse state,
yet still have enough information available to make a local
repair when necessary.

Resolution by Semantic Context Some lexical ambiguities
must be resolved by semantic rather than syntactic context.
The meaning of bank, for example, depends on whether the
semantic context is related to rivers or finances. Lucia has
access to semantic information, both in the part of the
sentence that has already been processed and in the more
general discourse context. At the moment, none of the
sentences we have worked with have needed this kind of
resolution, but this can be easily added when needed.

Grammatical Ambiguities

Lucia uses one of two strategies when multiple phrasal
constructions match a given parse state. The first is simple:
when two different constructions match at the same time, if
one matches more constituents than the other, then the more
specific one (the one with the greater span) is chosen. When
processing sphere in Figure 1a, either the noun by itself could
be recognized or the phrase the green sphere. The longer,
more specific match is preferred to the shorter, more general
one.

There are cases where two constructions with the same
span match the same parse state. In order to choose a more
specific option over a more general one in these cases, there
are preference rules to select the more specific one.

(6) a.

b. This is a sphere.

The sphere is green.

In (6) we have two phrases with sphere. Either could be
recognized by a noun phrase construction, but in (6b) the
phrase should be interpreted as a property that can be applied
to the subject of the sentence rather than a noun phrase to
ground to an object. Two preference rules, one for a definite
and one for an indefinite determiner, make the distinction.

Structural Ambiguities

Often the immediate context suggests one way of integrating
a word into the ongoing parse, but later on that decision turns
out to be wrong, as in the square box where the word square
should be an adjective and not a noun. Of particular
importance are the attachment of prepositional phrases and
relative or subordinate clauses. Lucia implements a strategy
of local repair, similar to that used by Lewis (1993), to
resolve these ambiguities, as the following examples show.
(7) a pick up the green block on the
stove.
b. Pput the green sphere in the
pantry.
C. Pick up the green block that is
on the stove.



d.  put the green block that is on
the stove in the pantry.

€. Move the green rectangle to the
left of the large green
rectangle to the pantry.

Sentence (7a) appears to be complete after processing
block. However, there are more words. After processing
stove, there is a prepositional phrase that could either modify
the green block or provide a target location for the verb. In
this case, it should modify the noun phrase, since pick up does
not expect a target location. However, that noun phrase has
already been consumed by the clause construction and is no
longer available on the stack as a constituent, so the system
is at an impasse. What can be done?

The answer is a variant of the snip operator described
earlier, which was introduced by Lewis (1993). This version
deletes the clause construction to expose the noun phrase for
the green block on the stack. Then that noun phrase is
combined with the prepositional phrase to form a new
referring expression that is grounded to that particular green
block, which happens to be on the stove. Figure 2 shows two
steps of this process.

(a)

— )i ie(GurreD)
:

I
1
I
I
I
I

pick | the |

(b)

up green

pick |

on

up

Figure 2: A local repair using snip

Figure 2a shows the state of the parse when we reach the
impasse. At this point, a snip is performed to delete the clause
construction shown with dotted lines, allowing the creation
and grounding of the expression for the green block on the
stove, as in Figure 2b. Finally, a new clause construction is
created with this new referring expression.

Another aspect of grounded comprehension is shown by
(7a). The green block is first grounded to a set of four green

! Linguists use the term infelicitous to describe a sentence which is
syntactically correct but does not make sense semantically.
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blocks that all exist in the current environment. If the
sentence ended here, the comprehender would have two
choices: either pick one of the four at random or report that it
sees four possible meanings and ask for clarification.
However, when the full expression the green block on the
stove has been processed, grounding yields a single green
block, which is currently on the stove. This shows an example
of resolving ambiguous semantics through grounding.

Semantic Ambiguities

The current Lucia system resolves several problems using
semantic information built into its grammar. One example is
the different prepositional phrase attachments chosen for
sentences (7a) and (7b). The two verbs pick up and put are
not simply processed as instances of some general verb part
of speech. Instead, distinct meaningful constructions for the
two verbs are treated differently in the grammar, causing one
to require a prepositional phrase and the other not. This is an
example of how grammatical constructions, not just lexical
items, carry meaning, as Goldberg (1995) insists.

Prepositions give another interesting example of this effect.
Consider the two sentences in (8).

Go to the kitchen.
b. Go down the hall.

Most generative grammar approaches produce the same
exact grammatical structure for both of these sentences. Such
an approach fails in an incremental semantic parse that must
produce actionable meanings. The final messages that are to
be sent to the robot for these two sentences are different. For
(8a), the message specifies a specific waypoint as the goal of
the go action, whereas for (8b) no specific goal is given, just
an object representing the hall to guide the motion.

When sentence (8b) was first encountered while building
Lucia’s grammar, we realized that not all prepositions are the
same. Consider a number of other possible prepositions that
could have appeared in one of these sentences: across, along,
around, behind, in, into, out of, past, through, to the left of,
and so on. Some of these would work perfectly well in one of
the sentences while making the other infelicitous'. Whether
some of these make sense in certain sentences may depend
on the noun that follows or the main verb of the sentence.
Each of these prepositions seem to describe a trajectory in
space, which may or may not have a terminating point. An
interesting mental exercise is to try to imagine a diagram of
the trajectory expected for each of the prepositions listed in
each of the given sentences or in a similar one.

To deal with this problem, some refactoring was done in
the part of the grammar dealing with prepositions. In (8a), to
is treated as an ordinary preposition. For down in (8b) we
created a new construction that can only be a constituent of a
corresponding special subcase of a prepositional phrase.
These constructions provide an alternative way of parsing



depending on the particular preposition involved, which then
allows building a different meaning structure.

This is another example of constructions carrying meaning,
and shows key characteristics of a constructionist approach
to grammar. In this approach we seek to define many specific
constructions to build meaning into the grammar, rather than
a minimal number of meaningless phrase labels to cover the
language. This fits with psychological theories of children’s
language acquisition that emphasize children learning very
specific constructions first and then gradually generalizing
them (Tomasello, 2003).

Garden Path Sentences

“Garden path sentences” are grammatically correct, but are
difficult for humans to parse correctly, at least at first. It
appears that humans make a wrong decision early on in the
parse, and later on, no local repair mechanism is sufficient to
correct the problem. The Lucia theory produces this effect as
we see with (9).

(9) The horse raced past the barn
fell.

Lewis (1993) provides a theory of garden paths. He
describes three possible causes: there is a lack of structural
cues to trigger repair, the syntactic relation that needs to be
altered is no longer available, or the system has not learned
an alternative solution through previous deliberation.

The Lucia analysis of this sentence is consistent with this
theory, as shown in Figure 3. First, the horse raced looks like
a whole sentence using the past tense of race and discarding
its past participle sense. Later a correct parse is found for The
horse raced past the barn. Now when fell arrives, there is no
way to integrate it into the sentence, because of the wrong
choice that was made to use raced as a simple past tense verb
rather than a past participle. This creates a garden path effect.

horse

raced

past | the ]

Figure 3: A garden path sentence.

Why does local repair not work here? Because when the
system gets to the impasse, the change that needs to be made
is at raced, which is two layers back on the stack and two
layers deep in the hierarchy. This is not local enough for local
repair to work, consistent with Lewis’s second reason.

If the grammar only has the past participle sense of raced,
Lucia produces a correct analysis. A deliberative repair
process might produce the correct parse. Neither humans nor
Lucia can do this as part of automatic parsing.
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Taken together, the examples above show that an
incremental comprehension system can resolve many lexical,
grammatical, structural, and semantic ambiguities, and at the
same time produce garden path effects.

Adding to Linguistic Knowledge

Currently, Lucia has no mechanism for learning new
vocabulary, new phrasal constructions, or new concepts. The
principle that meaningful language relies on many very
specific constructions organized in a network with some
generalities (Goldberg, 2006), rather than a few general rules,
suggests that adding linguistic knowledge by hand will not
scale up to something approaching general human language.
Thus, even if our comprehension mechanisms are sufficient,
the system will be limited in its application if it is unable to
acquire new language. A means of acquisition is an essential
goal for future work.

However, by analyzing Lucia’s development, we can make
some predictions about learning. In Lucia, the linguistic
knowledge has grown incrementally. To process each new
sentence, we coded new constructions and schemas in ECG
and added new context rules when necessary. We expect that
the G rules, which encode items in the grammar, would grow
faster than the C rules which perform contextual processing.

Figure 4 shows how the number of Soar production rules
of each type grew as the number of sentences comprehended
grew from 42 to 130. Many more grammar rules than context
rules were added, and the number of grammar rules grew
more rapidly than the number of context rules.

200

42 46 50 54 58 62 66 70 74 78 82 86 90 94 98 102106110114118122126130

1200
1000

200

/

600

400

OCrules EG rules

Figure 4: Growth of C & G rules as language coverage
increases.

Figure 5 gives a different perspective on this growth data.
Here we show the growth in ECG items, both constructions
and schemas. Constructions are further broken down into
lexical constructions (L cxns), phrasal constructions (P cxns),
and general constructions (G cxns). We see that lexical
constructions and schemas are growing faster than the more
general construction types, confirming that the more specific
items grow faster.
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Figure 5: Growth of ECG items as language grows.

Conclusions

The results from Lucia are consistent with the claim that a
comprehension system using a human-like, integrated,
incremental parsing approach, within a cognitive
architecture, and with construction grammar, can
incrementally resolve a variety of linguistic ambiguities.
They also are consistent with one type of breakdown that
arises in garden path sentences in a way similar to humans.

How scalable is this approach? There are many linguistic
forms that it does not handle: past and future tenses, auxiliary
verbs, conjunctions, metaphor, and on and on. Nevertheless,
as Figures 4 and 5 show, as new forms have been addressed,
most of the new knowledge required has been expressible in
the ECG grammar and has not required changes to the
underlying context rules

The techniques we have described for handling ambiguity,
however, depend mostly on the context operators. They
provide grounded semantics, select among grammatical
alternatives, and perform local repairs. This is consistent with
the theory that human-like comprehension relies heavily on
context to resolve ambiguities.

The current approach requires coding context rules by
hand. In the future, we will attempt to enhance the ECG
language to encode contextual constraints and/or use context-
dependent retrievals with spreading activation in long-term
declarative memory (Jones et al., 2016).

Also in future work we intend to explore comparing
detailed processing data from Lucia to the large amount of
available human performance data, and to datasets other than
the Rosie sentence corpus we have considered here.
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Abstract

The ungrammatical sentence The key to the cabinets are on the
table is known to lead to an illusion of grammaticality. As dis-
cussed in the meta-analysis by Jager et al., 2017, faster reading
times are observed at the verb are in the agreement-attraction
sentence above compared to the equally ungrammatical sen-
tence The key to the cabinet are on the table. One explanation
for this facilitation effect is the feature percolation account: the
plural feature on cabinets percolates up to the head noun key,
leading to the illusion. An alternative account is in terms of
cue-based retrieval account (Lewis & Vasishth, 2005), which
assumes that the non-subject noun cabinets is misretrieved due
to a partial feature-match when a dependency completion pro-
cess at the auxiliary initiates a memory access for a subject
with plural marking. We present evidence for yet another ex-
planation for the observed facilitation. Because the second
sentence has two nouns with identical number, it is possible
that these are, in some proportion of trials, more difficult to
keep distinct, leading to slower reading times at the verb in the
first sentence above; this is the feature overwriting account of
Nairne, 1990. We show that the feature overwriting proposal
can be implemented as a finite mixture process. We reanalysed
ten published data-sets, fitting hierarchical Bayesian mixture
models to these data assuming a two-mixture distribution. We
show that in nine out of the ten studies, a mixture distribu-
tion corresponding to feature overwriting furnishes a superior
fit over both the feature percolation and the cue-based retrieval
accounts.

Keywords: Feature overwriting; feature percolation; cue-
based retrieval; sentence processing; interference; reading;
Bayesian hierarchical mixture models

Introduction

It is well-known that sentences such as (1a) can lead to an
illusion of grammaticality. The sentence is ungrammatical
because of the lack of number agreement between the subject
key and the auxiliary are. Note that the second noun, cabi-
nets, and the auxiliary are agree in number, but no syntactic
agreement is possible between these two elements.

(1) a. The key to the cabinets are on the table.

b. The key to the cabinet are on the table.

Many sentence comprehension studies have shown that the
illusion has the effect that the auxiliary are is read faster in
(1a) compared to the equally ungrammatical sentence (1b)
(see Jdger, Engelmann, & Vasishth, 2017 for a review). In
contrast to (1a), in (1b) the second noun (cabinet) is singular
and does not agree with the auxilary in number.
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Several explanations have been proposed for the illusion
of grammaticality in (la) vs. (1b). We discuss two of these
here. The feature percolation account proposes that in (la)
the plural feature on cabinets can, in some proportion of tri-
als, move or percolate up to the head noun key (see Patson
& Husband, 2016 for recent evidence for this model). The
head noun now has the plural feature, leading to an illusion
of grammaticality compared to (1b), where no such feature
percolation occurs. Another prominent explanation, due to
Wagers, Lau, and Phillips (2009), is the retrieval interference
account. Here, in ungrammatical sentences like (1a), a sin-
gular verb would be predicted; but when the plural verb are
is encountered, a cue-based retrieval process (Lewis & Va-
sishth, 2005) is triggered: The verb triggers an access (called
aretrieval) for a noun that is plural marked and is a subject. A
parallel cue-based associative memory access leads to the re-
trieval of a partially matching noun in memory (cabinets) that
agrees in number but is not the subject. This partial match
leads to a successful retrieval and an illusion of grammatical-
ity.!

As we show next, there is evidence for both these accounts:
a facilitatory effect is generally present in the published data.

The facilitatory effect in reading time in the
“illusion of grammaticality” data-sets

We first establish that a facilitatory effect is found in studies
comparing sentences like (1a) and (1b). In connection with
the meta-analysis relating to studies on cue-based retrieval
reported in Jiger et al. (2017), we had obtained the raw data
from 10 studies on sentences like (1a) and (1b). These were
reading-time studies reported in Dillon, Mishler, Sloggett,
and Phillips (2011), Lago, Shalom, Sigman, Lau, and Phillips
(2015), and Wagers et al. (2009). Except for the eyetrack-
ing experiment by Dillon and colleagues, all the other studies
were self-paced reading experiments. In these data-sets, the
dependent measure was reading time in milliseconds at the
auxiliary or the region following it. Most of the 10 studies

IThe cue-based retrieval account may a priori be implausible be-
cause it predicts that an incorrect dependency is built between cabi-
nets and are; building such a dependency would imply that the sen-
tence has the implausible meaning that the cabinets are on the ta-
ble. The reader should detect such an implausible meaning and this
should lead to a slowdown rather than facilitation.



found statistically significant effects in this post-critical re-
gion. What is noteworthy here is the consistently negative
sign of the effect of interest; this consistency is much more
informative than the statistical significance of individual stud-
ies.

We first reanalyzed these 10 data-sets in order to confirm
the facilitatory effect reported.> We fit Bayesian hierarchi-
cal models to each data-set using Stan (Stan Development
Team, 2016). We fit Bayesian models because of the ease
with which statistical models can be defined flexibly to re-
flect the cognitive process of interest.

The model specification was as follows. Assume that (i)
i indexes participants, i = 1,...,I and j indexes items, j =
1,...,J; (i) y;; is the reading time in milliseconds for the
i-th participant reading the j-th item; and (iii) the predictor
x, which represents the experimental manipulation, is sum-
coded (£1). In our case, the condition (1a) is coded +1 and
the condition (1b) is coded —1.

Then, the data y;; (reading times in milliseconds) are de-
fined to be generated by the following process:

ey

where u; ~ Normal(0,62%), w; ~ Normal(0,62) and o2 is
the error variance. The terms u; and w; are called varying
intercepts for participants and items respectively; they rep-
resent by-subject and by-item adjustments to the fixed-effect
intercept B;. The variances 62 and G2, represent between-
participant (respectively item) variance.> The facilitation ef-
fect is the estimate of B, (on the log scale).

As priors, we chose the Cauchy(0,2.5) distribution for all
coefficients, and a half-Cauchy (with only positive values) for
the standard deviations. This are mildly informative priors
(Gelman et al., 2014) which express the belief that that the
most likely value of the parameter is near 0, but allows for a
wide range of non-zero values because of the fat tails of the
Cauchy.

As shown in Figure 1, the effects in each study consistently
show negative estimates of B, which indicates a facilitation
in reading time at the auxiliary or a subsequent region. This
is consistent with both the feature percolation and retrieval
interference accounts. There is a third explanation for the
observed facilitation effect in these studies, which we turn to
next.

yij ~ LogNormal (B1 + Box;; + u; +ijcg)

An alternative explanation for the facilitatory effect
Consider the ungrammatical example sentences again. These
are repeated below for convenience:

2The published studies had other experimental conditions that
we do not discuss here. The published studies also used a trimming
procedure to analyze the data, and their analysis was done on the raw
millisecond scale. Thus, our analysis has some differences from the
original analyses, but the conclusions are substantially unchanged.

3This so-called crossed participants and items varying intercepts
linear mixed model can be made more complex by adding varying
slopes for the factor X by participant and by item, but for space
reasons we do not consider these more complex models here.
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Figure 1: The parameter estimates of the hierarchical model
fitted to the 10 data-sets. The condition representing (1a) is
coded +1 and the condition representing (1b) is coded —1, so
that parameter beta_2 shows a facilitation effect if its value
is negative. Shown are the estimates of the facilitatory ef-
fect (beta_2), and the standard deviations of (i) the error
(sigma_e), (ii) the by-subjects varying intercepts (sigma_u),
and (iii) the by-items varying intercepts (sigma_w).

(@)

a. The key to the cabinets are on the table.
b. The key to the cabinet are on the table.

In example (2b), both the nouns are marked singular,
whereas in example (2a) the nouns have different number
marking. As discussed in Villata and Franck (2016), the sim-
ilarity in number of the two nouns in (2b) could be the un-
derlying cause for increased processing difficulty, compared
to (2a). The identical number marking in (2b) could lead to
increased confusability between the two nouns, leading to
longer reading times at the moment when a subject noun is
to be accessed at the auxiliary verb. The feature overwrit-
ing model of Nairne (1990) formalizes this idea. To quote
(p. 252): An individual feature of a primary memory trace
is assumed to be overwritten, with probability F, if that fea-
ture is matched in a subsequently occurring event. Interfer-
ence occurs on a feature-by-feature basis, so that, if feature b
matches feature a, the latter will be lost with probability F.

The Nairne proposal has a natural interpretation as a finite
mixture process. Specifically, feature overwriting could occur
with a higher probability in example (2b) compared to (2a).
This assumption implies that the reading times in both (2b)
and (2a) are generated from a mixture of two distributions. In
a particular trial, if no feature overwriting occurs, the reading
time would come from a Lognormal distribution with some
location and scale parameters; this situation would result in
minimal processing difficulty in carrying out a retrieval and
detecting the ungrammaticality. In other trials, when feature
overwriting does occur, the reading time would have a larger



location parameter, and possibly also a larger scale parame-
ter; this would represent the cases where additional difficulty
occurred due to feature overwriting.*

An explicit assumption here is that feature overwriting
could occur in both (2b) and (2a), but the proportion would
be higher in (2b). It is also possible to assume that feature
overwriting only occurs in (2b), but due to space reasons we
do not consider this and other alternative models here.

Thus, in the mixture model implementation of the Nairne
proposal, one distribution will have a larger location param-
eter (and perhaps also the scale parameter). In the modelling
presented below, one goal is to estimate the mixing propor-
tions of these distributions. In the results section, we will
refer to the proportion of the slow reading time distributions
in (2b) as prob_hi, and in (2a) prob_lo. The suffixes hi and
1o here refer to whether we expect confusability to be high or
low.

To summarize, the feature percolation, cue-based retrieval,
and feature overwriting models all predict facilitation in the
ungrammatical sentences (2a) compared to (2b), but the un-
derlying generative process assumed in each model is differ-
ent. Feature percolation and feature overwriting can be seen
as finite mixture models of different types, and cue-based re-
trieval can be seen as implemented by the standard hierarchi-
cal model. Our goal here is to implement all the three propos-
als as statistical models and then compare their relative fit to
the data in order to adjudicate between them. Before we do
this, we introduce finite mixture models.

Finite mixture models

A finite mixture model assumes that the independently dis-
tributed outcome y;,i = 1,...,N is drawn from one of sev-
eral distributions. Each distribution’s identity is controlled
by a Categorical distribution. For example, assume that
we have K distributions with location parameter (the mean)
€ R and scales (standard deviation) 6y € (0,00), where
k=1,...,K. Assume also that we have a vector of probabili-
ties < Aq,...,Agx >= A that represent the mixing proportions.
The parameters A are non-negative values and they sum to 1.

Thus, if the K distributions are mixed in proportion A,
where A, > 0 and ZkK:l A = 1, for each outcome y; there is a
latent variable z; € {1,...,K} with a Categorical distribution’
parameterized by A : z; ~ Categorical(A). The variable y;
is then distributed as follows:

@

Assuming that each of the K mixture distributions f(-) has

yi ~ Normal(ji, 02

4In grammatical sentences like The key to the cabinet/s is...,
both feature overwriting and cue-based retrieval predict a slowdown
when the nouns have the same number. The literature largely shows
no difference in reading time. But the two models’ relative perfor-
mance can still be investigated; we plan to do this in future work.

5The Categorical distribution can be seen here as the Bernoulli
distribution in the case where K=2. In this paper, we focus only on
the K=2 case.
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a vector of parameters 0y associated with it, the mixture den-
sity can be written in the following manner:

pi|0,A) =A1-f(yi|01)+-+Ak-f(yi| Ok) ()

A random variable Y with the above density can then be
written in abbreviated form as follows.

Yo M f(y[01)+- + A f(y | 0k) )

In this paper, we consider a mixture of LogNormals with
K = 2; this is because the feature overwriting model assumes
a mixture of two distributions. We choose LogNormals to
model reading times because reading times must be greater
than 0 and follow a LogNormal distribution. We will write
the models as follows:

Y ~A; - LogNormal (u; +8,62) 4 (1 — Ay ) - LogNormal (u; , 63)

2 2

where 67 = 63 or 67 # 63

®)

The parameter & marks the shift in the mean in the first mix-
ture distribution relative to the second mixture distribution.
Note that the scale parameters (G1,0,) can be either identical
(homogeneous variances) in both distributions, or different
(heterogeneous variances). We will consider both types of
models here.

The above models assume that the data are independent.
When we have repeated measures data, the independence as-
sumption is no longer valid. In order to address this issue, fi-
nite mixture models can be made hierarchical by adding vary-
ing intercepts for subjects (indexed by i) and items (indexed

by j):

yij ~M - LogNormal (uy + 8+ u; +wj,($%)+ ©
(1 —A1)-LogNormal (u; + u; —|—Wj,(5%)

where u; ~ Normal(0,62) and w; ~ Normal(0,62). Thus,
the mixture model with K = 2 will have the following param-
eters: four variance components, 67,63,62, and 62,; two co-
efficients 1 and J; and two probabilities A; and Ay = (1 —24y).

An evaluation of the Nairne feature overwriting
proposal
Method

Implementing the Nairne proposal We fit the homoge-
neous and heterogeneous variance hierarchical mixture mod-
els to the 10 reading time data-sets that compared reading
times at the auxiliary or the following region for sentences
like (2a) and (2b).

The data were assumed to be generated from a two-mixture
Lognormal distribution with either a homogeneous variance
in both mixture distributions, or heterogeneous variances.



Thus, for the high confusability condition (2b), we consid-
ered two models:

Homogeneous variance feature overwriting model

yij ~prob_hi - LogNormal (B + 8+ u; +w;,62)+
(1 —prob_hi) - LogNormal (B + u; +w;,62)

where:

(N

u; ~ Normal(0,62),wy ~ Normal(0,52)

Heterogeneous variance feature overwriting model

yij ~prob_hi- LogNormal (B + 8+ u; +w;,062%)+
(1 —prob_hi) - LogNormal (B +u; +w;,62)
where:

u; ~ Normal(0,62),wi ~ Normal(0,62)

®)

In both models, y;; is the reading time in milliseconds from
subject i and item j. The probability prob_hi represents the
mixing probability of the distribution that generates the slow
reading times corresponding to trials where feature overwrit-
ing occurred (2b). Although not shown, another mixture dis-
tribution is defined for example (2a); here, prob_lo repre-
sents the mixing probability of the distribution that generates
the slower reading times corresponding to the trials where
feature overwriting occurred.

The homogeneous variance model assumes that both mix-
ture distributions have the same standard deviation o,. The
heterogeneous mixture model assumes that the mixture dis-
tribution that leads to the slower reading times is assumed to
have both a different mean (§ + ) and a different standard
deviation (6,) than the other distribution. Alternative mod-
els can be fit which relax these assumptions, but due to space
constraints we consider only these two models.

We had the following priors for the parameters:

prob_hi ~Beta(1,1)
B,8 ~ Cauchy(0,2.5)
Ge,G,/,0y,0y ~ Cauchy(0,2.5)

©))

constraint: G,,G,/,Gy,Gy, > 0

The priors for the variance components (the standard de-
viations G,, G/, Gy, G,,) and the coefficients representing the
means of the Lognormal distributions (3, d) are mildly infor-
mative priors, as in the standard hierarchical model above.
These Cauchy priors assume that values of the parameters
near O are the most likely ones, but extreme values are possi-
ble. The Beta(1,1) prior for the mixing probabilities expresses
a large prior uncertainty, and express the assumption that the
probability is equally likely to be any value between 0 and 1.
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Baseline models As baselines, we fit a model correspond-
ing to the retrieval interference account (the standard hierar-
chical model shown in equation 1 and summarized in Fig-
ure 1), and the feature percolation proposal. The latter also
assumes a mixture distribution, but only for the condition
corresponding to example (2a). Recall that the claim is that
in ungrammatical sentences, in some proportion of trials the
plural feature on the distractor cabinets moves up to the head
noun. In (2b), no such mixture process should occur because
percolation never occurs; hence a standard hierarchical Log-
Normal distribution can be assumed here. We therefore de-
fined the following generative process for (2a):

Feature percolation model

yij ~prob_perc - LogNormal (B + Y+ u; +w;, o2)+

(1 —prob_perc) - LogNormal (B +u; +wj,62)  (10)

where:
u; ~ Normal(0,62),wi ~ Normal(0,6%),y< 0

Note that in the specification above the parameter Y, which
represents the change in the location parameter, is constrained
in the model to be negative; this is because the assumption in
the feature percolation proposal is that percolation leads to
faster reading time.

For sentences like (2b), in which no percolation is assumed
to occur, we simply assumed a LogNormal generative pro-
cess:

yij ~ LogNormal(B+u; +w;,c2) (11)
Model comparison Having fitted the homogeneous and
heterogeneous variance models, as well as the baseline mod-
els (the cue-based retrieval and feature percolation models),
we need a method for comparing the quality of fit of the mix-
ture models relative to the standard hierarchical models. We
use an approximation of the leave-one-out cross-validation
(LOO), as discussed in Vehtari, Gelman, and Gabry (2016).
We find this approach attractive because it focuses on the pre-
dictive performance of the model. LOO compares the ex-
pected predictive performance of alternative models by sub-
setting the data into a training set (for estimating parameters)
by excluding one observation. The difference between the
predicted and observed held-out value can then be used to
quantify model quality by successively holding out each ob-
servation. The sum of the expected log pointwise predictive
density, el/p\d, can be used as a measure of predictive ac-
curacy, and the difference between the ejﬁl’s of competing
models can be computed, including the standard deviation of
the sampling distribution of the difference in e/lp\d When
comparing a model M1 with another model M2, if M2 has a
higher eTp\d, then it has a better predictive performance com-
pared to M1. The model comparisons are transitive; if a third
model M3 has a higher el/p\d than M2, then it has a better per-
formance than M1 as well. Vehtari and colleagues have devel-
oped an efficient computation of LOO using Pareto-smoothed



importance sampling (PSIS-LOO), This is what we use here.
For details of PSIS-LOO, see Vehtari et al. (2016).

Results

Table 1 shows model comparisons between the standard hi-
erarchical model, corresponding to the retrieval interference
account, and the homogeneous variance model. The table
shows that apart from study 1, the homogeneous variance
feature overwriting model is clearly superior to the retrieval
interference model because it has higher el/p\d values. Ta-
ble 1 also shows that the homogeneous variance feature over-
writing model furnishes a better fit than the feature percola-
tion model. Finally, the table shows that, except for study 1,
the heterogeneous variance model is superior to the homoge-
neous variance model.

Since the model comparisons are transitive, we can con-
clude that, among the models compared, the heterogeneous
variance feature overwriting model characterises the data
best. We therefore focus on the parameter estimates of the
heterogeneous variance model below. The estimates from
the models for the 10 data-sets are shown in Figure 2. In
this model, two noteworthy points are the following: (i) The
variance of the high confusability distribution (sigmap_e; this
corresponds to 6,/ in the models defined earlier) is relatively
large compared to the other variance components; (ii) The
difference in probabilities of the two mixture distributions,
diffprob, is generally greater than O across all the studies;
however, the uncertainty in the estimate of the probability in
study 1 is very high. These two observations suggest that
there is more variability in the reading time when the fea-
ture overwriting occurs, and that there some evidence that the
proportion of trials with feature overwriting is higher in the
condition with two singular nouns, consistent with the Nairne
proposal.

In summary, overall there is good motivation to assume that
in the condition with two singular nouns (example 2b), a pro-
portion of trials comes from a distribution with a larger mean
and larger standard deviation, and this proportion is higher
than in the condition with one singular and one plural noun
(example 2b).

Discussion

We implemented as a statistical model the proposal that nouns
with similar feature marking (here, number) may be more
confusable due to feature overwriting in some proportion
of trials, which in turn leads to occasional increase in dif-
ficulty in accessing the correct noun when a dependency is
to be completed between the subject and the verb. By fit-
ting Bayesian hierarchical two-mixture models, we showed
that 9 out of the 10 data-sets showed evidence for this in-
creased confusability in one condition over the other. The
feature overwriting account for the ungrammatical sentences
(2a, 2b) appears to be superior to both the retrieval interfer-
ence and feature percolation accounts.

The three accounts make the same predictions for ungram-
matical sentences—a facilitation effect. The modelling pre-
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sented here allows us to quantitatively compare the relative
fit of these proposals for these otherwise indistinguishable
accounts. An interesting future direction is to evaluate the
predictions of these models for grammatical sentences such
as those considered in Franck, Colonna, and Rizzi (2015);
Villata and Franck (2016). We plan to address this in future
work.
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Abstract

This paper presents a simulation study focusing on implicit
memory in the formation of a new communication system.
In the models presented here, two agents aim to achieve their
common goal by exchanging messages composed of two fig-
ures, whose meanings are not defined in advance. The effect
of implicit memory has been studied with two different sym-
bolic processes, implemented in ACT-R. Our results indicate
that the difference caused by symbolic processes reduces when
implicit memory is incorporated into the model. We have also
found the effect of implicit memory on the creation of an iso-
morphic communication system, shared among agents. These
findings suggest that implicit memory has some roles in the
formation of a human communication system.

Keywords:
ACT-R

Communication; imitation; implicit process;

Introduction

People try to communicate with others even when they do
not share a common language. They also understand others’
intentions through repeated interactions. It has previously
been speculated that humans have the ability to develop a new
communication system, where only limited common ground
is shared, in advance. Addressing the types of cognitive func-
tions involved in such a process will contribute to understand
the origins of human communication.

Some researchers have examined this question by design-
ing communication environments in laboratories (for a review
Galantucci & Garrod, 2011; Scott-Phillips & Kirby, 2010).
For example, Galantucci (2005) conducted an experiment to
observe the formation of communication systems, wherein,
a pair of participants communicated through a medium that
restricted the use of standard communication means, such as
utterances and letters. He observed the process of forming a
new communication system, and discussed that implicit in-
formation was conveyed through routine behavior.

Related studies have also been conducted in the field of lan-
guage acquisition. Most human infants naturally acquire lan-
guages, while a few experience difficulty. From the observa-
tions of such a developmental process, some behavioral char-
acteristics that lead to language learning have been found.
For example, Tomasello (1999) argued that a type of imita-
tion, called “role-reversal”, in which the child aligns him-
self/herself with the adult speaker, is essential for produc-
ing communicative symbols. The cognitive modules behind
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this behavior have also been discussed. Baron-Cohen (1997)
hypothesized the Theory of Mind Module (ToMM) used for
imitations of intentional behaviors in others. Rizzolatti and
Arbib (1998) also suggests the origins of language from a
viewpoint of the mirror neuron system.

For the cognitive modeling community, the challenging
questions are: (1) how such modules are computationally rep-
resented, and (2) how are these integrated to a cognitive archi-
tecture that holds human-level goal management, and mem-
ory systems. Concerning these questions, several researchers
have constructed a model of language evolution (Reitter &
Lebiere, 2011), and an agent including the ToMM, (Stevens,
Weerd, Cnossen, & Taatgen, 2016) in the general cognitive
architecture.

In our previous study, we also developed a model of shar-
ing communication systems (Morita, Konno, & Hashimoto,
2012). In our model, agents were implemented in the ACT-
R cognitive architecture that posses general learning mech-
anisms such as reinforcement learning, and instance-based
learning (Lebiere, Gonzalez, & Martin, 2007). By incorpo-
rating imitative learning into these mechanisms, Morita et
al. (2012) investigated the role of imitation in the process
of forming a new communication system. The results of the
study indicated the importance of imitation to simulate the
formation process of a human communication system.

However, in our previous work, the production rules ex-
ecuting imitative learning were coded manually. This does
not provide the answer as to how these emerge from the
human memory system. To overcome this limitation, our
present study examines the process that substitutes the manu-
ally coded imitation process. This study especially focuses on
the role of implicit memory processes in forming a commu-
nication system. Before presenting the details of our present
study, we recapitulate concepts from our previous study.

Task

This research simulates the experiment reported in Konno,
Morita, and Hashimoto (2013), where the authors modified,
and used a coordination game taken from Galantucci (2005).
As in Galantucci’s study, the game environment contained
two characters, each controlled by a player, and four inter-
communicating rooms. The game was composed of several
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Figure 1: A single round of the coordination game consisted
of three steps. In step 1, to create a message, participants se-
lected figures by clicking the segments indicated by “Yours”.
In step 2, a character (blue boxes indicated by “You”) was
moved by drag-and-drop. In step 3, the result of the move-
ment was shown to participants. Blue boxes (“You-Pre” and
“You-Post”) and green boxes (“Pat-Pre” and “Pat-Post’) rep-
resent the movements made by the participant, and the part-
ner, respectively.

repeated rounds. At the beginning of each round, characters
were randomly placed in two different rooms. Players were
unaware of each others’ locations, and aimed to bring their
characters to the same room. The characters could not move
to rooms that were located diagonally. Owing to this con-
straint, players needed to communicate before moving their
characters.

Figure 1 presents the flow of each round, consisting of
three steps: step 1 for exchanging messages; step 2 for mov-
ing characters; and step 3 for confirming the result of their
movement. Among these steps, step 1 is the most crucial for
the success of this task. In this step, the two players con-
struct their own messages, composed of two figures such as
“[&l[ ]”, using six available figures: [B], [#], [€], [€], [&], and
[]. The meanings and usages of the figures were not shared
with the participants in advance. Each player could send only
one message per round, but they could take turns in exchang-
ing messages. A message sent by the first sender instantly
appeared on the screen of the other player. The second sender
could compose her/his message after observing the message
of her/his partner (see participant 2 in Figure 1). Through
such turn-taking, the first sender could transmit her/his cur-
rent room location, and the second sender could transmit the
destination, while taking into account the current room loca-
tion of her/his partner. Participants were not assigned their
roles by the experimenter; instead, they were required to self-
assign their roles.
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Figure 2: Schema of the model.

In the experiment reported in Konno et al. (2013), partic-
ipants (21 pairs) attempted to develop a communication sys-
tem within the stipulated one-hour time limit. When char-
acters moved to the same room, players received two points,
otherwise, they lost one point; although, the scores did not
drop below zero. The session was terminated when the score
reached 50 points. As a result, 66 percent of the participants
(14 pairs) successfully reached the points in 48.42 averaged
rounds. The models presented in the following section are
intended to simulate the behavior of such successful pairs.

Model
Architecture

The task presented in the previous section requires symbolic
learning for constructing a new symbol system. In addition,
according to Galantucci (2005)’s report, implicit learning,
which is not present in symbolic systems, possibly plays a
role in this task. Morita et. al (2012) constructed a model us-
ing ACT-R (Anderson, 2007), which integrates symbolic and
sub-symbolic learning mechanisms. This section illustrates
how our previous study constructed a model for sharing the
communication system.

ACT-R is composed of several independent modules. The
modules used in our study are presented in Figure 2. Except
for the production module, each module has a buffer to tem-
porarily store information, called a chunk (a set of slot-value
pairs). The production module integrates the other modules
using production rules, which consist of a condition-action
pair that is used in sequence with other productions to per-
form a task. The conditions and actions in the production
rules are specified, along with the buffer contents of each
module.

In the model presented in Morita et al. (2012), two inde-
pendent agents interact through a simulated task environment
developed in the ACT-R graphical user interface (AGI). AGI
provides screens that hold visual information as chunks. In
this study, the locations of the characters, and messages asso-
ciated with each agent are displayed on the screen. An agent’s
visual module searches for a character and stores its location
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(room) in a visual buffer. The visual buffer also stores the
symbols that compose a message, attending to the screen lo-
cations where the figures appear. The simulated task environ-
ment also provides a virtual mouse to change the figures and
move the characters on the screen.

Visual information stored in the visual buffer is transferred
to the goal buffer through the production module. The goal
buffer holds the goal of the current task, and other task-
related information. Specifically, our model has nine slots for
the goal buffer: four slots for storing room locations (initial
(from)-destination (to) x self-partner), four slots for storing
symbols (left-right x self-partner), and a slot for encoding the
order for the exchanged messages.

The declarative module stores past states of the goal buffer,
as instances. It also stores chunks representing task con-
straints such as path information indicating a room that
the characters can move to (e.g., from,ﬂjojiisa,path),
or figures the agent can use to construct a message (e.g.,
[ ] isa_figure). An agent uses these chunks (i.e., declarative
knowledge) to choose its destination and construct a message.

The productions of the model construct the process pre-
sented in Figure 3. This process is divided into three steps,
just as in the original experiment (Figure 1). There are two
paths in this process. The left path is for the first sender,
and the right path is for the second sender. The choice of
path is made by conflict resolution, which is a comparison
of two conflicting productions, with noise added utilities. In
each phase of the path of the first sender, there is a conflict
(indicated by circles) between keeping the path of the first
sender, and changing to the path of the second sender. If in
any of these the agent selects the path of the second sender,
the agent tries to perceive the message of her/his partner from
the screen. When the agent obtains the message from her/his
partner, s/he realizes that s/he is the second sender (fills the
order slot with “2nd”). Otherwise, s/he resolves a conflict by
waiting for the message of her/his partner and changing to the
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Figure 4: Three types of decision strategies.

path of the first sender. This conflict loop continues until one
of the agents sends a message.

Explicit decision process

In step 1, regardless of the contents of the order slot, both
agents make decisions about their destinations, and their mes-
sages. Concurrently, the first sender predicts the message that
s/he will receive from her/his partner. The predicted message
is checked against the message received in step 2. When the
received message is inconsistent with the predicted message,
the agent makes a new decision about her/his destination.

In summary, there are three situations where agents make
decisions: the first sender in step 1, the first sender in step 2,
and the second sender in step 2. In these situations, agents
apply one of the three decision strategies shown in Figure 4.
Every decision strategy begins by retrieving chunks from the
declarative module, by using the current goal buffer as a cue.
In the trial-error strategy, chunks concerning task constraints
(chunks representing a path and symbols) are retrieved, and
are used to fill in the blank goal slots. In the instance-based
strategy, the agent retrieves an instance that is consistent with
the current goal buffer. The retrieved instance is used to fill
slots concerning the destination, and symbols. The imitation
strategy also uses an instance, but the roles of an agent, and
her/his partner are reversed when retrieving and filling slots.
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Figure 5: The implicit process of the use of instance.

The implicit decision process

The decision strategies presented above follow a purely sym-
bolic process. Each production rule explicitly holds the map-
ping of slots from the goal buffer to memorized chunks. Such
a process needs different rules, which correspond specifically
to each decision situation. Figure 4 only shows an example of
the first sender in step 1, where the location-self-from slot is
used as a retrieval cue. In addition to this slot, a partner’s mes-
sage, (the symbols-partner-left slot, and the symbols-partner-
right slot) can be used as retrieval cues by the second sender
in step 1. In the case of the first sender in step 2, where the
goal buffer contains the message sent by the agent, more com-
plex retrieval cues are available.

In order to maximize information sent through the ex-
changed message, it would be better to use instances wherein
the slots are either perfectly, or partially matched to the cur-
rent goal buffer. In the model constructed by Morita et al.
(2012), there are rules concerning each combination of buffer
slots and matching states for the two decision strategies in
all the situations. However, this approach will face difficulty
when the model is applied to open communication tasks,
where the number of signals, or the number of turns are not
decided in advance. Apparently, the model needs to have ab-
stract mechanisms that permit the acquisition of such sym-
bolic processes.

We have not yet solved this problem perfectly. However,
in this paper, we propose another process possibly involved
in forming a shared communication system, and show the be-
havior of this for future model development. The proposed
mechanism tries to represent unintentional processes in im-
itation. People sometimes copy others’ ideas even when it
is not their intention to do so. Those phenomena have been
studied in the context of source monitoring error (Johnson,
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Hashtroudi, & Lindsay, 1993) or deficits in self-other diffren-
ciations (Baron-Cohen, 1985).

We consider that spreading activation and partial match-
ing are useful to realize such unintentional imitation. These
are part of ACT-R sub-symbolic computation, which controls
the activation of chunks. The spreading activation represents
contextual effects caused by chunks, held by the goal buffer.
The same chunks stored in the declarative module receive ac-
tivation from the goal buffer. The ACT-R memory process
usually retrieves chunks having the highest activation within
the constraint of the retrieval cues, made by the production
rule. When the partial matching process is enabled, it is pos-
sible for a chunk that is not a perfect match to the retrieval
cues to be the one that is retrieved (Bothell, n.d.).

The combination of the two mechanisms characterizes the
process presented in Figure 5, which presents an application
of the implicit process to the two strategies by using an ex-
ample of the second sender in step 1. The solid one-directed
arrows connecting the goal buffer with the declarative mod-
ule indicate the symbolic process noted in the production rule
(retrieval cues / fill slots). The dotted two-directed arrows in-
dicate the association connected by the spreading activation.

Importantly, in this figure, the instance-based strategy and
the imitation strategy reach the same conclusion. Although
the retrieval cues made by the instance-based strategy do
not match the instance in the declarative module, the values
stored in the slots other than the requested ones accidentally
match to the state of the goal buffer. Consequently, this in-
stance receives the high activation, and is retrieved from the
declarative module. The retrieved instance is applied with a
filling rule used in the imitation strategy.

The benefit of such an implicit imitative process involves
reducing the complexity of symbolic processes. However,
it is unknown whether the ACT-R sub-symbolic computa-
tion actually generates such imitative effects. To explore the
role in the formation of human communication systems, it is
needed to examine the behavior of this mechanism in a con-
trolled simulation experiment.

Simulation
Simulation conditions

We first set up the following two models controlling the deci-

sion strategies presented in Figure 4.
e Instance model: In this model, the agent first tries the

instance-based strategy. If the instance-based strategy fails,
the agent chooses her/his destination and message based on
the trial-error strategy.

e Imitation model: This model extends the instance model
by adding the imitation strategy. The agent first tries to
choose her/his destination and message using the instance-
based strategy. If the agent fails to retrieve an instance,
the imitation strategy is applied. When all other decision

strategies fail, the agent uses the trial-error strategy.
In our previous study, the imitation model indicated better

performance and better fitting to the human data. The imita-
tion strategy gives the model the benefit of using instances in



Table 1: The performance indices. The numbers in parenthe-
ses indicate standard deviation.

Data ExIns ExImi Implns ImpImi

Success rates 0.66 1.00 1.00 0.97 0.98
Round 48.42 70.74 60.21 11548 117.33
(13.36) (17.63) (13.14) (35.51) (37.13)

different ways. Therefore, the success rates of the imitation
model are higher than the instance model in the early round.

With respect to the implicit process, we also set up the fol-
lowing two conditions.

e Explicit process: This model does not have the spread-
ing activation, and partial matching mechanisms. As sub-
symbolic parameters, only the activation noises, and the
expected gains are set (blc =2,ans =0.5,egs = 1) to make
the behaviors of the two agents differ. Except for this pa-
rameter setting, this model is same with the model pre-
sented in Morita et al. (2012)

o Implicit process: This model includes the implicit process
presented in Figure 5. In addition to the sub-symbolic
parameters noted in the explicit process, the matching
penalty, and the maximized associative strength are set
(mp =2, mas = 10, blc = 2). This model also has several
supplemental production rules to deal with memory errors,
caused by partial matching.

Combining the symbolic, and sub-symbolic conditions, we
prepared four models: ExpImi (the imitation model with the
explicit process), Implmi (the imitation model with the im-
plicit process), Explns (the instance model with the explicit
process), and Implns (the instance model with the implicit
process). By comparing these, we try to identify the role of
implicit processes in forming a shared communication sys-
tem.

In this simulation, each model runs 100 times. In each run,
the model continues the trial session for 3,600 sec!, or until
the scores reach 50 points. Following the trial session, the
model is engaged in three test sessions similar to the experi-
ment presented in section 2.

Results

Performance Table 1 shows the proportion of runs/pairs
whose scores reached 50 points, which is a termination con-
dition for the session. It also presents the numbers of rounds
required to reach the termination condition. Some runs uti-
lizing the implicit model failed to form a communication sys-
tem; whereas, all runs utilizing the explicit model succeeded
in completing the session. Even though there were pairs that
did not reach the termination condition, the number of rounds
required to complete the session in the experiment (data) was
smaller than that in all other models. Compared to the im-
plicit models, the explicit models finished the session in fewer
rounds. The effect of the decision strategy is only observed in

I'We used the simulation time estimated by ACT-R.

23

Table 2: Fitting of the model performance to the human data.

ExIns ExImi Implns ImpImi
RMSE 0.11 0.10 0.20 0.20
R? 071 078 074 0.74
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Figure 6: The ratio of sucess at each round.

the explicit models, where the imitation model finished faster
than when using the instance-only strategy.

The detailed processes are presented in Figure 6, which
indicates the proportion of runs/pairs who met in the same
room for each round. Table 2 also shows fitting indices cal-
culated from the figure. Although the explicit models have
a smaller absolute distance to the human data (RMSE) than
the implicit models, there are no remarkable differences of an
overall trend (R?) between the four models.

Messages People usually try to share the same communi-
cation system even when their first languages are different.
To model such characteristics of human communication, we
examine the similarity of the constructed message system, as
indicated by the following index.

Sim = Mplayerl : MplayerZ (D

where M indicates a vector whose element corresponds to the
use frequency of the 36 combination of figures. A dot product
of the two vectors represents the degree of symbol sharing
among agents.

Figure 7 indicates the moving scores of similarity with the
window size of 20 rounds. Table 3 summarizes the fitting to
human data, which is calculated from Figure 7. Among the
four models, ExImi shows the best fit to human Data, consis-
tent with the finding in Morita et al. (2012). It is noteworthy
that models with the implicit process replicate the temporal
trend of the similarity score, even without the explicit imi-
tation strategy. The difference between the instance and the
imitation models is also quite small in the implicit process.

Table 3: Fitting of the similarity score.

ExIns ExImi Implns ImpImi
RMSE 0.38 0.16 0.29 0.29
R? 0.06 072 057 0.64
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Figure 7: Similarity of messages at each round

Discussion and Conclusions

This study constructed a model that forms a new commu-
nication system through interactive coordination. To date,
many models for language evolution have been developed
(for a review Steels, 2011). In addition, there exists a re-
search that uses ACT-R to simulate experiments of forming a
communication system (Reitter & Lebiere, 2011). However,
such studies have not dealt with a situation with spontaneous
turn-taking, or role-setting operations. Most of the previous
models assign roles to agents, including being a director, or
matcher, using simulation parameters.

Setting such an interactive situation, this paper examined
the effect of implicit processes in forming a shared commu-
nication system. The results indicate a clear influence of
the process on both the performance, and the similarity of
messages. Importantly, adding the implicit process into the
model, the difference caused by the explicit process almost
disappeared. Although these findings alone are not enough to
draw a concrete conclusion, this study shows that an isomor-
phic symbol system can be made without hand-coded imita-
tions.

However, compared to human data, the implicit process re-
sults in a slower forming process, as presented in Table 1.
Several explanations can be considered for this difference.
The first explanation is about heuristics, utilized by human
participants. Some participants in the experiment used [&]to
indicate the upper-rooms based on the shape similarity to the
upper arrows. If such a pre-existing common ground is used
in the model, the performance will undoubtedly increase. The
other possible explanation relates to individual differences.
As suggested by the failure pairs in the experiment, there are
large variations in the formation process of the symbol com-
munication system, in the collected human data. The litera-
tures in the field of developmental psychology also indicate
that children on the autism spectrum exhibit a unique lan-
guage acquisition process (Baron-Cohen, 1985, 1997). Con-
sidering these factors, we can hypothesize that cognitive func-
tions involved in forming a communication system are not
determined uniquely, and the variations of the ACT-R model
presented here might represent such individual differences.
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To examine this hypothesis, our future study will analyze the
detailed behavior characteristics involved in this task. Espe-
cially, we will improve the similarity score used in this study
to include characteristics of the syntax (combination rules of
symbols), and symbol-meanings mappings.
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Abstract

Rumination is a process of uncontrolled, narrowly-foused neg-
ative thinking that is often self-referential, and that is a hall-
mark of depression. Despite its importance, little is known
about its cognitive mechanisms. Rumination can be thought
of as a specific, constrained form of mind-wandering. Here,
we introduce a cognitive model of rumination that we devel-
oped on the basis of our existing model of mind-wandering.
The rumination model implements the hypothesis that rumina-
tion is caused by maladaptive habits of thought. These habits
of thought are modelled by adjusting the number of memory
chunks and their associative structure, which changes the se-
quence of memories that are retrieved during mind-wandering,
such that during rumination the same set of negative memo-
ries is retrieved repeatedly. The implementation of habits of
thought was guided by empirical data from an experience sam-
pling study in healthy and depressed participants. On the ba-
sis of this empirically-derived memory structure, our model
naturally predicts the declines in cognitive task performance
that are typically observed in depressed patients. This study
demonstrates how we can use cognitive models to better un-
derstand the cognitive mechanisms underlying rumination and
depression.

Keywords: mind-wandering; rumination; associative mem-
ory; depression; sustained attention

Introduction

Rumination is the process of narrowly-focused uncontrolled
repetitive negative thinking—mostly self-referential—that
lies at the core of depression (Marchetti, Koster, Klinger, &
Alloy, 2016; Nolen-Hoeksema & Morrow, 1991; Treynor,
Gonzalez, & Nolen-Hoeksema, 2003). Despite the serious
clinical consequences of this process, there is to date no co-
herent computational cognitive theory that describes it. While
there are several verbal theories (Marchetti et al., 2016), those
can only explain their own limited set of experiments and do
not make quantitative predictions.

To develop a theory of rumination, we built on recent
research and modeling of mind-wandering, because rumi-
nation can be thought of as a highly constrained form of
mind-wandering (Christoff, Irving, Fox, Spreng, & Andrews-
Hanna, 2016). Mind-wandering is a process of task-
unrelated thinking that takes up approximately 50% of our
time (Killingsworth & Gilbert, 2010; Smallwood & Schooler,
2015), and can sometimes help and sometimes hinder perfor-
mance. For example, in very undemanding contexts, mind-
wandering can serve useful functions for creativity (Baird

*ESM-MERGE Investigators (alphabetical order): D. Collip,
Ph. Delespaul, , N. Geschwind, M. Janssens, M. Lardinois, J.
Lataster, T. Lataster, C. Menne-Lothmann, I. Myin-Germeys, M. van
Nierop, M. Oorschot, C. Simons, J. van Os, M. Wichers.
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et al.,, 2012) and planning (Baird, Smallwood, & Schooler,
2011). On the other hand, it disrupts performance when it
takes away cognitive resources that are needed to perform
the task, and this occurs in particular when mind-wandering
is unintentional and uncontrolled (Seli, Risko, Smilek, &
Schacter, 2016), as is the case with rumination. This could
explain why people that suffer from rumination typically also
report having difficulties concentrating.

So far, the theories of rumination can be broadly divided
into three classes. One class of theories suggests that ru-
mination arises from an increased bias towards negatively-
valenced information (Dalgleish & Watts, 1990). When at-
tention is focused more on negative information, this reduces
ability to focus on other things (Whitmer & Gotlib, 2013).
Another class of theories instead focuses on inhibition, and
suggests that the primary deficit underlying rumination is an
inability to disengage from information, in particular when
this information is negative and self-focused (Whitmer &
Banich, 2007). The third theory of rumination—which we
refer to as “habits of thought”—focuses not on control pro-
cesses such as attention and inhibition, but rather on the con-
tent of thoughts during mind-wandering. Patterns of memory
associations that are frequently rehearsed can become some-
thing like an attractor (Cramer et al., 2016), and therefore will
be replayed any moment there is time for mind-wandering.
To start to distinguish between these different theories of ru-
mination, it is helpful to specify them in more detail by im-
plementing them in a cognitive architecture, and to simulate
their predictions for performance on a simple sustained at-
tention task. Here we will start by implementing the habits of
thought theory, which is of interest because it exploits the fact
that the ACT-R cognitive architecture is in essence a memory
theory.

To implement our theory of rumination, we will
make use of our own computational model of mind-
wandering (Taatgen, van Vugt, Daamen, Katidioti, & Borst,
submitted; van Vugt, Taatgen, Bastian, & Sackur, 2015). This
model frames mind-wandering in terms of resource compe-
tition, in which task goals compete with mind-wandering
goals, and mind-wandering occurs when that goal wins the
competition. Mind-wandering is modelled as a process of
memory retrieval. Consequently, the mind-wandering model
is uniquely suited for implementing the third theory of rumi-
nation, which says that rumination is driven by the existence
of thought habits that are maladaptive. We hypothesize that
these thought patterns are what causes people to get caught
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Figure 1: Reported positive and negative affect. (a) shows the frequency with which participants reported experiencing partic-
ular degrees of positive and negative affect in the experience sampling data, while (b) shows the summed activation of positive
and negative chunks produced by the model (our closest proxy for the continuous affect ratings in the empirical data).

in a funnel of repetitive negative thinking, and disconnect
from the current task, which leads to the perceived problems
in concentration. This predicts that a model of rumination
with exactly the same production rules but a different mem-
ory chunk structure should perform worse on a sustained at-
tention task than a “healthy model.” Later studies should im-
plement the other two theories of rumination, and examine
how their predictions may differ.

Methods
Mind-wandering model

We implemented our mind-wandering model (which forms
the basis for the rumination model) in the adaptive control of
thought-rational (ACT-R) architecture (Anderson, 2007; An-
derson, Fincham, Qin, & Stocco, 2008). The model rests on
two basic assumptions: firstly, there is a continuous competi-
tion between a mind-wandering and a task process, and con-
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sequently, mind-wandering is likely to kick in when there is
a spare moment in the task, and secondly, mind-wandering
is primarily a process of memory retrieval (van Vugt et al.,
2015; Taatgen et al., submitted); implemented as retrieving
chunks from declarative memory. As is usual in ACT-R’s
memory retrieval, the most active chunk is the one that will be
retrieved. Each chunk’s activation is determined by three fac-
tors: the amount of recent use (more recent and more frequent
use imply a larger chunk activation), the spreading activation
from other chunks, and random activation noise. Since each
chunk has a slot containing its emotional valence, the spread-
ing activation ensures that chunks with the same emotional
valence are more likely to follow each other than chunks
with different emotional valence, in line with previous empir-
ical results (van Vugt, Shahar, & Britton, 2012). The mind-
wandering memory retrieval process continues until a mem-
ory chunk that is retrieved reminds the model of its main task.
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Figure 2: The probability for memories being retrieved de-
pends on their emotional valence. (a) The control model
retrieves every mood more or less equally often, while the
depressed model preferentially retrieves negatively-valenced
items. (b) Empirical data shows that depressed participants
experienced each mood with comparable intensity, while
non-depressed controls displayed a bias towards positive
moods. Error bars reflect standard error of the mean.

At that point, the main goal switches from mind-wandering to
being on-task. During the period of mind-wandering, the re-
trieval module is busy retrieving memories, which means that
responses to incoming stimuli will be done in automatic mode
by giving the default response, and will not involve mem-
ory retrievals. In addition, since ongoing memory retrievals
(which occur during mind-wandering) first have to be finished
before a response is made, the mind-wandering process re-
sults in an increase in the variability of response times during
mind-wandering, in line with behavioral findings (Bastian &
Sackur, 2013; van Vugt & Broers, 2016).

The mind-wandering model was given a sustained atten-
tion to response task—SART (Cheyne, Carriere, & Smilek,
2009; Smallwood et al., 2004) to make testable predictions
for behavioral. In this task, participants see a stream of dig-
its, presented at a pace of one per three seconds, and they
press a button whenever a digit is presented, except when it
is the number three. The number three, the nogo stimulus, is
presented on roughly 10% of the trials. This means that when
participants do not pay attention, they will revert to an auto-
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matic mode of responding, and fail to inhibit responses to the
rare nogo stimuli.

Adaptations for modeling rumination

Our rumination model implemented the “habits of thought”
theory of rumination. The main idea underlying this the-
ory is that rumination consists of retrieval of a set of well-
rehearsed thought patterns that are predominantly negative
and self-referential. We tried out different methods for gen-
erating strong loops of self-referential negative thinking, and
found that the most effective way was to increase the num-
ber of chunks with negative valence, such that these negative-
valence chunks are more likely to be retrieved. This increase
in the number of negative-valence chunks also increases the
amount of spreading activation between them. Specifically,
the non-depressed model has 55 chunks in total, 11 per mood
(cheerful, content, down, insecure, suspicious—these moods
were derived from the empirical data described below). The
depressed model also has 55 chunks, but those consist of
5 chunks of each of the positive moods (cheerful and con-
tent), and 15 chunks of each of the negative moods (down,
insecure and suspicious). For both models, the association
strengths (S;’s) were 0.1 between moods of the same valence,
and 0.01 between moods of different valence. These associa-
tion strengths were chosen such that the spreading activations
were roughly balanced with the base level activations, and
slightly adjusted to better fit the empirical data. Our rumina-
tion models differ from our previous mind-wandering model
in that there are two chunks that remind the user of the main
task—one with positive and one with negative valence—
instead of just one with a positive valence as was the case
in the previous model.

To assess model performance, we simulated data for 100
participants suffering from rumination, and 100 participants
with the usual model structure (i.e., without rumination). We
chose for 100 participants because this is in the same ballpark
as the empirical data. We then measured how many chunks
of each mood the model recalled during mind-wandering
episodes, together with their transition probabilities. These
measures were compared to the experience sampling data
described below to adjust the model. Once the models’
memory structures were adjusted to exhibit thought contents
similar to what was observed in the experience sampling
data, we looked at the model’s task performance, and exam-
ined whether rumination impaired performance on a simple
go/nogo task (as would be expected).

Experience sampling data on depression

We configured the set of memory chunks and their asso-
ciative structure on the basis of an experience sampling
study (Wigman et al., 2015). In such a study, participants
are prompted several times a day to respond to a brief ques-
tionnaire about their thoughts and experience. This study
found that depressed patients had an increase in the number
of negative-valence thoughts, more difficulty concentrating,
and most importantly, a network of negative thoughts (specif-



Figure 3: Transitions between different moods. (a) Difference between control and depressed networks in empirical data from
Wigman et al. (2015) on the basis of regression coefficients. (b) Modeled network difference between depressed and control
participants on the basis of transition probabilities. Green: control > depressed. Red: depressed > control.

ically, suspicious, down, and insecure) that was much more
separate from the network of positive thoughts (content and
cheerful) than in the control subjects. The experience sam-
pling data we used in this study was collapsed across all par-
ticipants in the depression and control groups. It contained
data from 129 depressed patients and 212 non-depressed con-
trols, who were sampled ten times per day for a period of 5-6
days.

Results
Average thought frequencies

Rumination is associated with increased negative memory
and a prevalence of negatively valenced thought. To exam-
ine whether our model could reproduce those findings, we
first compared the activation of positive-valence and negative-
valence chunks, as well as the frequency of retrieval of the
different subcategories. A challenge in this comparison is
that the empirical data consists of the average rating of pos-
itive and negative emotions on a 7-point Likert scale, which
has no direct correlate in the model. Since the judgment is
supposed to reflect a participant’s general mood, we used the
summed activation of all positive/negative chunks as a proxy
for positive and negative affect, respectively.

We were able to reproduce an increase in the summed
memory activation of negative chunks, and a decrease in
the summed memory activation of positive chunks (Fig-
ure 1(b)). We then examined how frequently positive and neg-
ative memory chunks were retrieved by healthy and depressed
models. Figure 2(a) shows that while the healthy model re-
trieves positive and negative valence equally frequently, the
depressed model tends to retrieve negative chunks more fre-
quently (which then leads to a feedback loop, because these
negative chunks then become more active, which makes it
likely that they will be retrieved even more often). The empir-
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ical data (Figure 2(b)) are somewhat similar, although here it
appears as if healthy participants relatively suppress negative
memory chunks. Note that this is at odds with a substantial
body of literature that reports a negativity bias for depressed
patients (Whitmer & Gotlib, 2013) instead of a positive facil-
itation in healthy controls (but see Levens and Gotlib (2010)).

Transitions between moods

A unique feature of the data presented in Wigman et al.
(2015) was that not just frequencies of different types of
thought were presented, but also the network of the transi-
tions between different moods. In the empirical work by Wig-
man et al, these transitions were measured by fitting a mul-
tilevel linear mixed effect model to the data. Each score at
time r — 1 was used to predict the score at time point 7, and
this resulted in a fixed-effect coefficient for each connection
between moods. The difference in magnitude of these coef-
ficients between depressed and control participants is shown
in Figure 3(a). The largest difference between healthy and
depressed participants that our model needs to capture is
an increase in the number of transitions between negative-
valence chunks for the depressed patients, together with a
decrease in the number of transitions between positive and
negative valence chunks. As before, we cannot produce ex-
actly the same measure in our model, which retrieves one
memory chunk at a time. The closest approximation to the
regression coefficients in the empirical data are transition
probabilities between retrieved memory chunks with differ-
ent moods. Figure 3(b) shows that when we measure the
transitions for the depressed and control networks, we repro-
duce the somewhat stronger between-negative connectivity
and the somewhat weaker positive-to-negative connectivity
for the depressed model. Nevertheless, the modelled effects
are not as strong as in the empirical data.
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Figure 4: Comparison of performance of the control (orange)
and rumination (blue) model on a sustained attention to re-
sponse (go/nogo) task. The depressed model shows lower ac-
curacy (a) but no difference in the fraction of mind-wandering
(b),or coefficient of variation of response time to correct re-
sponses. Error bars reflect standard error of the mean.

Novel predictions: task performance

After having developed a rumination model by adapting the
memory structure (i.e., thought patterns) on which it operates,
we can examine how it performs on a cognitive task. In the
data reported by Wigman et al. (2015), depressed participants
reported having significantly more difficulty in concentrat-
ing than healthy controls (#(4098.8)=-44.1, p < 2.2% 107 16)T,
Consequently, we predicted that the rumination model would
exhibit an impairment on a sustained attention task that is typ-
ically used to measure mind-wandering, and that it would be
distracted more frequently. Figure 4(a) shows that perfor-
mance on a sustained attention to response task was worse
for the depressed relative to the control model (¢(196.5)=2.2,
p = 0.03). A potential reason for this decline in performance
is an increase in the amount of off-task thinking (Figure 4(b),
although this change in off-task thinking was not statistically
significant, 7(197.8)=0.53, p = 0.60). There is also no signifi-
cant difference in the coefficient of variation of response time
(Figure 4(c); 1(195.1)=1.39, p = 0.17), which is considered
to be a sensitive index of off-task thinking.

Discussion

In summary, we have developed a novel approach to mod-
eling psychopathology by means of cognitive architectures.
We structured the model’s memory on the basis of experience
sampling data. We then used our existing mind-wandering
model to make predictions for how performance on a sus-
tained attention task would be impacted by rumination. We
found that merely by modifying the structure and contents of
the model’s memory, we were able to produce retrieval fre-
quencies and sequences similar to what was observed in the
experience sampling study. In addition, our model predicted

TT-tests used Welch’s correction for degrees of freedom
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impairments on a sustained attention task, in line with sub-
jective reports of participants about difficulty with concentra-
tion.

While the model’s performance was qualitatively in line
with the observations from Wigman et al. (2015), we were
not able to fit the exact patterns. This failure to fit may point
at a structural limitation of our individual model, or of the
general ACT-R cognitive architecture. It turned out to be
very difficult to “create” cycles of rumination because ACT-
R only adapts chunk activation, and not the associations be-
tween chunks, which may be the true habits of thought.

Another potential reason for this failure is our highly sim-
plified representation of moods. Previous studies have rep-
resented mood in terms of physiology (Dancy, 2013) or in
terms of expectations and desirability of the state of the
world (Marsella & Gratch, 2009).

Our study makes an important contribution to the nascent
field of computational psychiatry (Adams, Huys, & Roiser,
2016). So far, computational psychiatry involved mostly sim-
ple reinforcement learning models of psychiatric problems
(but see Kottlors, Brand, and Ragni (2012)), while we demon-
strated the utility of cognitive architectures. The advantage of
using cognitive architectures compared to simpler theories, is
that it is possible to simulate performance on many different
tasks. Moreover, it becomes possible to examine changes in
cognitive strategies (the “software of cognition”) in the same
context as changes in mental habits (the “hardware of cogni-
tion”), as we have demonstrated in this paper.

In summary, we have demonstrated how we can imple-
ment a cognitive theory of rumination, and make testable pre-
dictions about performance on a mind-wandering task. This
leads to new avenues in better understanding what the exact
mechanisms are that underlie rumination, and depression in
general.
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Abstract

How do affective processes interact with cognitive processes
to modulate our behavior? Understanding the processes that
influence the interactions between affective stimuli and human
decision-making behavior is important for predicting typical
behavior under a variety of circumstances, from purchasing
behavior to deciding when to enact certain rules of engagement
in battle scenarios. Though some computational process
models have been proposed in the past, they typically focus on
higher-level phenomena and are less focused on the particular
architectural mechanisms related to the behavior explored.
This, in turn, can make it very difficult to combine the proposed
model with existing related work (i.e., the models can’t be
tractably combined).

We used a modified version of the Jowa Gambling Task to
explore the effects of subliminal affective (visual) stimuli on
decision-making behavior. We developed a model that runs
within the ACT-R/® architecture that completes the same task
completed by participants. In addition to the affective and
cognitive memory components particularly important to the
discussion, the model also uses perceptual and motor
components within the architecture to complete the task. The
architecture has representations of primitive affect that interact
with cognitive memory components mainly through an
affective-associations module (meant to capture behavior
typically ascribed to several amygdalar substructures). The
model and affective architectural mechanisms provide a
process-oriented explanation for the ways affect may interact
with higher-level cognition to mediate human behavior during
daily-life.

Keywords: Cognitive Architecture; HumMod; ACT-R;

Affect: IGT; Decision-Making; Emotion

Introduction
How do affective processes interact with cognitive processes
to modulate our behavior? Though this question is important,
we’ve only seen a relatively recent surge in computational
process models that have explored this question (e.g.,
Marinier III et al., 2009; Marsella et al., 2010). Indeed, even
Newell did not have emotion (and motivation) as a topic that
was most important to address when developing a unified
theory of cognition. As more evidence of the importance of
emotional/affective processes has accumulated through
experimentation and simulation, it has become clear that
affect and emotion play a fairly central role in mediating
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behavior (e.g., Becharaet al., 1997; LeDoux, 2012; Panksepp
& Biven, 2012).

We conceive of emotion as an interaction between affective
and cognitive processes. When we make these distinctions we
do so with the idea that the two categories describe both
qualitative and quantitative differences in computational

processes that, nonetheless, interact within a whole

computational behavioral system (e.g., see Figure 1 that
describes differences in levels, Panksepp et al.,2011). We see

affective processes as those modulate subsymbolic

representations within the cognitive system, which results in

certain behavior that may be deemed as emotional.
Tertiary Process

(eg. Interpretation
of own
behavior
or self-reflection)

Memory-based

€.g. actively retrieving
decl. mem. to determine
how to reflect on
the currrent state
of the world)

Secondary Process
Level

(e.g., memory and learning processes
in the BG and Hipp)

S10943
umop-do|

1o
and OFC)

Primary-Process
Level

(subcortical, affective systems that
provide subsymbolic value to
memories and actions in the
externaland internal world)

Bottom-up
Effects

obal Modulating processe
(neurocatecholamines,
neurohormones)

Figure 1. Levels of behavioral processes from Panksepp et
al. (2011)
While some affective processes may have less quantitative

effect on symbolic and subsymbolic representations



depending on context, the implication here is that no such
human interaction is truly without some bias due to affective
processes. Ultimately other portions of a conditional context
may have more effect on resulting action (e.g., a current
goallintentional), however these affective processes still may
have small effects on the representations/actions that occur in
a computational cognitive system. Put in a more high-level
example, just because one may ultimately elect to buy the
more economically functional vehicle, doesn’t mean that the
affective drive to select the new sports car did not factor into
the decision.

Below, we give a description of a decision-making study
and some results from this study. The study used a modified
version of the Iowa Gambling Task (IGT) that involved
the
particularly non-conscious and subsymbolic effects of

subliminally presented visual stimuli to explore
affective processes. We also detail and discuss an affective-
cognitive model of this task that uses components of the
ACT-R/® architecture to represent interactions between

affective and cognitive processes.

Description of IGT Study and Results
97 undergraduate students were recruited as participants for
this study (52 males and 45 females). The average ages of
similar at 20.7 and 19.8
(respectively). Electrodermal Activity (EDA) data were
collected for the final 66 (37 males and 29 females)
participants (data not reported here). All participants were

males and females were

given college course extra credit for participation.

A filter process that removed participants who completed
less than 20% of their trials due to time restrictions (max 3.5s
per trial) resulted in the removal of 4 participants’ data from
further analysis; data from 93 total participants were
analyzed. The negative, neutral, and positive (image) groups
each had 31 participants. We ceased participant enrollment in
the study after we crossed a 31 per-group threshold for task-
related behavioral analysis and all volunteers had the
opportunity to participate.

Participants used a version of the IGT that included a fixed
reward and punishment schedule for each deck that was the
same as the schedule used for the original IGT by Bechara et
al. (2000). A modified computerized version of the IGT was
used that runs in Matlab and uses the Psychtoolbox Matlab
extensions (Brainard, 1997). Psychtoolbox extensions were
used due to their high timing accuracy, community support,
and cross-platform availability and the specific software used
has had IGT-specific timing tests done to confirm timing
accuracy (Dancy & Ritter, 2016).
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The visual stimuli presented during the IGT were obtained
from the International Affective Picture System (IAPS; Lang
etal., 1997). Table 1 lists the images used in image sets used
by the different groups. Male and female pictures were
matched so that, for each group, they had similar
valence/arousal/dominance ratings and had a similar content
subject; for example, some snake pictures had different
ratings between sexes within the TAPS manual, so those
images with lower valence/higher arousal ratings among the
same category were chosen. Given that picture ratings in all
categories differed between sexes, this method allowed more
consistency in mean measured quantitative ratings among

participant sexes.

Table 1. The IAPS images (and the accompanying average
valence, arousal, and dominance rating) used in the
experiment.
Picture Numbers

Picture-Set

Negative,,. 1050, 1202, 1220, 1304, 1525
Negativep e 1050, 1120, 1201, 1202, 1525
Neutraly,. 1670, 7006, 7010, 7080, 7175
Neutralg,, .. 1670, 7004,7010, 7012, 7175
Positivey,,. 4180,4210, 4232, 4664, 8501
Positiveg,mae 4505,4525, 4660, 8001, 8501

Before participating in the study, all participants read and
signed a consent form approved by the Office of Research
Protections (ORP) at Penn State. Participants were assigned
to one of three possible groups (with different accompanying
treatments): a negative group with a negative image
treatment, a neutral group with a neutral image treatment, or
a positive group with positive image treatment. Images
(consistent with participant sex and group) were presented to
participants for 17ms after deck selection if they selected
from one of the bad decks (those that give a negative net
amount of money) and plain gray images were presented for
the same amount of time if a card selection was made from
one of the other two decks. For a full explanation of the
typical IGT procedure, see (Bechara et al., 2000).

Results

As with previous IGT-based studies we split deck selection
analysis into five blocks, 20 deck selections per block. Score
was calculated by subtracting the total number of card
selections from decks A and B (the bad decks) from the total
number of card selections from decks C and D.
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Figure 2. Cumulative score (+SEM) for all participants after
the final block

Participants in the positive image group showed the highest
score (Figure 2) when averaged across blocks, but all groups
had a positive score by the final block (Table 2). Scores
increased for all groups from blocks 1-3 and blocks 4-5, but
decreased from blocks 3-4.

Table 2. Mean score of participants in all of the blocks by
group. Standard errors are in presented in the parenthesis

Group Bl B2 B3 B4 B5
Negative -4.2 0.2 1.1 -0.2 2.7
(14) (1.3) (1.5) (1.3) (14)
Neutral -3.5 -03 24 15 1.8
(1.1) 0.9) 0.8) (1.0) (1.1)
Positive ~ -3.3 -0.5 3.0 2.6 40
(1.3) (1.2) (1.2) (1.1) (1.0)

A 3X5 (group by block) mixed factor ANOVA of
participant score revealed a highly significant effect of block

(F(4, 360) = 13.22,p < .0001) on score, however it did
081, p
0.40, p

= .4)
.9)

not reveal a significant group (F(2, 90)

or a group:block interaction (F(8, 360)
effect.

When sex is also taken into account, males and females
show an opposite score distribution across groups (Figure 3).
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Figure 3. Cumulative score for male (left) and female (right)
participants after the final block.

Among male participants, those in the positive group
showed the highest cumulative score and those in the
negative group showed the lowest score (the only negative
among male participants). Conversely, among female
participants, those in the positive group received the lowest
score (the only negative among female participants), while
those in the negative group received the highest scores.

The decision-making model

To simulate this task and potentially understand more about
the processes that mediates behavior during this task (and
others that show some effects of subliminal affective stimuli),
we developed a cognitive-affective model that runs within the
ACT-R/® architecture. This model uses simulated eyes and
hands to perceive the task (e.g., see the decks, cards, rewards,
and affective images) and provide feedback (e.g., press a key
to select a card from a deck). To make decisions, the model
uses both procedural and declarative memory (Figure 4).
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Figure 4. A high-level diagram of the ACT-R/® model

After the model has made a deck selection and a
reward/loss is shown, it uses those values to reinforce the
utility of those production rules recently fired:

Ui(n) = Uy(n — 1) + a(R;(n) — U;(n— 1)) [1]
Ri(n) =1, — (tj - ti) + log(Valuesgeing) — log (Valuergar) (2]
val(t) = Wrey * 1ew ()Y - Wapersion * loss ()Y [3]

Here, U;(n — 1) represents the current utility value, o is a
learning rate, and R;(n) is a reward that is determined by
equation 2. In equation 2 r; represents the reward received
and t; — t; is the temporal discount that is given to a reward
so that the length of time between reward onset and a rule
firing determines how much reward is applied to the utility
value. Valuesgpking and Valuepgsp in equation 2 are
reward offsets that take into account the current affective
state of the model (see Dancy, 2013) for some description of
the modules/systems in ACT-R/® that control these values.
Though the SEEKING system can be affected by several
things in a realistic environment (e.g., the model would see
an increase in SEEKING activation/value if it were thirsty),
the limited scope of this model means that the SEEKING and
FEAR values are practically determined by the emotional
images flashed after selecting a card from a bad deck; this is
controlled by the affective-associations module in ACT-R/ @
(which is shown in Figure 4. The affective value for the
images flashed is derived from equations 4 and 5, which use
the values for arousal, valence, and dominance from the
images listed in Table 1 (specific values are available in the
IAPS manual, Lang et al., 1997).

_ (arousal+ £)+(10- (valence+ g)—(dominance+ €))
90

FEARvalue

(4]

Re\reven/key pair
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_ (arousal+ &)*((valence+ &)+ (dominance+ &)- 10)
90

SEEKING quye

(5]

The actual reward (i.e., 1j in equation 2) is determined by a
function that transforms the gain and loss that results from
selecting a card from a deck on a given trial, using the
imaginal/imaginal-action buffers. This function implements
equation 6 below, which is a slightly modified version of an
equation discussed by Ahn et al. (2008) and proposed by
Napoli and Fum (2010) to be used in ACT-R.

val(t) = Wrew * 7ew(t) - Wapersion * loss(t)”

(6]

These equations all reinforce production rules, which can
cause some production rules to be less likely to fire over time
(those that consistently have a negative reward, and
consequently a lower utility will decrease in likelihood of
firing overtime). This selection rule is encapsulated in

equation 7.
U
. o vz
P@) = —7;— (71
Xje /Jﬁ

P(i) is the probability of selecting rule i which is
determined by comparative weight of the rule i as well as any
procedural noise (represented as :egs in canonical ACT-R).

The model also uses declarative memory to learn and make
decisions. It encodes deck-value pairs and these pairs
ultimately control which decks are selected. At the beginning
of making a deck selection, the model queries declarative
memory for deck-value pairs for each of the decks. The
declarative memory elements with the highest activation
(governed by equation 8) are selected.

A= B+ S5+ P+ ¢ [8]
(X 67) + B (9]

Thus, the model uses the majority of the major components

B;

of the original ACT-R architecture (including perceptual and
motor systems).

Model Comparison to Study Results
The IGT model was run a total of 360 times, 120 for each of
the negative, neutral, and positive image groups. Half of the
model runs within each group were male, while the other half
were female. Thus, this resulted in 60 unique runs of the
model. Because the model was originally developed as a
prediction of the processes occurring and those behavioral
data that result from such processes, sex-based differences
were not a focus. In the model, the distinction between male



and female only comes into play with the affectively valued
visual stimuli (which nonetheless have very similar values.)

For all groups the, the model predicted a similar scoring
trend (positive) from blocks 1 to 3 (Figure 5). Overall the
negative model seemed to deviate the most from the actual
observed score by participants across decks.
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Figure 5. Comparison of score performance between
participants and the model for negative, neutral, and positive
groups

The neutral model predicted the scores for the five blocks
best followed by the positive and negative models (Table 3).

Table 3. Comparison between model predictions for the
different groups.

Model/Group r? RMSD
IGTyeguive/Negative .56 348
IGTyeu/Neutral 94 2.49
IGT,./Positive 81 2.05
All 0.72 2.74

Discussion and Conclusion

The model fit best to those data from the participants in the
neutral group best, though the model did also fit reasonably
well to those data from the positive group. It would seem that
there is a key point of change that the model does not exhibit
(i.e., in block 4). The model continues on the positive trend,
as exhibited in previous blocks, while participants show a dip
in performance during this block. Because the model does not
switch deck selection in the same way participants do (and
thus, continues on a greedy path), the model tended to
exhaust decks at a certain point, causing the dip in
performance seen in the final block.

The model appears to have underestimated the effects of
the subliminally presented affective stimuli. While, the
affective stimuli did have certain subtle (subsymbolic) effects
through the affective-associations module, those participant
data showed a much more overt effect on performance.
What’s more, these behavioral effects seemed to have some
dependency on participant sex, for which the model had very
little account.
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Though the model did not predict several aspects of these
presented data, it provides a useful framework for future
work and related simulation. Indeed, using a system like
ACT-R/Phi for the simulation also allows one to provide
early predictions of brain areas involved in related affective
decisions (Figure 1). This is due to the architectures use of
ACT-R theory (which has various functional modules that
have been associated with  certain neural structures,
Anderson, 2007) and theory from affective neuroscience
(e.g., Panksepp, 1998; Panksepp & Biven, 2012). The
predictions from Figure 6 can be further explored in future
studies. Future plans for this particular model include running
aranging parameter sweep on potentially varying parameters
(e.g., Wyew and Wiyersion) to see if the model can more
closely fit to these data presented here.

Existing theory, data, and these data presented here make
it clear that affective processes can have an overt effect on
decision-making behavior, even when the affective stimuli
causing the activation of such processes isn’t overt. It is
important to understand these effects as they can be useful to
positively, or negatively, influence our decisions in various
ways that may fail to reach our awareness. The model and
mechanisms presented provides a first step towards providing
a more systematic and unified account of the modulating
effects of affective stimuli on cognitive behavior.
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Abstract

Modelling infant-carer attachment relationships is an emerg-
ing field at the intersection of research in Attachment Theory
and computational modelling of emotion. Existing attachment
models vary from very abstract models to simulations of spe-
cific experimental protocols, such as the Strange Situation Pro-
cedure. This paper argues for the benefits in broadening attach-
ment modelling of infants and young children to also include
simulating attachment Q set descriptors. The attachment Q set
(AQS) is a 90 item list of attachment related behaviors used
to assess the balance between attachment and exploratory be-
havior in home and other naturalistic settings. The AQS de-
scriptors provide a broader and more rounded challenge for at-
tachment modelling than other types of systematic attachment
measure because they can be observed in naturalistic contexts
and are less dependent on the specific details of laboratory set-
tings. A computational attachment model is presented from
which a selection of 8 attachment Q set descriptors will be sim-
ulated. Thsee initial descriptors to be simulated are concerned
with the time an infant takes to recover from anxiety. A ‘route
map’ for progress towards capturing all 90 Q sort descriptors
is discussed.

Keywords: Attachment Theory; Attachment Modelling;
Agent-based modelling; Attachment Q sort

Introduction

Attachment Theory describes and explains the nature of emo-
tional bonds which form in close relationships (Cassidy &
Shaver,2016). There are a small but growing number of com-
putational attachment models which have been implemented
as software and robotic simulation. For recent reviews see
(Petters & Waters,2015) and (Petters & Beaudoin,2017). This
paper will illustrate how empirical data in the form of at-
tachment Q set (AQS) descriptors is well suited for the pur-
poses of forming test-cases in scenarios and specification of
requirements for attachment models. Two key contributions
of this paper are that (i) it illustrates different ways that empir-
ical data that can be used for modelling affective phenomena,
and in particular it highlights the constraints and biases for
simulations in this domain; and (ii) it provides an examples
of how an existing simulation has been adapted to model Q
set descriptors.

A short introduction to Attachment Theory

In its early theoretical development, an idea which was im-
portant in distinguishing Attachment Theory from learning
theory is that attachment between an infant and main care-
giver is arich ‘love’ relationship (Bowlby,1969). This means
that whilst attachment relationships can be tracked by observ-
able behaviour patterns, attachment arises from a complex in-
ternal information processing architecture, termed by Bowlby
the ‘attachment control system’ (ACS) (Bowlby,1969). The
ACS acts to maintain a balance between attachment be-
haviour and exploration. Cues to danger momentarily move
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this balance from exploration to attachment. Over longer on-
togenetic timescales, the complex organisation of attachment
behaviour is sensitive to environmental factors. This means
that both normative routines and individual difference pat-
terns of attachment are learnt, with the aid perhaps of some
evolutionary biases in infants’ learning abilities. Individual
differences in attachment are conceptualised as differences
in an individual’s ability to use their attachment figure as a
secure-base. This means that the attachment-exploration bal-
ance for any individual reflects its past history of sensitive and
effective responses by its caregiver in support of exploration
and when the infant is distressed. (Petters,2006a).

Initially in ontogenetic development, the ACS is composed
of relatively simple mechanisms, such as reflexes and fixed
action patterns. However, later in development the ACS
becomes comprised of a diverse range of information pro-
cessing structures and mechanisms, from simple reflexes to
goal corrected mechanisms and processes of planning, de-
liberation about future consequences of possible actions, and
representing aspects of the self and environment in natural
language to facilitate these processes and to communicate
with others (Bowlby,1969;Petters,2006a). In addition to bet-
ter capturing the behavioral complexity and underlying pro-
cesses in play during infant-mother interactions, viewing at-
tachment in control system terms clarifies assessment criteria.
In principle, it is much easier to evaluate whether an attach-
ment system is tracking set goals such as maintaining access
to the carer or regulating affect than to evaluate the “qualities”
of attachment as a dyadic relationship or a social network.
(Waters & Deane,1985).

Whilst Bowlby set out the details of the ACS, Ainsworth
and co-workers initiated the ‘individual difference phase’ of
attachment research by developing the Strange Situation Pro-
cedure (SSP) (Ainsworth, Blehar, Waters, & Wall,1978). The
SSP is conducted in a 4m x 4m room with chairs for two
adults, toys for the infant to explore, and one-way glass for
observation and video recording. The assessment is divided
into 8 three minute episodes. At two critical points, the carer
leaves the infant in the room for three minutes (once with a
responsive but unfamiliar adult and once all alone). In early
research, it was thought that response to these separation
episodes (esp. crying) would be the best predictor of prior
experience with the carer and of later adjustment. However,
smooth adaptive responses to reunion (as opposed to anger or
avoidance) soon proved to be much more revealing of home
environment. The context changes that occur in the transi-
tions between the eight episodes, and the infant’s responses
to these transitions provide a valuable data-set for contempo-
rary researchers interested in designing attachment behaviour



simulations (Petters,2006a,2006b).

Normative behaviour patterns across episodes highlight the
infant’s sensitivity to context that would be difficult to ex-
plain in terms of traits or operant control and justify the use
of a control systems approach (e.g., more play, different kinds
of signalling, less proximity seeking when carer is present) .
Although the SSP assesses rather complex behavior, it does
so in a restricted context and time frame. Therefore, it has
been important to validate SSP based assessments against ob-
servations in more naturalistic settings and over longer time
intervals. Ainsworth undertook this using detailed etholog-
ical observations, For each dyad, infant and maternal be-
haviour observed in home for up to 16 hours toward the end
of the infant’s first year (Ainsworth et al.,1978). The cre-
ation of the SSP triggered the development of a huge number
of diverse measurement tools in attachment research, rang-
ing from trait questionnaire measures similar to those used
in personality research to the AQS methodology, which can
be compared with the ethograms used in ethological research.
More recently, Waters and Deane developed a more econom-
ical method for observing and quantifying infant-mother in-
teractions. Their AQS descriptors cover the full range of at-
tachment and exploratory behaviors that Ainworth recorded.
However, rather than generating narrative records of the ob-
servations, the items are scored and compared to a template
that describes skillful, well-organized use of the carer as a
secure base (Waters & Deane,1985).

Different ways to model attachment

Attachment phenomena have been modelled in a very
abstract fashion using Artificial Neural Nets (ANNs)
(Fraley,2007;Edalat & Mancinelli,2013). In these attach-
ment models the ANN can be viewed as an extremely ab-
stract representation of an individual. The ‘experiences’ and
‘behaviour’ of the individuals in these simulations are also
extremely abstract, being constituted of data that are an in-
dependent sequence of discrete training exemplar and re-
sponse pairs. The main result (finding) of these simulations
matches the high level of abstraction that these models have
been created at. This is that in these artificial neural net-
work simulations early prototypes are not over-written, and
so show greater continuity, when new relationship experi-
ences are inconsistent. But consistent presentation of new
prototypes does result in gradual change (Fraley,2007;Edalat
& Mancinelli,2013).

Agent-based models have also simulated the SSP (Petters
& Waters,2015) and infant secure-base behaviour. These
models are less abstract then the models based on neural nets.
The main result (finding) from these simulations is that within
a design space for attachment architectures, some attachment
architectures show system properties like sensitivity to initial
conditions (c.f. the butterfly effect) and saddle points in de-
velopmental trajectories (Petters,2006a,2006b). So where the
neural networks learn item by item in ‘batch jobs’, and pro-
vide a result in terms of how many new learning experiences
it takes to undo existing learning, the agent-based models ex-
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ist in online dynamically changing virtual environments and
provide results consonant with this type of dynamic simula-
tion. In the agent based modelling case, inputs to an agent at
any given time are contingent on what occurred the moment
before. This means that these simulations help explain find-
ings in terms of repeated contingent interactions that result in
positive feedback driving the system away from its starting
conditions towards extreme levels of ‘secure’ or ’insecure’
interactions.

In summary, whereas the ANN results describe change in
an internal representation acted upon by an independent se-
quence of ‘offline’ discrete training exemplars, agent-based
modelling (ABM) results follow the changing trajectory for
an agent in a broader system as that agent is acted upon and in
turn influences the broader system in ‘online’ fashion. These
findings illustrate a key principle in the art and science of cog-
nitive modelling is the importance in finding the right level of
abstraction for a simulation. This paper is concerned with dis-
cussing the benefits and drawbacks for attachment modelling
in taking various approaches to deciding upon an abstraction
level for computational attachment models. The paper intro-
duces the AQS as a source of empirical constraints and re-
quirements specifications not used before in attachment mod-
elling. It will illustrate how modelling AQS data will provide
some specific benefits over simulating other sources of in-
formation in the form of trait measures, frequency and time
sampling data, and the SSP.

The nature of empirical data constrains the
nature of the simulation

The importance of structural fidelity

Gaining structural fidelity is an important objective when
constructing psychological measurement tools, such as per-
sonality scales and related questionnaires (Simms & Wat-
son,2010). This is because any behavioural measure should
provide data congruent with the type of construct it is de-
signed to assess. There are two aspects to structural fidelity
(Simms & Watson,2010). The first is a structural compo-
nent of construct validity which requires that structural re-
lations between the chosen test items in the measurement
tool parallel structural relations for other manifestations of
the construct in question, which did not get chosen to be test
items. So this is a requirement that test items are represen-
tative of the possible manifestations of the construct in terms
of their structural relations (Simms & Watson,2010). This
aspect of test item choice is clearly relevant to the computa-
tional modeller. To produce a model based on the underlying
phenomenon rather than arbitrary aspects of observed data
a modeller should not abstract and simulate test items that
systematically differ from other manifestations of the con-
struct they intend to model. The second aspect of structural
fidelity regards the assumptions underlying the chosen test
set matching the theoretical model underlying the construct
(Simms & Watson,2010). Loevinger (1957 cited in (Clark &
Watson,1995)) was the first researcher to highlight these is-



sues, and contrasted scales and tools which were based on
a “deeper knowledge of psychological theory” (Loevinger
1957, p. 641, cited in (Clark & Watson,1995)) with tools
based on an atheoretic “answer-based” technology (Clark &
Watson,1995). Clearly, for the computational modeller this
issue is critical. When possible, computational modellers
should draw upon empirical data that align with appropriate
underlying theory.

Limitations of trait rating, frequency counts and
time sampling behavioural measures for attachment
modelling

Trait measures are flexible and economical, take context into
account, and demonstrate coherence over time (Waters &
Deane,1985). However, they are not suited to assessing non-
quantitative data and they score low in structural fidelity be-
cause attachment is not a trait. Waters and Deane note:
“trait language should only be used to summarise behaviour
- never as a substitute; never as an explanation” ((Waters
& Deane,1985), p.44). Waters and Deane suggest that trait
rating are coercive and conservative in forcing researchers to
view constructs in terms of pre-existing scales, and working
against introduction of new scales or measures during the pro-
cess of measurement (Waters & Deane,1985). It is also dif-
ficult to disentangle affect and cognition in trait rating data
(Waters & Deane,1985). Observational data in the form of
frequency counts and time sampling retain much more be-
havioural detail than trait rating methods. They also have
good structural fidelity. However, their expense and difficulty
to use mean that often only small numbers of behavioural cat-
egories are assessed in a single study. In addition, particu-
larly interesting behaviours may occur at very low frequen-
cies (Waters & Deane,1985). This means that they are a very
good way of getting very detailed data on behaviours of spe-
cific interest if those behaviours occur relatively frequently.
For practical reasons of resources and time, what these meth-
ods is not so good for is gaining a comprehensive overview
of an entire behaviour domain that possessed many different
salient behaviour types (Waters & Deane,1985).

Limitations of the SSP as a source for attachment
modelling

The SSP (Ainsworth et al.,1978) involves a set of scoring pro-
tocols that includes behaviour coding, frequency and percent-
age measures. All these measures were developed to provide
insight in to the underlying ACS. This is done partly by in-
cluding separation and reunion episodes which are mildly to
moderately stressful as a way of activating the ACS in a con-
trolled manner. Because the procedure is designed specifi-
cally to uncover the state of an infant’s ACS, the SSP affords
very high structural fidelity. However, the behaviours pro-
duced in the SSP do not correlate directly to behaviours in
naturalistic settings like the home environment. For exam-
ple, crying rate in the SSP does not predict the rate of these
behaviours at home. Rather, the behaviours produced in the
SSP are used to infer the state of the ACS, and an ACS in
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this state will produce different behaviour patterns depending
on context. Other limitations of the SSP for psychological
research include the narrow age range it can be used (21-18
months), strong carry over effects (infants recognise the con-
text if it is repeated soon after), the expense and difficulty of
administration, and it does not capture developmental change
well (Waters & Deane,1985). For the attachment modeller, it
is also too narrow in measures used and number of contexts
it describes.

Limitations of modelling in a ‘method-bound’
research domain

A further limitation for attachment modelling related to at-
tachment measures arising from the large variety of attach-
ment measures currently available. It might be imagined that
having numerous attachment measures to choose from would
help the attachment modeller. However, the current situation
has given rise to what Fonagy terms the ‘method-bound’ na-
ture of Attachment Theory:

“Attachment theory [...] has been in some ways
method-bound over the past 15 years. Its scope was
determined less by what fell within the domain de-
fined by relationship phenomena involving a caretaking-
dependent dyad and more by the range of groups and be-
haviors to which the preferred mode of observation, the
strange situation, the adult attachment interview, and so
forth, could be productively applied.”((Fonagy,1999), p.
5)

There is therefore drawback in attempting to model be-
haviour in a domain which is ‘method-bound’. If the meth-
ods leave gaps in empirical data coverage, the gaps will not
get modelled. So a researcher interested in behaviour will
need to consider carefully how to get a representative sample
of behaviour in this kind of domain. The next section de-
scribes the AQS, which overcomes the limitations for attach-
ment modelling of behaviours described as traits, frequency
counts, time samples and SSP patterns. It also allows strong
structural fidelity between observable behaviours and inter-
nal processes and provides more comprehensive coverage of
attachment any other single measure.

Overview of Attachment Q Set Behavioural
Descriptors

Q sort methodology can be applied to research in any given
area of behavioural science (Waters & Deane,1985). First, it
involves developing a set of descriptive items. These should
ideally be extensive enough to be an overview of the entire be-
havioural domain of interest. For example, Waters and Deane
spent two years developing a 100 item Q set for infant attach-
ment. They reviewed relevant literature; developed a list of
relevant constructs (security, dependency, detachment, self-
efficacy, aspects of object orientation, communication skills,
predominant mood, response to physical comforting, fearful-
ness, anger and trust); rated infants and toddlers on these



variables and then specified the behaviour that led to or was
congruent with these ratings (Waters & Deane,1985). This is
important because it provides an emphasis on simulating or-
dinary as opposed to traumatic experiences when attempting
to model the development of information processing architec-
tures for attachment. When ‘ordinary’ architecture develop-
ment can be modelled, trauma modelling can follow.

Each AQS item refers to a particular behaviour patterns in a
specific context. As Waters and Deane note, because the AQS
“covers a broad range of secure-base and exploratory behav-
ior, affective response, social-referencing and other aspects
of social cognition [...] it can be construed as an overview
of the entire domain of attachment relevant behavior, as cur-
rently understood within an ethological/control systems per-
spective” ((Waters & Deane,1985), p. 7. This means that the
AQS captures a more comprehensive description of attach-
ment relevant behaviour that other behavioural measures that
might be used in computational modelling.

What is of particular interest for attachment modelling is
how the AQS descriptors were initially constructed. Waters
and Deane describe four stages in the initial development of
the attachment Q-set (Waters & Deane,1985). These four
stages involve procedures for developing sets of items which
empirical psychologists use when observing behaviour, pro-
cessing and analysing behaviour, and ultimately producing a
classification for the individual observed. However, compu-
tational modellers can use these descriptions to construct rep-
resentative behavioural scenarios from which to direct model
design and simulation implementation, and guide model eval-
uation and validation.

The first stage of Q-set production is of most interest to
computational modellers because it involves procedures for
developing sets of items. Developing a Q set requires care-
ful examination of extensive observational data. Even when
initial descriptor sets are produced they need to be trialled
to weed out highly correlated descriptor pairs (Waters &
Deane,1985). It also requires close attention to detail, focus-
ing on distinctions and ambiguities that may not be apparent
in measurement tools at a higher abstraction level (Waters &
Deane,1985). One of the major advantages in this methodol-
ogy for empirical psychologists is that observers new to the
domain will evaluate the same context as the experts who de-
signed and calibrated the AQS (Waters & Deane,1985). This
is precisely the property of a measurement tool that computa-
tional modellers require: providing broad and comprehensive
coverage but also focused on behaviour of interest, filtering
out irrelevant behaviours from analysis, and a level of clarity
in actions and context that a novice can understand (and learn
from). Another major advantage of the AQS methodology
is it gives an helpfully strong focus on the role of context,
and effectively defines behaviours as “acts plus context” as
context is integral to each Q set item (Vaughn, Waters and
Teti,forthcoming).

The second stage of a Q-sort methodology involves then
assigning scores to descriptors when assessing individual
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study participants, depending how well the participants
matches the behaviour. Then the third stage of a Q-sort
methodology involves data reduction and analysis and there
are a wide variety of procedures for doing this (Waters &
Deane,1985). The Q-set methodology allows an infant or
child’s behaviour to be observed and measured so that it gives
a set of scores which can be correlated against a hypothetical
‘most secure baby’ Q-sort. So a very secure Q set would give
a high correlation (around r = 0.6 of a theoretical maximum
of 1). Very insecure infants give correlations around r = 0,
because insecure behaviour does not involve doing the ex-
act opposite of secure behaviour. Details of how the Attach-
ment Q sort procedure is actually used in empirical research
by psychologists to assess infants is beyond the scope of this
attachment modelling paper but described in more detail by
Waters and Deane (Waters & Deane,1985), with the full set
of Q sort items listed by Waters (Waters,1987).

Unlike other measurement tools, the AQS provides an
abstract generalised template for computational attachment
modellers. As Vaughn, Water and Teti note, it is similar
to an ‘ethogram’, because it is “rooted in observation and
attempts to catalogue the full suite of behaviors associated
with a particular behavioral system”.(Vaughn, Waters and
Teti,forthcoming, p.14).

Modelling results

Modelling of Q set descriptors has been undertaken using an
existing agent-based model of the SSP as a point of depar-
ture (Petters,2006a,2006b). Figure 1 shows a hybrid infant
architecture with reactive components and a simple delib-
erative subsystem. This architecture simulates the SSP by
‘experiencing’ the pattern of caregiving in a home ‘training’
stage and then producing typical SSP behavioural patterns in
a ‘test’ stage. It has been used as the basis for implementing
AQS descriptors by being augmented with further perceptual,
memory and action mechanisms.

The most recent version of the AQS has 90 behaviour
descriptors (Waters,1987). Waters and Deane present these
items as a single list. The first task that has been undertaken
in this current research is to analyse these descriptors to as-
sess the best order to place them in a ‘route map’ for eventu-
ally capturing all Q sort descriptors in a single implemented
simulation. So for this current modelling effort, the AQS de-
scriptor list has been analysed into three main sets of descrip-
tors: those that could be modelled by the existing agent-based
architecture with manageable extensions to that architecture
(20 items); those that were well beyond the capabilities of the
existing implemented agent architecture and would require a
significantly more sophisticated architecture to be simulated
(35 items); and ‘filler’ items not linked to attachment phe-
nomena and which were added to the Q set for pragmatic rea-
sons to make the AQS sorting procedure run more smoothly
(35 items) (Waters & Deane,1985). There were two main rea-
sons that items were assessed as being significantly beyond
the capabilities of the existing simulation: that the descriptor
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Figure 1: A hybrid attachment architecture with reactive, de-
liberative and meta-management subsystems. This archiec-
ture has been extended to store in infant agent memory the de-
tails of episodes when it interacts with carer agents, with the
responsiveness and sensitivity of the interaction stored along
with other details of context
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required a more sophisticated perception and understanding
of others than is currently implemented in existing attach-
ment simulations (for example, AQS descriptor 42: ‘Child
recognizes when mother is upset. Becomes quiet or upset
himself. Tries to comfort her. Asks what is wrong, etc.”); and
that the descriptor requires a more complicated model of the
simulated world than is currently implemented (for example,
AQS descriptor 53: ‘Child puts his arms around mother or
puts his hand on her shoulder when she picks him up’. Filler
items included AQS descriptors such as number 89: ‘Childs
facial expressions are strong and clear when he is playing
with something’.

The 20 items in the set of AQS descriptors which were as-
sessed as being able to implemented with an extension of the
existing agent-based model have been categorised into 7 sub-
sets focusing upon: affective communication (2 items); pre-
disposition to cry or be demanding (2 items); the interplay
of exploration, anxiety and relief (2 items); aspects of phys-
ical need (3 items); how sensation and perception operate in
the attachment domain (2 items); time to become anxious (2
items); and time to recover from anxiety (8 items). Figure
2 presents the eight AQS items concerned with the subset
of descriptors concerned with ‘time to recover from anxi-
ety’. The initial modelling in this AQS simulation project
has concentrated on capturing these eight descriptors. This
has been done by implemented extra percptual, memory and
action mechanisms to support simulation of infant expecta-
tions about the immediate future likely responses of the carer
agent.

The existing agent-based model of the SSP (in figure 1) al-
ready simulates individual differences in the behavioural pat-
terns that result when infant agents return to the proximity
of their carer agent after a separation (Petters,2006a,2006b).
This occurs because the existing agent-based model possesses
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‘behaviours’ for attachment proximity, exploration, social
need, and physical need. These all operate independently
and in parallel in proposing new active action goals for the
agent. The action selection mechanism is a ‘winner-take-all’
mechanism which selects the candidate goal with the highest
activation. The ‘behaviour’ subsystem for attachment anx-
iety goal is activated when the distance between the infant
agent and carer agent is beyond a parameter termed the ‘safe-
range’. This safe-range parameter is learned from the results
of all previous episodes when the infant agent has attachment
anxiety as its active ‘behaviour’ goal. If the infant agent has
experienced a history of prompt and sensitive responses from
its carer agent it will have a large ‘safe-range’. This means
that the carer agent can move further away before the infant
agent’s attachment anxiety ‘behaviour’ goal starts to become
activated. If the infant agent has experienced a history of
tardy and insensitive responses to its requests for proximity
and attention then it will have a small ‘safe-range’. This not
only means that attachment anxiety will be experienced more
often, but that anxiety will take longer to drop back to a nor-
mal value when reunions occur. However, the ’safe-range’
parameter is a very economical record of previous interac-
tions because the results of the quality of interaction in all
different contexts are collapsed into a single numerical value.
What the newly implemented ‘AQS’ extensions to the exist-
ing simulations involve is the recording of much more con-
text for each individual episode where attachment anxiety be-
comes the active goal and the infant agent records carer agent
responsiveness and sensitivity. In the ‘AQS’ extension archi-
tecture when the infant agent experiences an episode of active
attachment anxiety and signals and moves to reduce its anx-
iety level the context at initiation and conclusion of the goal
is recorded. This context includes external measures, such as
the agents and objects present in sensory data, and also in-
ternal context, such as relative activations for inactive goals,
such as physical and social need. This means that when a
new episode of anxiety is experienced this more detailed and
specific ‘episodic memory’ is available to influence responses
in a ‘recovering from anxiety’ time period. This mechanism
will therefore support simulating the expectations of carer re-
sponse apparent in the AQS ‘time to recover from anxiety’
descriptor subset. The production of the AQS simulation ex-
tension is a work-in-progress with the aim of ultimately cap-
turing all 90 AQS behavioural descriptors. Mechanisms for
encoding very simple episodic memories for anxiety episodes
have been implemented. Detailed mini-simulations of AQS
descriptor items 2, 13 and 33 from the ‘time to recover from
anxiety’ subset have been completed with progress ongoing
for the AQS descriptor items 34, 43, 70, 71, and 78.

Conclusion

Evaluation and validation of attachment models is less well
defined than the quantitative evaluation and validation which
can occur with some cognitive models that involve simulating
quantitative data like reaction times or accuracy measures.



AQS

number

Descriptor

When child returns to mother after playing,
he is sometimes fussy for no clear reason

When the child is upset by mother’s leaving, he
continues to cry or even gets angry after she
is gone.

Child sometimes signals mother (or gives the
impression) that he wants to be put down,
and then fusses or wants to be picked right
back up.

When child is upset about mother leaving him,
he sits right where he is and cries. Doesn’t
go after her.

Child stays closer to mother or returns to her more
often than the simple task of keeping track of
her requires.

Child quickly greets his mother with a big smile
when she enters the room. (Shows her a toy,

gestures, or says “Hi, Mommy”).

13

33

34

43

70

71 If held in mother’s arms, child stops crying and
quickly recovers after being frightened or upset.
When something upsets the child, he stays

where he is and cries.

78

Figure 2: A set of eight AQS descriptors related to descrip-
tions of the time an infant takes to recover from anxiety have
been grouped together to act as a starting point for the AQS
modelling project. (AQS descriptor numbers relate to the or-
dering given in (Waters,1987)).

This paper has demonstrated the benefit of using AQS de-
scriptors in attachment modelling because of their structural
fidelity, comprehensive coverage as attachment ‘ethograms’,
and ready incorporation in modelling scenarios. In compar-
ison to the AQS item pool, past modelling research has fo-
cused on a narrower, and arguably less theoretically interest-
ing range of behaviors and processes. Thus, this paper has
examined the AQS item pool with an eye toward identify-
ing content that could be incorporated into existing models
and architectures. It has also highlighted content that seems
too complex to be easily incorporated and suggested some
of the problems that would have to be solved before doing
so. New mechanisms have been described to simulate how
infants retreat to the caregiver when distressed, and establish
and maintain contact until comfortable enough to resume ex-
ploration. The next stage is to simulate how infants explore
away from the caregiver, evaluate and maintain caregiver ac-
cess and availability, and seek information or assistance while
exploring or manipulating objects or locations.
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Abstract

Although meditation and mindfulness practices are widely
discussed in the scientific literature, there is little formal theory
about the cognitive mechanisms that comprise it. Here we begin to
develop such a theory by creating a computational cognitive model
of a particular type of meditation: focused attention meditation.
This model was created within Prims, a cognitive architecture
similar to and based on ACT-R, which enables us to make
predictions about the cognitive tasks that meditation experience
may affect. We implemented a model based on an extensive
literature review of how the meditation experience unfolds over
time. We then subjected the Prims model to a session of the
Sustained Reaction to Response Task, a task typically used to study
sustained attention, a faculty that may be trained with meditation
practice. Analyses revealed that the model was significantly more
sensitive to detecting targets and non-targets after the meditation
practice than before. These results agree qualitatively with
empirical findings of a longitudinal study conducted in 2010.
These results suggest that our approach to modeling meditation
and its effects of cognition is feasible.

Keywords: Focused attention meditation, mindfulness, sustained
attention, SART, PRIMS, transfer

Introduction

Meditation consists of a set of mental exercises that have
been developed and practiced reaching as far back as 4000
years (Riley, 2004). In the last 50 years there has been more
and more interest in the effects of the various meditation
styles on cognition and emotion. The spectrum of
empirically examined effects has grown quite vast, with
some being reasonably well-replicated and of medium to
large effects while others have been inconsistent (Khoury,
Sharma, Rush, & Fournier, 2015; Sedlmeier et al., 2012).
However, there are no comprehensive computational
frameworks of meditation and its effect on cognition (e.g.,
Vago & Silbersweig, 2012).

Meditation is often conceptualized as a family of
attentional and emotional regulation exercises, the former
being the aspect that virtually all styles share to some
degree. However, it needs to be stressed that meditation
techniques differ strongly. They originate from distinctive
cultures and religions (Buddhism, Hinduism, Taoism,
Sufism, Christian Centering Prayer, etc.) as well as secular
settings (acceptance and commitment therapy, mindfulness-
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based stress reduction, mindfulness-based cognitive therapy;
Hayes, 2004; Kabat-Zinn, 1990; Teasdale et al., 2000). They
can differ greatly concerning the emphasis of the mental
faculties used (attention, feeling, reasoning, visualization,
etc.), the objects they are focused on (thoughts, images,
concepts, internal energy, breath, love, God, etc.; Shear,
2006) and lastly with what aim they are employed
(relaxation, heightened sense of well-being; attentional
balance, insight, etc.; Lutz, Slagter, Dunne, & Davidson,
2008; Wallace, 1999). That being said, the common
typology to categorize this vast family of practices is based
on what meditators are purportedly doing from a first-
person perspective: ‘Focused Attention’ (FA) meditation
and ‘Open Monitoring” (OM) meditation (Lutz et al., 2008).
In OM practices — in contrast to FA meditation — there is no
clear focus of attention and the task is to be continuously
aware of phenomena appearing and to return to this
monitoring when one gets caught up with the content.

In this paper, we begin to develop a computational theory
of meditation practices by creating a cognitive model of
focused attention (FA) meditation, as this kind of meditation
is most amenable to computational modeling. In this
practice, the meditator brings her/his attention to an object
such as the breath, and then monitors with non-judgmental
attention whether attention is still there. As soon as the
meditator realizes attention has wandered, s/he brings the
attention back to the object of focus, minimizing any further
mental elaboration.

The particular type of FA meditation that was practiced
by the subjects relevant for this article was so-called
Samatha meditation (MacLean et al., 2010). According to
Wallace (1999), the meditation instructor of the retreat, the
main goal of this practice is to cultivate a stability and
vividness concerning attention. In order to pursue this
cultivation there are two crucial faculties that must be
refined in turn: mindfulness and introspection, mindfulness
being the primary faculty. In the setting of Samatha,
mindfulness may be reduced to the aspects of recollection
and steadiness: the ability to remember to sustain the
attention on a given object and to remember to return when
there has been a distraction nevertheless (Wallace, 1999).
Introspection, on the other hand, is the faculty to monitor
the meditation process, a type of meta-cognition that is
tuned to the detection of increases in phenomenological



excitation or laxity. When these two faculties fail, mind
wandering may take over: an unintended shift of focus to a
sensory or mental event, which then leads to habitual
affective responding, which in turn triggers related mental
events such as episodic or procedural memories, that then
lead to more habitual affective responses and so on (Vago &
Silbersweig, 2012).

The meditation model was constrained in two ways: (i)
qualitatively through taking testimonials and existing
theories on meditation into account and (ii) quantitatively by
taking existing data into account. Because meditation itself
produces virtually no behavioral output to which one could
compare a model output, our model was constrained
indirectly by having it predict transfer to a similar task that
does produce output. This transfer was compared to
empirical data of a three month FA meditation retreat
(MacLean et al., 2010). The specific transfer was from
multiple FA meditation sessions to a Sustained Attention to
Response Task (SART; Robertson, Manly, Andrade,
Baddeley, & Yiend, 1997). The similarity between the
modeled and actual transfer effect is then an indirect
measure for the fit of the meditation model to the actual
meditation process. The rationale here is that an adequate
model of meditation would be expected to make reasonably
good predictions about transfer to other tasks.

The SART is a useful task to examine the effects of
meditation practice, because both meditation and this task
involve maintaining attention over a long period. In the
SART, typically performance is quite good at first but
quickly decreases. This vigilance decrement is characterized
by a reduction in speed and accuracy as well as reductions
in perceptual sensitivity and increases in response bias
(Warm, 1980). According to Lutz et al. (2008) there are
significant parallels between conceptualizations of sustained
attention in cognitive sciences and processes involved in FA
meditation. Moreover, there is consensus between Western
scientists and Buddhist scholars that both processes require
“skills involved in monitoring the focus of attention and
detecting distraction, disengaging attention from the source
of distraction, and (re)directing and engaging attention to
the intended object” (Lutz et al., 2008, p. 2).

Computational models for the SART already exist
(Gunzelmann, Gross, Gluck, & Dinges, 2009; van Vugt,
Taatgen, Sackur, & Bastian, 2015). The SART model
created for this paper was inspired by the model by van
Vugt et al. (2015), which—contrary to other models that
leave mind-wandering abstract-models mind-wandering
explicitly as a cognitive process of memory retrieval. The
advantage of modeling mind-wandering explicitly is that it
allows you to model the actual thoughts that are mind-
wandered about, and the change in attitude towards these
thoughts that is so characteristic of meditation practice
(Desbordes et al., 2015; Vago & Silbersweig, 2012). Even
though there are several comprehensive theoretical
frameworks of meditation (e.g., Vago & Silbersweig, 2012),
to the best of our knowledge there are not yet any
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computational models of meditation, let alone FA

meditation.

We implemented our model in the Prims architecture
(Primitive Information Processing Elements;, Taatgen,
2013). It is a recent extension of the well-established
Adaptive Control of Thought — Rational, or ACT-R
(Adaptive Control of Thought-Rational; Anderson &
Lebiere, 2012) and has been developed to be able to explain
transfer between different cognitive tasks, which is crucial
for our project. As in ACT-R, cognitive processing is
distributed across specialized modules, which are implied
by some theories of cognition (Anderson & Lebiere, 2012):
* A goal module, which stores active goals and applies

their influence.

* An input module, which models perception (e.g.,
vision)

*  An output module, which model outward actions (e.g.,
button presses)

* A retrieval module, which models declarative memory
and memory retrieval processes.

* A working memory module, which stores information
that is immediately accessible and intermediate steps in
calculations

Cognitive processing itself takes place in cycles of applying

if-then-rules. These rules are called operators in Prims (and

productions in ACT-R). In every cycle, the information in
the buffers of the modules is compared to the conditions of
the operators. If multiple operators have conditions that fit
the information in the system, a competition between them
occurs and the operator with the highest activity — which

depends among other factors on a baseline activity plus a

random noise variable — is chosen to be executed.

Method

When the model is run for several rounds it simulates
roughly four processes that a meditator cycles through:
1. Remembering (or keeping in mind) what is supposed to
be done again and again: In this case, this is the task of
being aware of the breath.

2. Being aware of breath sensations, which is simulated as
copying the perception into working memory.

3. Remembering something else and wandering off into
daydreams, worries, etc.

4. Remembering to come back to the task when one has

wandered off.
The model does this by assuming two competing goals' —
focusing on the breath (the focus goal) and mind wandering
(the wander goal) — which each have operators associated
with them (van Vugt et al., 2015). Which operator wins
depends on three factors in this model: the baseline
activation of the operator, the random activation added and
the spreading activation from the goal it is associated with.
Goals can furthermore be activated or deactivated by
operator actions (a unique feature of Prims that ACT-R does

! These goals — especially the goal to mind wander — are not
necessarily explicit/conscious to the individual.



not have). In the latter case, their activation is automatically
0. This does not mean that operators associated with an
inactive goal cannot win a competition; it just makes it a lot
less likely.

As can be seen in Figure 1, all of the operators are
triggered by the retrieval of the last cycle and as can be seen
in Table 1, there are three kinds of memory chunks. 30 of
them are meant to model mind-wandering contents (not
necessarily single memories but rather representative
instances of narratives or overarching themes). The 31% is
the memory of the meta-task, which is the memory of
refreshing the goal itself before checking what the low-level
task at hand is. The 32™ is the memory of the low-level
task, which entails feeling the breath.

Table 1: The three types of memories in the declarative
memory of the meditation model and their slots.

Meta-task (n=1) Task (n=1) Mind-wandering
(n=30)
Memory Memory Memory
Intention Intention Mind-wandering
Meta-task Task Memory-4*
Focus Breath Approach*

Note: * These are examples. The memory slot ranges
from ‘Memory-1" to ‘Memory-30 and the valence slot can
contain ‘Approach’, ‘Avoid’ or ‘Stay’.

A mind-wandering memory could have the following slot
contents: Memory, Mind-wandering, Memory-17, Avoid.
The first slot indicates that this chunk is a memory, which is
a very general label to allow for general requests. The
second slot distinguishes the mind-wandering chunks from

Focus retrieval
Retrieval = emtpy

Wander retrieval
Retrieval = emtpy

the memories of intentions, while the third slot is a
placeholder for a specific memory topic (e.g. ‘Memory-21’
might be a future-oriented and attractive topic — going on
vacation). Finally, the fourth slot contains the valence or
motivational connotation. Both intention memories have
lower activations to begin with, 1.00 as opposed to the
mind-wandering chunk’s average activation of 3.07. This
models the intention memories being less salient and
engaging (at first) than the mind-wandering memories.

The model starts off with the focus goal activated and
‘Breath’ in the input buffer (which remains there). As
nothing has been retrieved, the retrieval operators of both
goals will compete. At this point the focus operator will
usually win, as the wander goal is not active yet. If it does, it
requests a general memory and since it has associations with
the task and meta-task memories, they have a better chance
than the daydream memories of being recalled (if they have
the same baseline activation anyway). If the task memory is
remembered this directly triggers being aware of the breath,
however if the meta-task memory is recalled this first
triggers the refresh-focus-operator. This activates the focus
goal if it was inactive or reinforcing it if it was already
active. Next the opposing goal is deactivated if it is active
and the concrete task at hand is requested, modeling a meta-
cognitive process that consist of reinforcing the goal to
focus and remembering the task to focus on. After feeling
the breath nothing is retrieved and the retrieval operators
once again are triggered. If the wander operator wins it will
initiate a similar process as outlined for the focus goal,
thereby reinforcing the wander goal. Once a goal has been
activated its operators tends to go into a stable loop.
However, as can be seen in figure 1 there are multiple
interception points to interrupt this.

The model of sustained attention simulates the
Figure 1:  Meditation
model. Blue objects are

related to the focus goal,

== => yellow ones are related to
1. Request s [FETes the wander goal. The boxes
general memory general memory X
/ ¥ X are operators, while the
small circles are memories

M

4

\

Feel breath
Retrieval = Breath

==>

1. Be aware of breath

Refresh focus Remember to focus Daydream about
Retrieval = Focus Retrieval = Daydream intention
=== === Retrieval = Intention
1. Be aware of goal 1. Be aware of ==>
2. Activate/reinforce daydream 1. Imagine intention
focus goal 2. Activate/reinforce 2. Activate/reinforce
3. deactivate wander focus goal wander goal
goal 3. Request general
4. Request task memory
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e
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D‘ that are retrieved due to a
request by an operator. ‘T’

Daydream ds for task. ‘M’ stand
Retrieval = Daydream stands for task, Stands
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1. Imagine daydream
2. Activate/reinforce

for daydream. The arrows

wander goal represent possible
3. Deactivate focus transitions. Thick black
geg arrows  represent  high
probability, while thin gray
arrows  indicate  lower
probability. The
represented  probabilities

always signify the chances
if both goals were active
and the memories had
similar baseline activations.



performance of the meditators in a SART that the
participants of the meditation retreat performed (MacLean et
al., 2010). It consists of frequent non-targets (long lines,
with 90% probability) and rare targets (short lines, with
10% probability). The screen switched between the display
of a mask (1.55-2.15s) and the display of a stimulus (0.15s).
There was a practice block of 120 trials and 4 contiguous
test blocks of 120 trials each, which lasted for about 18min.
The main measure was A’ (Stanislaw & Todorov, 1999), a
measure of sensitivity combining hit rates and false alarms.

The model (Figure 2) is made up of operators for
modeling the mind wandering as well as operators for
modeling the execution of the SART task. The operators for
mind wandering are almost identical to their respective
copies from the meditation model. In a sense, the model
consists of SART operators (identifying the stimulus,
pressing, etc.) and a modification of the meditation model
missing the primary and secondary focus operators.

Retrieve Retrieve

Intentio:% daydream
T D

Ponder
Intention

Day-
dream

S-R

M ‘)<\* o
RS timuliSIEappears "’e:f;:s""'
P
VoA '

Missed
target

Figure 2: Model of the SART after transfer. ‘T’ stands for
task, ‘M’ stands for meta-task and ‘D’ stands for daydream.
The red objects are the transferred operators and the meta-
task memory. The green memories and transition lines
appear in the diagram as a consequence of this transfer.

The transfer consisted of copying the meta-task memory
and two meditation model operators into the SART model,
transferring the following processes: Reinforcing/activating
the focus goal, deactivating the wander goal, reinforcing the
focus related memories and the process of remembering the
task at hand when mind wandering. Importantly, the low-
level task and its memory differed from their counterparts in
the meditation model: in the SART the low-level task was to
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check the stimulus-response-mapping in case a stimulus
appeared.

Results

Prims has a vast spectrum of parameters, most of which
influence the performance of the models. A majority of
them were kept at the default level, while some were
adjusted to allow for both models to perform at least
somewhat realistically. Specifically, the activation noise
was set to 0.4 (default is 0.1), which allowed for slower
transitions, more interference and shorter loops. The amount
of goal buffer spreading activation was set to 0.75 (default
is 1), which decreases the impact the goal
activation/deactivation has, with similar effects as the
increased activation noise parameter. The amount of
working memory buffer spreading activation was set to 0.3
(default is 0), which allows for association between
daydreams during mind wandering. The latency factor was
set to 0.15 (default is 0.2) to make the SART model faster in
responding to the stimulus. The learning parameter for
production compilation was set to 0.2 (default 0.1) to allow
the SART model to assemble the prims faster in the training
phase.

The meditation model was tested for a simulated 18
hours at which point it seemed to have reached a dynamic
equilibrium (representing the process of learning to stay
focused on the breath). The analyses reported here pertain to
only one run, as there was very little variation between the
runs. As can be seen in figure 3, the model starts off with a
lot of mind wandering but slowly begins to shift to more
focus and then drops below the rising focus percentage out
at about 5 hours. In the end almost all retrieved memories
are focus related.
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Figure 3: The average percentage (of 5-minute periods) of
focus (blue) and wander (yellow) operators during a
simulated 18h run.
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The SART model was run for 1 training block and 4 test
blocks like in the empirical study. The results presented are
the average of 30 runs, as the SART model was somewhat
variable in its performance, partly due to the relatively short
simulated time span (18 min as opposed to 18 hours for the
meditation model).

The SART model with transfer was run with a meta-task
memory at the low starting activation level of the meditation
model: 1.00. As can be seen in Figure 4, the mind
wandering percentage is lower, while the focus percentage
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Figure 4: Measures in the SART before and after meditation training. The plot on
the left compares the results found in the study by MacLean et al. (2010) before and
after the retreat with the performance of the model before and after transfer of two
operators and a memory at an activation level of 1.00. The gray bars represent the
average sensitivity 4°. The plot on the right compares the average percentage of
focus and mind wandering operators respectively during 18min runs.

has increased. Furthermore, the hit rate was increased and
the false alarm rate was lower (not displayed in the figure),
leading to an increased sensitivity. An independent t-test of
the mean sensitivity over time revealed that the difference
was highly significant (#(58) = 4.49, p < 0.001) and that
Cohen’s effect size of the difference was large (d = 1.18).
Examination of the Q-Q plot and the Shapiro-Wilk test
showed no significant deviation from normality (W(60) =
0.99, p = 0.85). The difference was even more pronounced
when the meta-task memory was transferred at above
average activation levels (4.50): #(47.82) = 14.05, p < 0.001,
d = 3.69. The assumption of normality was rejected (#(60)
0.92, p 0.001). Therefore a bootstrap test was
conducted, which corroborated the significance of the effect
(» =0.001).

Discussion

This paper set out to explore the processes underlying FA
meditation by creating a cognitive model to simulate it. To
constrain the model and test its plausibility, a cognitive
model of a SART was analyzed before and after the transfer
of two meditation operators and an affiliated memory.

The meditation model transitions from mainly mind
wandering to being almost entirely focused on the task at
hand. There seem to be two main causes for this
development: The increasing dominance of the meta-task
memory over the task memory as well as the increasing
dominance of both intention memories over the mind
wandering memories. The fact that the meta-task memory
becomes stronger than the task memory leads to more
instances of the following sequence: focus retrieval >
refresh focus > feel breath, and less of this sequence: focus
retrieval = feel breath. This in turn allows for more
reinforcement of the focus goal and the meta-task memory
because the refresh-focus-operator involves  goal
management actions and imagination (strengthens the
memory). The second cause—the domination of the intention
memories over the mind wandering memories—leads to more
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of their retrieval and less retrieval of
the mind wandering memories. In
other words, it decreases the
probability of interference by mind
wandering memories and increases
the probability of the intention
memories (mostly the meta-task
memory) interfering with the
wander-retrieval.

This raises the question why the
meta-task and the task memory
increase in activation so dramatically
over time. The intention memories
probably increased because they are
retrieved a lot more than any single
mind-wandering memory. Even
though the mind-wandering
memories as a whole are retrieved a
lot more frequently at first than the
intentions and even though they
spread the resulting reinforcement amongst each other to
some degree (due to their associations), the reinforcement
per single mind-wandering memory is a lot smaller than for
the meta-task. What gives the mind-wandering memories
the upper hand at first-their numbers—becomes a handicap
as the reinforcement they receive is spread too evenly
among them. This has interesting implications. It could
mean that an important aspect of how FA meditation calms
the mind lies in its simplicity and unidirectionality: it only
focuses on a small group of memories, while mind-
wandering has a broad focus. It could indicate that if the
goal management strategy is such that it is sufficient for
combating mind-wandering loops and interference—even if
only rarely at first—it can reinforce its associated memories,
causing it to be more effective in turn, which leads to more
reinforcement and so on. In other words, if the goal
management strategy is effective enough in the beginning
(even if only barely) it can create a feedback loop. And
while the mind-wandering process creates a feedback loop
as well, it is less effective, presumably because the loop is a
lot more dispersed.

What is interesting about mind-wandering is that it seems
to creep up stealthily and is often easy to snap out of, but
only for a few moments, which reflects what we think are
two core factors in mind-wandering’s longevity: tenacity
and momentum. The meditation model explored in this
paper suggests that FA meditation functions on the same
principles  supplemented  with  the  benefits of
unidirectionality. Yet, what this model leaves out is that
mind-wandering is typically not a deliberate choice, while a
main aspect of FA meditation is the conscious, voluntary
and therefore effortful deciding from moment to moment.
The model cannot distinguish between bringing something
to mind consciously and something appearing on its own
(Seli, Carriere, & Smilek, 2015).

Possibly the central question is how plausible the
meditation model is. The meditation model was almost

Before
After

Mindw'anden’ng



entirely constrained by internal consistency and basic
assumptions about Samatha meditation, which is not a
strong constraint. In order to increase the credibility of the
meditation model, transfer to other tasks would be
necessary. Nevertheless, the positive transfer effect of the
goal management operators to the SART indicates some
valuable points. It suggests that the mechanisms of the
meditation model are at least somewhat generalizable and
are not merely artifacts of a specific modeling situation. It
furthermore indicates that the mind-wandering paradigm,
which was very similar in both models, is plausible.
Furthermore, the transfer was congruent with the kind of
change one would predict. What is more, the meditation
model is quite robust, simple and produces reasonable
behavior considering its parsimony. In other words, there is
reason to believe that the model captures one important
aspect that might underlie FA meditation: a feedback loop
effect induced by patient and deliberate application of a goal
management strategy. On the other hand, it does not capture
aspects of meditation that reflect cultivation of a non-
judgmental attitude and transformation of mental habits.

In short, we have presented the first computational model
of meditation and have shown that it makes predictions for
transfer to cognitive task performance. The model suggests
that the transfer consists of goal management faculties and
that it enhances performance through a feedback loop
mechanism.
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Abstract

ACT-R has been successfully used in psycholinguistics to
model processing data of individual experiments. In this pa-
per, I show how it could be scaled up to model a much larger
set of data, eye-tracking corpus data. It is shown that the re-
sulting model has a good fit to the data for the considered
(low-level) processes. The paper also argues that free param-
eters of ACT-R could and should be estimated using the well-
established methods in other fields, rather than by manually
searching through parameter space. The latter option is simply
impossible to use once we hit the amount of data considered
here. The latter option also makes it hard, if not impossible,
to compare parameters across different (ACT-R) models since
manual search is subjective and usually not well documented
in research papers.

Keywords: parsing; eye tracking; modeling eye tracking;
ACT-R; modeling eye-tracking corpus data; Bayesian infer-
ence of ACT-R parameters

Introduction

ACT-R (Adaptive Control of Thought—Rational) (see
(Anderson, Bothell, & Byrne, 2004) for an introduction) is
a cognitive architecture that has been successfully applied to
various language processing phenomena, for example, syn-
tactic parsing, memory retrieval of arguments and quanti-
fiers, syntactic priming or the reanalysis of syntactic struc-
tures (Lewis & Vasishth, 2005; Vasishth, Bruiissow, Lewis,
& Drenhaus, 2008; Reitter, Keller, & Moore, 2011, a.0.). The
successes of ACT-R in modeling natural language strongly
suggests that the cognitive architecture can be insightful for
linguistics, alongside many other domains of inquiry (cf.
(Anderson, 2007)).

Previous applications of ACT-R focused on modeling of
(some) results of carefully chosen experiments. This leaves
open the question as to how ACT-R fares once we move be-
yond such a domain. If ACT-R is to be useful for language
modeling it should be shown that it can scale up, that is, it
can fare well when modeling a large amount of processing
data (cf. (Taatgen & Anderson, 2002) for such a large scale
ACT-R application in a different psycholinguistic domain).
Furthermore, it is important to see how it fares when model-
ing data that are naturally occurring, not carefully composed
by experimentalists to target one phenomenon. Second, pre-
vious models were hand-crafted to match analyzed phenom-
ena. This can be seen in two ways: (i) grammar rules are
not created automatically, rather, they are manually written,
(one exception here being (Reitter et al., 2011)) (ii) parame-
ters used in the sub-symbolic part of ACT-R are plugged in
by modelers.

In this paper, I will focus on the second issue: the man-
ual search of parameters. The problem with that is that it
makes model fitting subjective. As a consequence, it is very
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hard if not impossible to compare various models. For ex-
ample, (Vasishth et al., 2008) differ from (Lewis & Vasishth,
2005) in the values they assume for the latency factor (0.46
vs. 0.14). The model in (Reitter et al., 2011) differs from both
papers in its assumption about the value of the maximum as-
sociative strength (50.0 in the latter vs 1.5 in the former pa-
pers). It is not clear whether these differences are meaningful
or accidental. We do not know how good the model fit would
be if the values of these parameters were matched. We also
do not know what values were considered before settling on
these. Finally, we also do not know whether other parameters
were searched before these were modified. All these concerns
make it hard, if not impossible, to consider model compar-
isons. Maybe even more importantly, selecting the values of
parameters by hand is almost impossible once we scale up
and model more data, especially if we want to fit more than
one parameter.

In this paper, I take first steps to address the worries dis-
cussed above. Further improvements should follow in the
future. First, I consider the application of an ACT-R pars-
ing model to eye-tracking corpus data (the GECO corpus,
(Cop, Dirix, Drieghe, & Duyck, 2016)). Second, I show
how the model can be fitted using Markov-Chain Monte Carlo
(MCMC) methods, rather than a manual selection of param-
eters. Importantly, using MCMC methods makes it easy to
compare the parameters of the current model to other mod-
els. As an example, I make one such comparison, which will
reveal a match between some (but not other) parameters, po-
tentially opening a window into more detailed research into
the role of ACT-R free parameters across models.

Modeled data

The paper presents a model of (a subset of) reading measures
of the Ghent Eye-Tracking Corpus, GECO (Cop et al., 2016).
The corpus consists of eye movement measures collected dur-
ing reading of the book The Mysterious Affair at Styles by
Agatha Christie. The data were collected from 14 English
monolingual readers and 19 Dutch-English bilingual readers.
For the current purposes, we are not interested in the effect of
bilingualism and thus, only monolingual data will be studied.

A desirable feature of the GECO is that the whole corpus
is freely downloadable and its text is in the public domain.
Furthermore, the fact that readers read an entire book, rather
than the collection of random articles/sentences might poten-
tially be useful in the future if we want to model long-lasting
effects (e.g., discourse structures). However, this will not be
attempted here. For the details of the corpus and its compari-
son to other eye-tracking corpora, see (Cop et al., 2016).



I am afraid I showed my surprise
rather plainly.

Figure 1: Example of a parsed sentence.

ISA: word
FORM: afraid
CATEGORY: adjective

AFRAID

Figure 2: Example of the chunk AFRAID.

Basic ACT-R reader

The reader considered in this paper is very basic. It serves as
the starting point and it can be further expanded.

The reader will visually encode and retrieve words from
English sentences of the GECO corpus, an example of which
is in Fig. 1 (the figure encodes the original line breaks).

The reader starts at the first word of the sentence. It stores
the word in its visual buffer and retrieves information about
the word from its mental lexicon. Once retrieved, the reader
shifts its focus to the next word of the sentence, repeating
the process. When getting to the end of the line (the word
surprise), the reader shifts its visual focus to the beginning of
the next line and proceed in reading. After the last word of the
sentence, the first word of the next sentence will be parsed.

Obviously, the reader in its current form is primitive. It
models only visual processes present in reading and processes
tied to lexical retrieval. This limitation is intentional. It is im-
portant to show that even such primitive models are tangible
and useful in modeling eye-tracking corpus data. Once the
model is in place, we can move to more complex cases.

Details of the model

Symbolic part As is well-known, ACT-R subsumes two
types of knowledge: declarative knowledge and procedural
knowledge (cf. (Newell, 1990) on the difference). While
the declarative knowledge represents our knowledge of facts,
procedural knowledge is knowledge that we display in our
behavior (cf. (Newell, 1973)). Following all previous works
on ACT-R processing I will assume that lexical information
is part of our declarative knowledge. In contrast to that, read-
ing itself is part of our procedural knowledge. The reading
consists of finding a word, retrieving the information about
the word from the declarative memory and moving one’s at-
tention from word to word (in the left-to-right, top-to-bottom
fashion).

The declarative knowledge is instantiated in chunks. The
procedural knowledge is instantiated in production rules (pro-
ductions for short).

The chunks storing lexical knowledge can be kept simple,
given the basic aims of the presented ACT-R reader: they
only store the information about the form and its category,
see Fig. 2.

The procedural knowledge consists only of a handful of
rules, shown in Fig. 3 to Fig. 6.
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Figure 3: Rule ATTEND WORD.
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=visual >
value
Tretrieval >
state

==>

=g >
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word
—visual >
+retrieval >
form

retrieve
=val

free

shift
=val

=val

Figure 4: Rule RETRIEVE WORD.

The first rule (Fig. 3) attends the currently considered
word. The second rule retrieves a word from the declarative
memory. The third and the fourth rule (Fig. 5 and Fig. 6) shift
attention to a new word in the same line and to a new word
on a new line respectively. The first rule mimics the left-to-
right reading due to the interplay of two requirements: (i) it
is required that the new word should have the lowest x-value
on the same line as the current word, (ii) at the same time, it
is required that the word should not have been attended pre-
viously (by setting :attended as false). This leaves the closest
word to the right as the only candidate. The jump to the left-
most word in the closest lower line is achieved in a parallel
way in the second rule.

One thing to notice in both rules is the value LASTWORD.
This value is not specified here further, but in the actual model
it would carry the position of the rightmost words on the
screen, allowing the ACT-R model to shift to a new line only
after the reader got to the end of the line.

As is standard, it was assumed that every rule needs 50 ms
to fire.

Subsymbolic part The subsymbolic part of the ACT-R
cognitive architecture is used to match human performance.
Basic ACT-R reader will model eye fixations of GECO as
the function of word length, frequency of the word and word



=g>

state shift
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screen_X lowest
screen_y =ypos
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Figure 5: Rule MOVE ATTENTION IN LINE.

=g >
state shift
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cat =X
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screen_x LASTWORD
==>

=g >

state start
+visual_location >

:attended False
screen_x lowest
screen_y closest

—retrieval >

Figure 6: Rule MOVE ATTENTION TO A NEW LINE.

position. For this reason, only two parts of the cognitive ar-
chitecture will be relevant: vision module and the module of
declarative memory. The rest of this section summarizes the
relevant properties of these modules.

ACT-R can be used with various implementations of vi-
sion. Here, we will consider an ACT-R implementation of
the EMMA (Eye Movements and Movement of Attention)
model (Salvucci, 2001), which in turn is a generalization (and
a simplification) of the E-Z Reader model (Reichle, Pollatsek,
Fisher, & Rayner, 1998). While the latter model is used for
reading, the goal of EMMA is to model any visual task, not
just reading. Given the fact that the E-Z Reader model is
one of the most successful models for eye-tracking data, it is
natural to use its ACT-R application, EMMA, for the current
purposes (see also (Engelmann, Vasishth, Engbert, & Kliegl,
2013) for another application in psycholinguistics).

Following E-Z Reader, EMMA disassociates eye focus and
attention: the two processes are related but not identical.

A shift of attention to a visual object triggers (i) an immedi-
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ate attempt to encode the object as an internal representation,
and (ii) eye movement.
The encoding takes the time shown in Eq 1.!

Tone =K-D-e (1)

In the equation, d is the distance between the current focal
point of the eyes and the object to be encoded measured in
degrees of visual angle (in other words, d is the eccentricity
of the object relative to the current eye position), k is a free
parameter, scaling the effect of distance; D is a time parame-
ter of the object to be focused that will affect visual encoding,
and K is a free parameter, scaling the encoding time itself.

In (Salvucci, 2001), it is assumed that D is a function of the
(normalized) frequency of the object, D = —log(Freq). This
assumption is present to capture the fact that high-frequent
objects (words, numbers) tend to be focused shorter and
skipped more often than low-frequent objects. The same ef-
fect is encoded in the E-Z reader, in which encoding time is
scaled by the frequency of the object.

There is a less stipulative way to capture the effect of fre-
quency in Basic ACT-R Reader. Objects (words) have to be
retrieved from declarative memory during reading and the re-
trieval itself is sensitive to frequency effects. The way our
symbolic system is set up will then derive the observed role of
frequency on fixations and skipping indirectly and by a mech-
anism that is needed anyway, lexical retrieval, as we will see
below. This frees Eq 1 from an extra stipulated parameter,
frequency of objects. Instead of frequency, we can therefore
consider other properties relevant for visual encoding. As is
well-established, the length of words affects fixations and it
is natural to assume that such a property would play a role
when encoding an object (but not during lexical retrieval). 1
will assume that D is equivalent to the number of characters
of a word, see Eq 2.

D = NChar(Word) )

The time needed for eyes to move to a new object is split
into two sub-processes in EMMA: preparation and execution.
The preparation requires 135 ms. The execution, which fol-
lows the preparation, requires 70 ms + 2 ms for every degree
of visual angle between the current eye position and the tar-
geted visual object.> At the end of the execution eyes focus
on the new position. If a new command to shift an attention
yet again is issued during the preparation phase, the old eye
movement is discarded and a new one takes place. This situ-
ation could be used to model word skipping. For more details
on the interplay between attention shift and eye movements,
see (Salvucci, 2001).

IThe equation captures the time needed to encode an object if
we do not assume any noise in the vision module. Otherwise, the
encoding of an object is modeled using a gamma distribution with
the mean 7, and sd T"3'”.

2If eye movement is assumed to be noisy, both measures are
means of a gamma distribution, see the previous footnote.




The second part of the subsymbolic system important for
us concerns lexical retrieval.

Simplifying somewhat and focusing only on currently rel-
evant parameters, we can say that the time needed to retrieve
a word is a function of its base-level activation. In more tech-
nical terms, we will assume that the activation of a chunk i,
A;, determining retrieval latencies, is equivalent to its base-
level activation, B; (normally, chunk activation is modulated
by other chunk properties, and is distributed as Logistic(B;, s)
with s being a free parameter):

A;=B,; 3)

The base activation of a chunk in ACT-R, B, is in Eq 4,
where d is a free parameter and #;, is the time elapsed since
the chunk was presented (stored in memory).

n
B; =log <Z tkd>
k=1

The time needed to retrieve a chunk, 7; is shown in Eq 5. f
is a free parameter, scaling the effect of the (base) activation,
F is a free parameter, scaling the latency itself.?

T, =F.-¢ /4

“

&)

Summing up, fixation times will be affected in several
ways in our model:

e The frequency of words will modulate fixation times, due
to Eq 5, which becomes relevant when the rule RETRIEVE
WORD (Fig. 4) fires. Frequencies will affect retrieval laten-
cies because they affect the number and moments of chunk
presentations. How frequencies are related to the number
and moments of chunk presentations will not be discussed
here in detail due to the lack of space. See (Reitter et al.,
2011) for details, which I follow in this respect.

e The length of words will modulate fixation times, due to
Eq 1 and Eq 2. These equations are relevant when the rule
ATTEND WORD fires, Fig. 3. Furthermore, the length of
words also influence fixation times in a less direct way. As-
suming that fixations always appear at the center of a word,
a word of length, say, 6 letters will make the words to the
left and right appear one letter further than a word of length
4 letters. Due to the fact that executing eye movement is
sensitive to distance, we should see an increase of fixation
times on long words and on words preceding long words.

e Words appearing at the end of line or close to the end of
line should be fixated longer. This is due to the execution
time of eye movement: executing eye movement to a new
line should take more time than executing eye movement
to a new word on the same line.

3In ACT-R literature, f is not always mentioned or used. How-
ever, see (Anderson & Lebiere, 1998). The parameter will be impor-
tant for our purposes.
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Modeling reading

Eye-tracking reading measures are commonly split into sev-
eral subtypes. The three most important ones are listed below:

e gaze duration: the sum of the time of all the first-pass
fixations (in ms) made on a word until the point of fixation
leaves the word

o total reading time: the sum of the time of all the fixations
made on a word

e re-reading time: the difference between total reading time
and gaze duration

The paper aims to model the effect of frequency and word
properties (position, length). Such properties are standardly
associated with first-pass measures. This is in fact directly
encoded in E-Z Reader in which (modeled) gaze durations
are functions of such factors, while re-reading measures less
so (see, e.g., (Staub, 2011) for discussion and empirical evi-
dence). Following this insight, I will focus on modeling gaze
durations.

The GECO corpus stores the information about the posi-
tion of each word on the screen. This enables us to fully re-
construct what each participant saw. Using this information,
I re-created the reading materials of GECO.* I let Basic ACT-
R Reader run and recorded its fixation times on every word
(the value was 0 if a word was skipped). On one third of the
materials, Basic ACT-R reader was run in order to find good
estimates for some of its free parameters (more on this be-
low). On one half of the materials, the model with the found
parameters was studied. (The last sixth of materials was left
out for possible future model comparisons.)

In the previous section, we saw five free parameters. Of
these, only three were estimated: k, see Eq 1, f, see Eq 5,
and F, see Eq 5. I did not model K since it would strongly
correlate with F and the latter parameter might be sufficient,
at least at this point (frequencies correlate with length in the
data set, r = —0.37,p < .001). The d parameter (Eq 4) was
not estimated either. Rather, its default value was used (0.5)
since that is the standard and extremely common practice in
ACT-R research.

As was mentioned in the introduction, parameter estima-
tion is often done by hand in ACT-R. However, that is al-
most impossible to do with the amount of data that we an-
alyze here, especially if we consider more than one param-
eter, as is the case here. Rather than manually finding pa-
rameter values, they were estimated using Bayesian inference
and MCMC procedures. I used the Python implementation of
ACT-R called PYACTR (see https://github.com/jakdot/pyactr).

4The materials were also cleaned and prepared for modeling.
Two most important changes: frequencies from the British National
Corpus based on (Leech, Rayson, et al., 2014) were added; some
of the sentences had two words recorded as one if they were sep-
arated by three dots (...) — such sentences were excluded for two
reasons. First, they would complicate the ACT-R model. Second,
GECO only reports one reading measure for them and it is not clear
how fixations are distributed across the two words.



(This Python implementation yields the same reaction time
values for the considered parameters as the canonical imple-
mentation in Lisp.) The parameter estimation was done us-
ing the Python package for Bayesian modeling PYMC3. The
Bayesian model was specified as in Eq 6. GD is the depen-
dent variable gaze duration (in ms), Basic ACT-R(f, F,k) is
a deterministic function that yields gaze duration per word
by supplying Basic ACT-R Reader with the values of the
three free parameters and letting the ACT-R model run.
HALFNORMAL is a folded normal distribution, GAMMA is
a gamma distribution, UNIFORM a uniform distribution.’

f ~HALFENORMAL(u = 0,sd = 0.5)

F ~GAMMA (=2, =6)

k ~ HALFNORMAL(u = 0,5d = 0.7)

o ~ UNIFORM(0,200)

6 ~ HALFNORMAL(u = 0,sd = 10)

GD ~ NORMAL(a + Basic ACT-R(f,F,k),0)

Notice that when retrieval and time needed to encode a
word is (hypothetically) at 0 Basic ACT-R(f, F, k) should cor-
respond only to the time needed to fire the relevant produc-
tion rules. However, our current production rules are over-
simplifying reading (e.g., there is no role for syntax or seman-
tics) and thus, it is likely that they underestimate this value.
This is why another parameter was added, a, and its prior was
set as a non-negative value, ranging between 0 and 200 ms.

The parameters were sampled using the Metropolis sam-
pler, with 400 steps, first 30 steps discarded and values initial-
ized at maximum a posteriori point estimates.® The posterior
results:

(6)

f—mean:0.15;sd : 0.09
F —mean : 0.0001;sd : 0.0001
k—mean : 0.61;sd : 0.04

o —mean : 27.8;sd : 0.5

Notice that the found values f, F,k differ from the default
values, which are set at 1.0. However, the default values of
the last two parameters are often changed (e.g., F' appears
to carry the values between 0.1 and 0.4 in psycholinguistics,
and k is set at 0.4 in (Salvucci, 2001)). Still, such changes do
not match our found values. Unfortunately, as far as I know,
previous (psycholinguistic) studies did not make systematic
well-documented investigations of parameter estimates, and
thus, it is completely unclear whether the differences reveal
any significant discrepancies or are just accidental. The cur-
rent paper is a step forward in this regard. We need to investi-
gate free parameters of cognitive architectures in a replicable,
methodical and objective way, otherwise model comparisons
become impossible.

(N

SWhen estimated, the ACT-R parameters are commonly below
0.5. I tried to reflect this by selecting prior distributions whose c.d.f
at 0.5 is greater than 0.5 and have positive skew.

OThis is a small number of steps, mainly for practical reasons:
the model is slow since it has to run simulations for every word of
every sentence. However, the probabilistic model is simple and the
found values generate good predictions.

53

Mean RT

IIIII'I oun

1000
Freq_breaks

10000 1e+05 1e+06

Figure 7: SimRTs and gaze durations split by word frequen-
cies.

The mean values were plugged back into Basic ACT-R
Reader. The model then simulated the reading of one half
of all the sentences appearing in the GECO corpus (differ-
ent sentences than the ones used in the parameter estimation).
The simulated reading times (SimRTs) were used as predic-
tors in a linear model, with mean GD (averaged across partici-
pants) as the dependent variable. The model revealed a signif-
icant effect of SimRTs (B = 1.08,r = 470, p < .001). Notice
that the slope parameter 3 close to 1 shows that not only does
Basic ACT-R Reader predict gaze durations, it does so in a
way we want it to: 1 ms increase on the side of Basic ACT-R
Reader corresponds to approximately 1 ms increase in actual
gaze duration. The validity of the model can be also seen in
Fig. 7, which plots RTs in seven frequency bands: from O to
10 occurrences in the BNC, from 10 to 100 etc. In each band,
the red (left) bar shows mean fixation times as simulated by
Basic ACT-R Reader. The right (blue) bar shows actual mean
fixation times. The ACT-R model underestimates (roughly by
20 ms, which corresponds to the o estimate above) but it lin-
early decreases across frequency bands, closely copying the
actual data. This is an encouraging finding given that the pa-
rameters were not estimated on this set of data. Fig. 8 shows
that the model simulates the effect of word length well, even
though it underestimates very short words, and overestimates
very long words.
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Figure 8: SimRTs and gaze durations split by word length.



An interesting question is whether the estimates of the
model can be independently validated, using the same tech-
nique as above. For this reason, I used ACT-R to model
a different psycholinguistic task, a lexical decision task of
(Murray & Forster, 2004) (their Experiment 1). In the task,
the ACT-R model (and humans) fixated the center of the
screen. At that position a sequence of 5-7 letters appeared.
The model (or human) then had to decide whether the se-
quence is an actual English word and press the corresponding
key. The only manipulation relevant in the modeled experi-
ment was that of the frequency of the appearing word. Thus,
only two parameters were estimated using the data: f and F.

It is known that ACT-R is good at modeling the role of
frequency in lexical decision tasks (cf. (Anderson, 1982),
(Anderson, Fincham, & Douglass, 1999), (Murray & Forster,
2004)). Thus, estimates found this way might significantly
strengthen our previous findings. Interestingly, f was esti-
mated at 0.14 (sd : 0.01), thus being very close to the previ-
ously found estimate. F, in contrast, was estimated at 0.13.
The difference from the previously estimated F is large, see
Eq 7. In other words, while the estimated f might be close
to its real value, the value of F fluctuates too wildly to be
taken seriously. It remains to be seen whether it might help to
model more parameters, add more information to the models
or modify some other properties of the models.

Conclusion

ACT-R has been successfully used in psycholinguistics to
model processing data. In this paper, I showed how it could
be further expanded to model eye-tracking corpus data. The
resulting model had a good fit to the corpus data, at least in
the considered (low-level) processes.

Furthermore, I showed that free parameters could and
should be estimated using the well-established methods in
other fields, rather than by a manual search through parameter
space. The latter option is impossible to use once we hit the
amount of data considered here. The latter option also makes
it hard, if not impossible, to compare parameters across dif-
ferent models since manual search is subjective and usually
not well documented in research papers.

The resulting ACT-R model is a step in the direction of
using ACT-R to simulate not just results of individual pro-
cessing experiments, but diverse and rich corpus data. The
model could be expanded to capture higher level processes
(e.g., syntactic parsing). However, that is beyond the scope
of this paper.
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Abstract

We recently developed a spiking neuron model that performs
magnitude comparison and finger gnosis tasks using a
common underlying neural system, explaining why
performance on these tasks is associated in humans. Here, we
explore the parameters in the model that may vary across
individuals, generating predictions of error patterns across the
two tasks.  Furthermore, we also examine the neural
representation of numbers in the magnitude comparison task.
Surprisingly, we find that the model fits human performance
only when the neural representations for each number are not
related to each other. That is, the representation for TWO is
no more similar to THREE than it is to NINE.

Keywords: magnitude comparison; finger gnosis; neural
engineering; number representation

Introduction

We have recently proposed a neural model of a cognitive
component underlying two disparate tasks: finger gnosis
and magnitude comparison (Stewart et al., 2017). These
tasks have been shown to be related via behavioural, fMRI
imaging, and stimulation experiments, and our model
describes a neural system that could be involved in both
tasks, explaining this relation. However, in the initial paper,
we did not perform an analysis of the effects of parameter
variation on this model. Our goal in this paper is to present
this parameter analysis in order to better understand the
performance of this model.

Finger gnosis is the ability to indicate which fingers have
been touched, out of the view of the participant. Typically
two fingers (on the same hand) are touched while the
participant's hand is occluded, and they must then indicate
which fingers were touched (Baron, 2004).

The magnitude comparison task considered here is
symbolic single-digit number comparison. Participants are
visually shown two single-digit numbers and they are asked
to indicate which one is larger.

Individual performance on the finger gnosis task predicts
a variety of mathematical measures in both children (Fayol
et al., 1998; Noel, 2005; Penner-Wilger et al., 2007, 2009)
and in adults (Penner-Wilger et al., 2014, 2015). In
particular, this relation is partially mediated by performance
on the single-digit symbolic magnitude comparison task
used here (Penner-Wilger el al., 2009, in prep.). Individuals
who perform better at magnitude comparison also perform
better at the finger gnosis task.
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In addition to this behavioural result, representation of
number and finger gnosis both activate the same brain
regions (Andres, Michaux & Pesenti, 2012; Dehaene et al.,
1996; Zago et al., 2001), both tasks are disrupted by rTMS
and direct cortical stimulation to the same regions (Rusconi,
Walsh, & Butterworth, 2005; Roux et al., 2003), and the
tasks interfere with each other when performed at the same
time (Brozzoli et al., 2008). For these reasons, we believe
that there is a common component underlying these tasks.
In other words, there is some set of neurons performing
some operation that is used in each task. This makes it an
example of neural redeployment (Penner-Wilger &
Anderson, 2008, 2013)

In the current paper, we first outline in more detail a
model that performs finger gnosis and number comparison,
which we initially reported in Stewart et al. (2017). Second,
we examine the behavioural effects in these two tasks, as
different parameters in the neural model are varied. Given
that the same neural components are used, changing an
aspect of the model will affect both tasks. The results of
these variations form a set of predictions about individual
differences in performance on these tasks. Finally, we
examine a parameter that only exists for the magnitude
comparison task. Here, we need to decide how the different
numbers are represented neurally. One possibility is to
assume that the number SEVEN should have a neural
representation that is more similar to the neural
representation for EIGHT than it is to ONE, as this might
explain why more mistakes are made when the numbers
being compared are close to each other. As is shown below,
the modelling result instead shows that there is a better
match to human performance if the neural representation for
each number is unrelated to the others.

A Common Component

We postulate that the shared system for these two tasks is a
neural implementation of an array of pointers. That is, a
neural system that can store a small set of arbitrary values,
each of which can represent something. For example, one
pointer could be set to the neural representation of the
number SEVEN, while another pointer could be set to
represent concepts like DOG or CAT or BLUE or QUIET or
TOUCHED.

Importantly, we do not need to make a strong claim about
the nature of the neural representation of these concepts



here. Instead, we merely make the weak claim that there is
some pattern of neural activity for each concept, and all we
need is a system that can store an arbitrary pattern. Here we
generally randomly choose these patterns, but we
investigate what happens when these patterns are related to
each other below.

To describe this system mathematically, we can say that
there are a small set of vectors p;, p», ps, ps, and ps, one for
each pointer. In order for this system to maintain
information over time, if there is no input, these values
should stay as they are. However, if there is an input, we
also need to indicate which pointer(s) will be changed. To
do this, we introduce a mask m, which controls which
pointers will be affected by the input x. For example, if
m=[0,1,0,0,0], then the second pointer p, will be affected by
the input x. Mathematically, this can be written as:

Pi (Eq. 1)
T

. if m; = 0
b if m; =1
For the magnitude comparison task, this would be used as
follows. First, the vector for one of the numbers (e.g.
SEVEN) would be loaded into the first pointer value by
setting x to the vector for SEVEN and setting m to
[1,0,0,0,0]. Next the other number (e.g. THREE) would be
loaded into the second pointer by setting x to THREE and m
to [0,1,0,0,0]. Over time, the values stored in the pointers
would be as follows:

Magnitude Comparison Task

step X m p: p: Ps P+ Ps
1 — 00000 - - -
2 SEVEN 10000 SEVEN  -- -- - -
3 THREE 01000 SEVENTHREE -- - -
4 - 00000 SEVENTHREE -- - -

Once these values are stored in the pointers, the rest of the
task can be completed by reading the values out and
performing the comparison. The details for this are
provided below.

For the finger gnosis task, a similar process is followed,
but we use the pointers in a different way. In particular, the
value that is being loaded in is always the vector for
TOUCHED (indicating that this finger was touched), but the
particular pointer that we load it into is what is important.
In the following chart, we show the process when the
second and fourth fingers are touched.

Finger Gnosis Task

step X m p;g D2 D3 y 2 Ps
1 -- 00000 -- - - - -
2 TOUCHED 01000 -- TOUCHED -- - --
3 TOUCHED 00010 -- TOUCHED -- TOUCHED --
4 -- 00000 -- TOUCHED -- TOUCHED --

Once these values are loaded in, the rest of the finger gnosis
task involves reading out these values and reporting them,
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as is detailed below. Importantly, while the remainder of
the finger gnosis task is quite different from the magnitude
comparison task, both tasks make use of this same array of
pointers component.

Neural Implementation

Though this basic idea of an array of pointers is simple (and,
indeed, is trivial to implement in a traditional computational
model), here we implement this system using spiking
neurons. The important point here is that neurons will not
perfectly implement this algorithm; rather, their actual
behaviour will only approximate this ideal. Importantly,
this approximation can serve as an explanation for the
mistakes made by people performing these tasks.
Furthermore, changing the details of this neural
implementation (for example, how many neurons are used,
or how strong the mask is) can change the resulting
behaviour, providing an explanation for the individual
differences, and how errors on one task relate to errors on
the other task.

To convert this model to spiking neurons, we use the
Neural Engineering Framework (Eliasmith & Anderson,
2003). In this approach, different groups of neurons are
used to represent each vector (e.g. x or p;). Connections
between groups of neurons implement functions on those
variables. For example, if one group of neurons represents
x and another group of neurons represents y, then we can
form a connection from x to y such that y=f(x). Given any
particular function f, we can solve for the optimal synaptic
connection weights between those groups of neurons that
will best approximate that function.

When we solve for these synaptic connection weights, we
are not making any claim about how these connection
weights are learned, or how they are formed in a
developmental process. Rather, we are simply finding the
best possible way that the given neurons can perform this
task, and leaving these larger developmental questions to
future research.

With this in mind, our model is presented in Figure 1.
Each box represents a group of neurons representing one
vector.  Arrows between boxes indicate connections
between groups of neurons. In each case, these connections
are optimized to compute the identity function. This is the
simple function that just transmits information without
changing it in any way.

Y

pointer 1
(400 neurons)

»| channel 1
(400 neurons)

x—//4

N e N
/ » Channel 2 »  pointer?2
m (400 neurons) (400 neurons)
N~ . /

Figure 1: A neural implementation of an array of pointers.
Only two pointers are shown.



The recurrent connection on the pointer neurons indicates
that those 400 neurons are recurrently connected to
themselves such that they will pass their own information
back to themselves. In other words, whatever pattern of
neural activity is generated in that group will be self-
sustaining.  That is, the pattern of activity will be
maintained over time. Of course, since neurons are not
perfect, this pattern will not be perfectly maintained, leading
to a gradual decay of this memory system.

To load values into this system, we place the desired
vector as the input x. This will drive the various channel
neural populations to fire, representing that value x. This
will then in turn drive the pointer populations to store that
value. However, with just this system, any x value as input
would be loaded into all of the pointers. In order to
implement Equation 1 completely, we need a mask term to
control which pointers will be affected. We accomplish this
by selectively inhibiting the activity of the channel
populations. If a channel is inhibited, the corresponding
pointer population will not be affected by x.

As described more completely in Stewart et al. (2017), we
implement all of this using standard Leaky Integrate-and-
Fire spiking neurons using the simulation software Nengo
(Bekolay et al, 2014). The resulting behaviour of the
system loading two pointers (FIVE and SEVEN) is shown
in Figure 2.

input x
FIVE SEVEN
mask

channel 1

L1

T T

channel 2

T T T
L

pointer 1

pointer 2

= T=T T

time (s)

Figure 2: Spiking activity for an example magnitude
comparison task. Top row shows input to the model. Other
rows show spiking neuron activity over time. The text
indicates which vector x is represented by the pattern of
activity. Note that pointer 1 and pointer 2 maintain their
spiking pattern (approximately) after the input has been
removed. Figure from (Stewart et al., 2017).

In order to perform the two separate tasks, we then connect
this same common component to one of two different output
systems. For the finger gnosis task, the output is simply the
identity function again, as all we need to do is to report the
information stored in the pointers.

For the magnitude comparison task, we need a slightly
more complex output. Rather than reporting the two stored
numbers, we need to report whether the first number is
larger or smaller than the second number. This is, itself, a

function. So, in order to compute this, we use the NEF to
solve for the optimal connection weights that will best
approximate the function that maps the vectors for the two
numbers to a single scalar output that is +1 if the first
number is larger, and -1 if the second number is larger. We
can think of this as training a group of neurons to memorize
this list of desired inputs and outputs:

input output
[ONE, TWO] -1
[TWO, ONE] +1
[ONE, THREE] -1
[THREE, ONE] +1
[TWO, THREE] -1
[NINE, EIGHT] +1

When we run this model, we treat a positive output as
selecting the first number, and a negative output as selecting
the second number. In Stewart et al. (2017) we also use the
magnitude of this output to predict reaction times, but do not
do that here.

Results

The basic results presented in Stewart et al. (2017) are
shown in Figure 3. This includes both the model result and
the empirical result gathered from human participants. We
plot the percent error for the magnitude comparison task and
for the finger gnosis task. Importantly, we fit the model
parameters based on the magnitude comparison task only,
leaving the finger gnosis task as a pure prediction based on
those same parameter values.
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Figure 3: Best-fit model results for the magnitude
comparison task (left) and finger gnosis (right). Parameters
are fit on the magnitude task and then applied to the finger
gnosis task. Standard errors are shown.

The best-fit parameters are as follows:

parameter value

# neurons for combining pointer values: n. 1000
Standard deviation of training noise: noise,  0.15

Amount of channel inhibition: ¢ 0.875
Dimensionality of x vector: D 8
Uniqueness of digit representation:  u 1.0



This core result indicates that the model captures the basic
characteristics of the behavioural data. For magnitude
comparison, we see the standard distance effect, where
numbers that are farther apart (e.g. 2 and 7) are easier than
numbers that are closer together (e.g. 5 and 6). We see a
similar effect for finger gnosis, with the exception of when
two fingers right next to each other are touched. In the
human participant data, fingers next to each other are easier
than fingers that are two apart. The model shows this same
effect, but it is much more pronounced.

Parameter Exploration

To further characterize this model, we systematically varied
these parameters. Importantly, since our theory is that both
of these tasks use the same common neural system,
whatever parameter value is used for one task should also be
used for the other task.

However, this is only true for an individual person. It is
plausible that, if this model is correct, different people may
have different parameter values for this system. Thus, by
changing these parameter values we make predictions about
how performance on these two tasks may co-vary in
individuals.

Parameter 1: n.

The first parameter is the number of neurons to use to
combine together the outputs from all of the pointers. Once
combined together in this way, we can either create output
connections that compute which of the two numbers is
biggest (for magnitude comparison) or that just compute the
identity function (for finger gnosis). However, the accuracy
of this computation will be affected by the number of
neurons used. This is shown in Figure 4.
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n, n,
200 n
500
1000
2000
5000
human

15

10

percent error
percent error

human

wn
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difference between numbers distance between fingers

Figure 4: The effects of varying the number of neurons used
to combine the represented pointer values together for the
magnitude comparison task (left) and the finger gnosis task

(right). Standard errors are shown.

From this, we note that 500 or fewer neurons gives
significantly higher error rates than the mean human
performance on both tasks. Having more than 1000 neurons
gives improved performance for the magnitude comparison
task and most of the finger gnosis task, but does not
improve the peak error at a finger distance of two.
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Parameter 2: noise;

Next, we look a the amount of random noise used when
finding the connection weights out of this combined
population. That is, the neural activity from this combined
population must cause change in a separate population that
represents the network's response to the task. This change
is, of course, due to synaptic connection weights. When we
use the Neural Engineering Framework to solve for these
weights, we can specify how much random variability is
added. The right amount noise should make the network
more robust to random variations, but too much noise will
cause it to lose accuracy. The results are shown in Figure 5.
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Figure 5: The effects of varying the amount of noise used in
training the weights for the tasks for the magnitude
comparison task (left) and the finger gnosis task (right).

Standard errors are shown.

For the magnitude comparison task, we see the expected
effect where there is an optimal value for this noise (0.15).
Less noise than this gives extremely poor results for all
distances. Interestingly, having more noise than this only
increases the error for small differences between the
numbers.

For the finger gnosis task, we get the surprising result that
the model is unaffected by the amount of noise.

Parameter 3: ¢

Next, we examine the inhibition factor which turns off the
channels leading into each pointer. With a value of 1, this
inhibition would perfectly inhibit all of the neurons in the
non-active channels, leading to no activity in those
channels, and thus no change in the other pointer values. If
this is less than one, however, the neurons will not be
perfectly “turned off”, and so there will be some small
influence on the other pointers when one of them is set. For
example, in Figure 2, we see some neural activity in the
channels that are not being set, reflecting ¢<1. We assume
this amount of inhibition scales linearly with the distance
from the target item, so values sent into pointer 1 have more
influence on pointer 2 than they do on pointer 3. Results are
in Figure 6.
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Figure 6: The effects of varying the amount of channel
inhibition for the magnitude comparison task (left) and the
finger gnosis task (right). Standard errors are shown.

In this case, we get a clear result that there is an optimal
value for ¢ (we found 0.875 best). Importantly, this optimal
value works for both the magnitude comparison task and the
finger gnosis task.

Parameter 4: D

Finally, we vary the dimensionality of the input stimulus x.
This controls the degrees of freedom in the randomly
chosen patterns for each represented concept (ONE, TWO,
TOUCHED, etc). Results are shown in Figure 7.
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Figure 7: The effects of varying the dimensionality of x for
the magnitude comparison task (left) and the finger gnosis
task (right). Standard errors are shown.

Here, we see that the magnitude comparison task indicates
that if D is too large (i.e. 32 or 64), it produces a large
increase in the error, but just for the case where the
difference between the numbers is 1. It also produces a
large increase in error overall if D is too small (i.e. 4). For
the finger gnosis task, small D produces a very large
increase in error as well, but large D (above 8) causes a
massive decrease in the error.

Number Representation

If we consider just the magnitude comparison task, there is a
further parameter that is worth investigating. This is the
question of how numbers are represented in the model. In
particular, should the representation for TWO be more
similar to THREE than it is to NINE? After all, as can be
seen in the human data, participants are more likely to make
mistakes when number are close to each other, which seems
to imply that the neural activity for TWO should be more
similar to the activity for THREE than it is to NINE.

As we are using a vector representation in this model, this
becomes the question of how to choose what vector to use
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for ONE, TWO, THREE, etc. In the simplest case, we can
choose these vectors completely randomly, so that there is
no similarity structure. At the other extreme, we could
randomly choose a vector for ONE, a different vector for
NINE, and then smoothly interpolate between these two to
create the vectors for TWO, THREE, FOUR, etc. To
explore this, we define a parameter u which interpolates
between fully random representation where each number is
represented with a different random unique number (x=1.0)
and fully structured representation where TWO is halfway
between ONE and THREE (#=0.0).

The effects of varying this uniqueness parameter are
shown in Figure 8. Crucially, if there is low uniqueness (i.e.
if the neural representation of TWO is more similar to ONE
than it is to NINE), then we reach a much higher error rate
than is observed in the human data.
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Figure 8: The effects of varying the uniqueness of the
number representation in the magnitude comparison task.
Standard errors are shown.

This was a surprising result for us. The observed error
pattern in the human data (where numbers that are close to
each other are more likely to produce errors) is not the result
of the actual neural representation of the numbers being
similar to each other. Rather, this pattern of errors is due to
mistakes made in extracting the information from the group
of neurons. When neurons are used to approximate the
“which number is larger” function, the optimal connection
weights lead to a system which is more likely to make
mistakes between nearby numbers, even though they are not
“nearby” in terms of neural activity. They are, however,
nearby in terms of the function being computed.

Conclusions

We have examined the behaviour of a model of how
magnitude comparison and finger gnosis can both rely on
the same common neural component: a system for storing
an array of pointers. Since this neural system is believed to
be used in both tasks, by varying the parameters of this
system we produced predictions of how an individual's error
performance on both tasks can be related. However, it
should be noted that all of the comparisons performed in



this paper were to the mean human performance. The next
step is to look at individual differences in this task and
determine if the same patterns occur in the participant data.
If it does, then we may have an explanation for this
variation in terms of different people having different
parameter settings for this common component.

Furthermore, we have a novel explanation as to why the
distance effect exists. In our model, the distance effect (the
fact that more errors are made when two numbers are close
in magnitude) is not due to those two numbers having
similar neural representations. Rather, the neural
representation of each number is completely random. If we
do impose some similarity in the neural representation, then
the distance effect becomes much larger than it is in the
participant data. This means that in our model, the distance
effect emerges purely from the difficulties involved in
generating synaptic connections that determine which of the
two numbers is larger, rather than the more typical
interpretation that it comes from similarities in the neural
representation itself.
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Abstract

We explore the effects of parameters in our novel model of
model-based reinforcement learning. In this model, spiking
neurons are used to represent state-action pairs, learn state
transition probabilities, and compute the resulting Q-values
needed for action selection. All other aspects of model-based
reinforcement learning are computed normally, without neu-
rons. We test our model on a two-stage decision task, and com-
pare its behaviour to ideal model-based behaviour. While some
of these parameters have expected effects, such as increasing
the learning rate and the number of neurons, we find that the
model is surprisingly sensitive to variations in the distribution
of neural tuning curves and the length of the time interval be-
tween state transitions.

Keywords: neural model; reinforcement learning; model-
based reinforcement learning; Neural Engineering Framework

Introduction

Reinforcement learning (RL), a formalization of reward-
based decision making, is often divided into two sub-types:
model-free and model-based (Sutton & Barto, 1998). This
distinction has been used by neuroscientists to explain as-
pects of instrumental conditioning in humans and other ani-
mals. Daw, Niv, and Dayan (2005) drew parallels between the
habit system (where actions are performed automatically) and
model-free RL; and between the goal-directed system (where
actions show evidence of planning) and model-based RL.
Model-free and model-based learning have been proposed
to be realized in the brain with separate systems that rely
on different prediction error signals (Glascher, Daw, Dayan,
& O’Doherty, 2010). There has been extensive research on
model-free RL, including work on how it may be instantiated
in the brain according to the reward prediction error theory of
dopamine (e.g., Barto, 1995). There is significantly less focus
on model-based RL, including a particularly evident lack of
suggestions as to how it may happen in the brain (Friedrich
& Lengyel, 2016).

We have developed a novel model of model-based RL
that uses spiking neurons to represent state-action pairs,
learn state transition probabilities, and compute the resulting
Q-values needed for action selection. The present work aims
to investigate the factors that influence the behaviour of this
neural model.

Background
In both model-free and model-based RL approaches, the goal
is to learn from experience how valuable different actions are,
given the current state (Sutton & Barto, 1998). This is written
as Q(s,a), where s is the state, and a is the action.
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Figure 1: Schematic diagram of the two-stage task. The num-
bers on the arrows in the first stage indicate the probability
of a particular state transition, given the chosen action. The
reward after performing an action in the second stage is ran-
domly determined based on the reward probability. Adapted
from Akam et al. (2015).

In model-based RL, the value Q of an action in a particular
state is given by the Bellman equation (Bellman, 1957):

0(s,@) = R(5,a) +1Y P(s,a,5) max Q(s',a), (1)
S/

where R is the expectation of reward, P is the probability of
transitioning from state s to s’ if action a is performed, and yis
a future discounting parameter. Importantly, in order to com-
pute this, the system needs to know the state transition prob-
abilities P(s,a,s’). This set of probabilities can be thought of
as a model of the environment, and is why this approach is
called model-based.

In contrast, model-free RL does not create an explicit rep-
resentation of the environment. Rather, it just uses whatever
state s;11 occurs after the action a in the current state s;. This
can be thought of as an estimate of the typical next state that
will occur. This leads to an approximation of Eq. 1 that does
not take into account the transition probabilities, but is much
simpler to compute:

O(st,a) = R(sy,a) +ym§1xQ(st+1,a). (2)

Model-free RL constructs an estimate of Eq. 1 through di-
rect experience in the environment, which leads to an implicit
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Figure 2: Ideal and human stay probability behaviour on the two-stage task. C denotes common, and R denotes rare, state
transitions. Trials are either rewarded (+) or unrewarded (—). Adapted from Daw et al. (2011).

representation of environmental statistics. In contrast, model-
based RL constructs an internal model of the probabilities of
reward R and state transitions P. This explicit learning of the
statistics is used to directly calculate the Bellman equation.

Given this difference, there are situations where the learn-
ing trajectories will differ between model-free and model-
based RL. As discussed in the next section, particular learning
tasks can be defined to distinguish the two approaches.

Two-stage task

We test our model on the two-stage task described in Daw
et al. (2011). A schematic diagram of this task is shown in
Fig. 1. The first stage consists of an initial state, which has
two possible actions (a and b). These actions lead probabilis-
tically to one of the two second stage, or terminal, states (A
and B), with action a commonly transitioning to state A and
action b commonly transitioning to state B. These common
state transitions each have a probability of 0.7; correspond-
ingly, rare transitions have a probability of 0.3. In states A
and B, actions a and b are again available, and are rewarded
with probability determined by a Gaussian random walk, so
that the immediate reward after performing an action in a sec-
ond stage state is either O or 1. This randomness was intro-
duced to enforce continued learning throughout the task.

This task was developed to discriminate model-based from
model-free behaviours, using the stay probability, i.e., the
likelihood of choosing the same initial-state action in trial
n+ 1 asin trial n (Daw et al., 2011). In particular, if an agent
finds itself in a rare (R) second-stage state (given their action
in the initial state), and performs an action that is rewarded
(+), a purely model-free strategy would increase the value of
performing that first-stage action, as shown in Fig. 2a, while
a purely model-based strategy would increase the value of be-
ing in that second-stage state, thus increasing the value of the
unchosen first-stage action and decreasing the stay probabil-
ity (see Fig. 2b, R+). By similar logic, in a rare, unrewarded
state (R—), a model-based agent would increase the value of
choosing the initial action, thus increasing the stay probabil-
ity.

As an example of model-based reasoning, say an agent has
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found itself in state B after performing action a. The agent
“knows” this is a rare transition. Now say the agent performs
some action and receives a reward. This increases the value
of being in state B, so the agent wants to return to this state.
Since the agent knows that state B is more commonly reached
after performing action b in the initial state, it will also in-
crease the value of performing action b in the initial state and
correspondingly decrease the value of performing action a
in that state. Conversely, a model-free reasoner would sim-
ply increase the value of every state-action pair it performed
before receiving the reward, and so the value of performing
action a in the initial state would increase.

Daw et al. (2011) found that human behaviour on this
task showed characteristics of both model-free and model-
based strategies (see Fig. 2c¢). In particular, there is a sta-
tistically significant difference between rare-rewarded (R+)
and common-unrewarded (C—) probabilities not evident
in model-based behavior, and there are elevated rare-
unrewarded (R—) and common-rewarded (C+) probabilities
relative to the C— probabilities that is not evident in model-
free behaviour.

Model

Fig. 3 shows a schematic diagram of the model we built us-
ing the Nengo neural simulator (Bekolay et al., 2014), which
is based on the principles of the Neural Engineering Frame-
work (NEF; Eliasmith & Anderson, 2003). The NEF provides
methods to generate neurons with random properties (such as
tuning curve distributions) and then arrange them so that they
best approximate a given representation or transformation.

The neural model includes two components of model-
based RL: 1) the representation of the state transition prob-
abilities P(s,a,s’), and 2) the multiplication of these prob-
abilities by the Q-values of the future states to produce an
estimate of the Q-values of the current state’s actions. We
implement these components using spiking leaky-integrate-
and-fire (LIF) neurons (Lapicque, 1907) via the NEF, while
the rest of the model-based RL system is implemented using
traditional computation.

In the model, the states and actions are represented by vec-



tors. For simplicity of explanation, we refer to these vec-
tors as orthogonal, with the smallest possible dimensionality
(three dimensions to represent the three states, and two for
the two actions); however, our methods allow these vectors to
be arbitrarily large. In the model, we use 5-dimensional vec-
tors. For purposes of explanation, we will use 3-dimensional
vectors, and assume state A is represented by S4 = [1,0,0],
state B by Sp = [0, 1,0], and the initial state by Sp = [0,0, 1].
The rest of the model components, shown in rectangles in
Fig. 3, are implemented directly without neuron approxima-
tion. These components perform action selection, track and
update the environment’s actual state transitions and reward,
learn the model-free Q-values of actions in states A and B,
and store all the Q-values (for use in action selection).

In the design of our model, we exploit the natural par-
allelism of a neural implementation. In traditional model-
based approaches, the state transition probabilities P(s,a,s’)
are stored in lookup tables. However, in our model, these
probabilities are represented by a function computed in a con-
nection between neural populations that maps state-action in-
puts to a second-state probability distribution as follows:

P(s,a) = [P(s,a,S4),P(s,a,Sp),P(s,a,So)]- 3)

For example, P(Sp,a) = [0.7,0.3,0.0] in the two-stage task.

In a traditional model-based agent, the value of actions in
states in the first stage (in this case, the single initial state) are
recalculated at the beginning of each trial, with:

O(s,a) =Y P(s,a,s) max Q(s',a).

S,

“

In our model, this calculation is done in neurons. Specifi-
cally, using our modified representation of the state transition
probabilities, we calculate the following dot product:

O(s,a) = P(s,a) - Q(d'), )

where Q(a’) is the vector of the best possible action for every
state.

Although multiplications are non-linear, they have a well-
characterized implementation in neurons that can be imple-
mented accurately with the NEF (Gosmann, 2015). A neural
population, called Product in Fig. 3, performs an element-
wise multiply based on this characterization, and a summa-
tion is performed by the output connections to compute Eq. 5.

To illustrate how this would be done by a model-based
agent using the two-stage task, consider an agent that is in
the initial state and considering performing action a (i.e., s =
So,a = a). The agent remembers the Q-values of the best pos-
sible action a’ for every state, say Q(a’) = [0.25,0.75,0.33],
as well as the probability of reaching that state given the cur-
rent state and action (as before, P(Sp,a) = [0.7,0.3,0.0]). To
calculate the Q-value of the current state and considered ac-
tion, it performs the dot product of these two vectors, produc-
ing a value of Q(Sp,a) = 0.4. It then follows the same process
to consider action b, and finds Q(Sp,b) = 0.6.
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Figure 3: Model diagram. The components of the model
shown in oval shapes are simulated populations of neurons
that perform representations and transformations. The rectan-
gular components are directly computed without neuron ap-
proximation. The connection between the State and Action
population and the Product population calculates Eq. 3 ac-
cording to the ideal state transition probabilities. The Prod-
uct population performs an element-wise multiply between
the transition probabilities and the Q-values stored in the en-
vironment. The connection from Product to the environment
adds the results of that multiply. These last two steps together
calculate Eq. 5.

The resulting Q-values need to be updated for both possible
actions in the initial state. One possibility is to perform this in
parallel (i.e., to have separate groups of neurons that perform
this computation for each possible action). However, since
this may be problematic if the number of actions grows to be
large (or is unknown), we consider a serial strategy. Specif-
ically, we have assumed the neural system considers actions
one after the other over time. Although the actions are con-
sidered sequentially, all of the possible future states following
those actions are considered in parallel.

Consistent with previous (non-neural) models of this
task (Daw et al., 2011), the values of actions in the terminal,
stage-two states are updated using a version of Q-learning:

0(s,a) + (1—)Q(s,a)+ ar, (6)

where o is a learning rate parameter and r is the immediate
reward (Akam et al., 2015). This calculation is done directly,
rather than with neurons.

Action selection is performed by approximating a softmax.
That is, to determine the action performed in a given state, a
small amount of random noise is added to the Q-values for
all the actions in that state before selecting the action with the
highest Q-value.

Method

We explore four parameters that influence the model’s be-
haviour on the two-stage task:

1. The learning rate o (from Eq. 6), which affects how much
the Q-values of the terminal states are changed after receiv-
ing a reward.
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Figure 5: Stay probabilities of different learning rates. Error
bars are 95% confidence intervals, and are sometimes smaller
than data point markers.

2. The number of neurons in the State and Action and Prod-
uct populations, which affects the accuracy of the repre-
sentation and multiplication.

3. The random properties of the neurons used in the model
are determined by Nengo according to a random seed. Dif-
ferent values of this seed produce different random distri-
butions of neural tuning curves, so versions of the model
instantiated with these different seeds can be thought of as
different individuals.

. The time interval between state transitions. The effect this
is expected to have is that if the time interval is too short,
the neurons will not have adequate time to compute the
Q-values, and so the stay probability may be uniform in
all rewarded (+) or unrewarded (—) and common (C) or
rare (R) cases, since the agent is choosing actions based on
essentially random information.

For each tested case, we run our simulations with twenty
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Figure 6: Stay probabilities of different numbers of neurons
in the State and Action population. Model-based behaviour is
clearly distinguishable with 100 or more neurons. Error bars
are 95% confidence intervals.

sessions of 10000 trials each. Each session is run with a dif-
ferent random seed for the environment, which determines
the random behaviour of state transitions, the random noise
in the action selection, and the random walks of reward prob-
abilities.

Results

Learning rate

As shown in Figs. 4 and 5, as the learning rate o is increased,
the effect of model-based reasoning is also increased; that is,
the stay probabilities of the C+ and R— cases are increased,
while the stay probabilities of the R+ and C— cases are de-
creased. When oo = 1.0, the most extreme example, there is
no model-free learning; the Q-value of the terminal states is
simply the reward (0 or 1) that was most recently received.
In this situation, when calculating the Q-values of the initial
state as in Eq. 4 or 5, the Q-values will either be exactly the
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state transition probability, or 0. When o is a lower, for exam-
ple o = 0.05, much more emphasis is put on the learned val-
ues of the terminal states, and those values are learned much
more slowly, and so they interfere with the model-based rea-
soning.

Number of neurons

In general, decreasing the number of neurons in the State
and Action population has a similar effect to decreasing the
learning rate: the stay probabilities of the C+ and R— cases
decrease and the stay probabilities of the R+ and C— cases
increase as the number of neurons decreases. This trend is
shown in Fig. 6. Populations of at least 100 neurons were
sufficient for producing clearly model-based stay probability
behaviours. For most other simulations, a default value of
500 neurons was chosen because it produces a clear separa-
tion between C+, R— and R+, C— stay probabilities.

Increasing the number of neurons in the Product popula-
tion above 200 per dimension did not produce any significant
benefits, as shown in Fig. 7.

Individual

As shown in Fig. 8, there are large individual differences be-
tween different Nengo seeds. Many of them produce pure
model-based stay probability plots (Fig. 8a), while some have
a significant difference in stay probabilities between the R+
and C— cases that is reminiscent of human data (Fig. 8b), and
in others, that significant difference is in the opposite direc-
tion to the human data (Fig. 8c). However, when averaged
across individuals, the stay probabilities are characteristically
model-based.

Time interval

As expected, it is necessary for the time interval between state
transitions to be sufficiently long in order for the neurons to
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compute the Q-values. However, the individual differences
discernible between different Nengo seeds are also depen-
dent on the length of the time interval between state transi-
tions; surprisingly, there is no apparent relationship between
the length of the time interval and the stay probability be-
haviour. Three examples of stay probability behaviour with
a Nengo seed of 1 are shown in Fig. 9. These can also be
compared to Fig. 8b, which shows the same seed with a time
interval of 50ms. Of particular interest is the discrepancy be-
tween Figs. 9b and 9c, since these time intervals have only
a 10ms difference, yet show almost opposite stay probability
behaviours.

Discussion

The core result of the research presented here is that, in gen-
eral, the neural model of model-based reinforcement learning
matches the expected results of a model-based agent. This
is demonstrated by data aggregated across individual Nengo
seeds, as well as particularly clearly by the trend produced
by varying the learning rate o.. The value of alpha that pro-
duced the greatest difference between the C+, R— and R+,
C— stay probabilities (demonstrating a strong model-based
effect) was oo = 1.0. This suggests that it may not be neces-
sary for models of the two-stage task to use the model-free Q-
learning component to estimate the values of terminal states
(Eq. 6), since model-based stay probability behaviour can be
produced when the values of the terminal states are taken to
be the immediate reward.

The effect of varying the number of neurons in the State
and Action population is also as expected for a purely model-
based agent. As the number of neurons increases, the repre-
sentation of the current state and action is improved, which
increases the likelihood of calculating the correct state transi-
tion probability as the input to the Product network.

The stay probability pattern reminiscent of human data
reappeared with a number of Nengo seeds and time intervals.
The individual differences between Nengo seeds demon-
strates that the stay probability behaviour is surprisingly sen-
sitive to the distributions of neurons. Future work will be
done to further investigate this result.

The most unforeseen result was that of the length of the
time interval and its interaction with the Nengo seed. In-
creasing the length of the synaptic filter may eliminate this
irregular effect; future work will investigate this and other
possibilities.

Conclusion

Our investigation of the effects of four parameters on the stay
probability behaviour of a neural model of model-based re-
inforcement learning established that it typically performs as
expected of a model-based agent. However, individual dif-
ferences between certain parameter values demonstrated the
model’s sensitivity to the distribution of neural tuning curves
and the time interval between state transitions.
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Notes Supplemental material, including python scripts,
is available at https://github.com/ctn-waterloo/cogscil7-
rl/refactor.
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Abstract

Due to the correspondence between the striatal dopamine sig-
nal and prediction error signal utilized by model-free rein-
forcement learning methods, computational psychological re-
search has found much success in modeling the basal gan-
glia as a biological implementation of a reinforcement learn-
ing mechanism. A large majority of these modeling efforts
have focused on applying the tenets of reinforcement learning
to the proposed functions of the basal ganglia, but few (if any)
have attempted to apply crucial aspects of basal ganglia neuro-
physiology to reinforcement learning mechanisms. Here, we
propose a basal ganglia-plausible model that explicitly utilizes
two symmetric sets of actions (analogous to the basal ganglia’s
direct and indirect pathways), to simultaneously update value
estimates of both available actions (i.e. chosen and not chosen)
in the Probabilistic Stimulus Selection (PSS) task. We demon-
strate that this proposed model architecture outperforms a stan-
dard reinforcement learning model of the PSS task by eliminat-
ing the standard model’s bias towards estimation of the most
valuable available actions, while granting improved resistance
to noise in the internal selection process.

Keywords: Reinforcement learning; basal ganglia; dopamine;
computational models

Introduction

Model-free reinforcement learning (RL) is a powerful ap-
proach for obtaining an optimal long-term action policy in the
absence of transition probability and reinforcement functions.
In other words, a model-free RL agent must interact with an
unknown environment (i.e., sample the environment repeat-
edly through action) in order to construct an optimal control
policy, based on the pattern of reward received by interaction
with the environment. This framing of RL methods makes
clear their power in modeling human and animal decision-
making. Policies refined through RL mechanisms are ori-
ented such that the agent’s (i.e., human/animal) actions con-
sider both immediate and future reward, optimized to max-
imize some value over time. The key idea that enables an
agent to determine an optimal policy within an unknown envi-
ronment is that of temporal-difference (TD) learning (Sutton,
1988).

The ideas behind TD methods have since been expanded,
including a proposal by Watkins and Dayan (1992) that de-
fined a TD control algorithm now known as Q-learning. Q-
learning is an off-policy method that allows the agent to
choose to take non-optimal actions while still estimating an
optimal value function. By updating action values based on
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the best action available while allowing the agent to make in-
ferior choices, this procedure increases the rate of learning
under a suboptimal action selection process. Both TD learn-
ing and Q-learning have been shown to converge to the op-
timal value function with probability P = 1 (Sutton & Barto,
1998).

However, in some circumstances, these model-free RL
methods produce suboptimal results. As defined, these meth-
ods emphasize learning of rewarding actions — updating the
value of a state/state action (SA) pair increases the likelihood
that the agent will choose the action that leads to that state/SA
pair when it is next given the opportunity to do so. As a re-
sult, even though it converges to an optimal value function,
an agent still does not have complete knowledge of its envi-
ronment — namely, it does not know much (if anything) about
the least rewarding states/SA pairs. This is an instance of the
general exploration-exploitation trade-off that many models
encounter. Lacking knowledge of the least rewarding alter-
natives is not an issue while the agent has full access to its
actions, but what if learned “good” (i.e. optimal) states/SA
pairs are blocked from the agent? In this case, the agent can-
not take the actions it usually would by following its policy
and value function, and as a consequence, cannot act opti-
mally within the “new” environment. In essence, the agent
has no knowledge of how to navigate bad options — how to
choose the “least bad”, when forced to.

The Probabilistic Stimulus Selection Task

A situation in which this circumstance arises is when model-
ing a well-known psychology task paradigm, the Probabilistic
Stimulus Selection (PSS) task (Frank, Seeberger, & O’Reilly,
2004). The PSS task is a repetitive, two-alternative forced-
choice task made up of two consecutive phases, a training
phase in which a participant repeatedly makes choices be-
tween fixed pairs of stimuli, and a test phase where the par-
ticipant is presented with new combinations of options (see
Figure 1).

Across both phases, there are six possible stimuli, imple-
mented as symbols that are difficult to describe (in order
to make memorization of each stimulus history of success
more difficult). Each stimulus carries an intrinsic probabil-
ity of success, ranging linearly from 20% to 80%. During
the training phase, the stimuli are presented a fixed pairs, for
a total of three sets: (A,B) (C,D), and (E,F), with associ-
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Figure 1: An overview of the Probabilistic Stimulus Selection task. In the training phase, participants learn to identify the best
option within three pairs. In the ]test phase, the six options appear in new paired combinations.

ated reward probabilities of (80%,20%), (70%,30%), and
(60%,40%), respectively. Participants receive feedback re-
garding the outcome of their decision directly after making
a selection, and are instructed to attempt to maximize their
success by choosing what they believe to be the “correct” op-
tion on each trial. esponses that are probabilistically deter-
mined to be errors are associated with negative reward (i.e.
“feedback’), while those deemed correct are associated with
positive reward, with the consequence that a component of
“good” performance is avoiding “bad” (i.e. low probability of
success) choices. Once a participant’s performance reached a
predefined criterion (different for each pair: 65%, 60%, and
50% probability of choosing the higher valued option for the
sets of (A,B) (C,D), and (E,F), respectively), the test phase
begins. During the test phase, participants are shown all pos-
sible combinations of the six stimuli(fifteen total, four times
each, for a total of 60 trials), and do not receive feedback upon
selection. From the test phase, two different measures are cal-
culated: the participant’s Choose accuracy, that is, the prob-
ability of choosing the highest valued alternative (A; 80% re-
ward probability) when it is paired with any other alternative,
and the participant’s Avoid accuracy, that is, the probability
of not choosing the lowest valued alternative (B, 20% reward
probability) when it is paired with any other alternative (ex-
cepting A). These measures can generally be interpreted to be
the participant’s tendencies to pursue reward and avoid pun-
ishment, respectively.

Human participants perform close to criterion in the test
phase, with an average of about 70% accuracy in both Choose
and Avoid accuracies (Frank et al., 2004; Frank, Moustafa,
Haughey, Curran, & Hutchison, 2007; Stocco et al., 2017).

Model Comparisons

General Model Implementation

The PSS task poses a number of important constraints for the
design of RL agents. In this section, we outline these con-
straints, and how they were addressed in the implementation
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of our agents.

The first constraint is that the set of actions available to an
agent corresponds to the decision options in the task, that is,
the six options A,B...F.

The second constraint is that an agent should be able to
generalize the Q value of an action to an different state. This
is essential to permit generalization of the Q-values learned
during the training phase (Figure 1A and 1B) to the new set
of pairs in the test phase (Figure 1C and 1D). A number of
mechanisms have been proposed to generalize Q-values to
new states. In this paper, we have taken the minimalistic ap-
proach of associating all actions to a single state s, but chang-
ing the set of actions available at every trial depending on the
options presented. Thus, in a trial where the options A and B
are presented, only the actions a4 and ap will be selectable
by the agent.

The third constraint is related to the second, and concerns
the relationship between subsequent states in the PSS task.
Because the PSS task consists of a sequence of independent
trials, the probability of a state 5,41 following another state s;
does not depend on the action taken g,. Canonical RL algo-
rithms based on temporal difference rely on the environment
states to be concatenated in some way, since the update term
for the Q-value of an action taken at state s; depends on the
Q-value of the agent’s actions at state s;.; For example, in
the Q-learning algorithm, the error term depends on the best
action available at state s, 1.

Qs[,a, — Qs,,a, + (X'[rl+l +YmaX(Qs,+1,u,+1 - Qb‘y.ﬂt)] (1)

Other algorithms, such as SARSA, similarly rely on the
measuring the Q-value of the action taken at state s;, i.e.
O(si+1,a;11). Since the trials are randomized, however, the
contribution of the term Qy, . is going to be statistically
identical, in the long term, across all states in the long-term.
For convenience, in these simulations we set this term to be
zero, so that the final learning equation reduces to:



Qs,,a, — Qs,,a; + (X[rl+1 - quat)} 2

Note that, under these conditions, the Q-value of an action
a converges to the probability of reward P(R;) associated with
each corresponding option.

The participant’s policy in the PSS task was modeled as as
a Gibbs softmax action selection function:

3

Under this mechanism, the probability of the agent choos-
ing a given action increases proportionally with the action’s
value Q(s,a), divided by a parameter T, defined as the tem-
perature of the system. Higher values of T inject more noise
into the action selection process, causing action selection to
be less deterministic.

Standard RL Model

At relatively high values of 7', where the estimated utility of
actions has a smaller effect on the action selection mecha-
nism, the RL model’s Choose and Avoid accuracies are ap-
proximately equal, revealing that the model has estimated the
value of choosing A, when presented with any option other
than B, as approximately equal to the value of not choosing
B, when presented with any option other than A. This is de-
sired model behavior—the model should estimate that choos-
ing A is equal to not choosing B. However, as a consequence
of the high level of noise in the action selection process, the
model has not estimated the actual value of these two actions
appropriately (relative to the value of all other options), as
indicated by the low Choose and Avoid accuracies 2.

On the other hand, when the value of T is low, and the
action selection process is largely dependent on the estimated
Q-values of the actions associated with the current state, some
alarming results occur.

Specifically, the model learns the value of of the desirable
options A, C, and E well, reflected as a increasing Choose
accuracy as T decreases (Figure 2, grey line). This is the
expected behavior of the model — as a deterministic action se-
lection process based on the estimated value of actions allows
exploration to suggest relatively “better” options, the model
quickly switches to exploiting them, learning their true values
well in the process !.

However, when the Avoid accuracy of the model is in-
spected, it becomes clear that the model has learned the value
of some, but not all, options well. As the value of T begins
decreasing, the Avoid accuracy of the model does begin in-
creasing, as the Choose accuracy did. However, the model’s
Avoid accuracy actually begins to decrease (Figure 2, black
line) as T continues to decrease. This indicates that for lower

! Although here we report the results obtained using the softmax
function, the same results have been replicated with another com-
mon policy that balances exploration and exploitation, the e-greedy
policy.
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Figure 2: Performance of a canonical RL model in the PSS
task for various levels of temperature 7. Grey: Choose accu-
racy; Black: Avoid accuracy; Blue: Mean accuracy.

values of 7', the model does not sufficiently explore the “bad”
options (B, D, and F') during the training phase, and as a con-
sequence, does not value them appropriately. For higher val-
ues of T, the model does explore both bad and good options
approximately equally — however, it does not value neither
good nor bad options appropriately. Additionally, the maxi-
mum Avoid accuracy achieved at the point of inflection (less
than 70%) is much lower than the maximum Choose accu-
racy achieved by the model (which is when the value of T is
at a minimum; approximately 90%), as well as the Choose
accuracy at the point of inflection.

This pattern of Choose and Avoid accuracies over the range
of T values tested suggests the existence of an accuracy/bias
trade-off — to become more accurate on average for a given
option, the model must bias its action choices to exploiting
that option (in other words, the model increases the quality of
its estimates of the “good” options, while becoming more un-
certain about the value of the “bad” options). This effect can
be seen as tendency of RL agents to converge towards overly
optimistic estimates, which has been noted in the literature
(Hasselt, 2010). Note that this trade-off effect does not mani-
fest in human performance. To visualize the model’s trade-off
issues, the model’s estimate error (defined as the bias towards
choosing a given option, with respect to the probability of
avoiding the same option) can be plotted as a function of its
mean accuracy (Figure 3). An ideal PSS task agent would
be able to obtain unbiased estimates for every level of accu-
racy (the vertical dashed black line). However, as made clear
by Figure 3, the model’s estimate error increases as mean ac-
curacy increases—the model becomes more uncertain about its
“bad” options in order to do well when presented with “good”
options.

Another way in which this apparent accuracy/bias trade-off
can be demonstrated is by defining the model so that it learns



Accuracy vs. Estimate Error across Models
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Figure 3: Mean accuracy vs. Q-value estimate errors for
the three models examined in this paper. Solid lines indi-
cate the accuracy-error trade-off curves; dotted lines indicate
the maximum mean accuracy for each model. Blue: Standard
RL model; Red: BG-inspired model; Yellow: Anti-correlated
BG-inspired model.

the value of NOT choosing actions, rather than the value of
choosing actions. In other words, the model chooses to “not
choose” a given option, learning the value of such in the pro-
cess. In this case, as the value of T increases, Avoid accu-
racy decreases while Choose accuracy exhibits the inflection
behavior seen in Avoid accuracy under the original model.
Now, the model has learned how to navigate amongst “bad”
options—it knows the value of not choosing a given option,
and so it “doesn’t choose” the “bad” options more often as
T decreases. However, it does not learn about the value of
“good” options during the learning process.

Basal Ganglia-Inspired RL Model

Reinforcement learning is known to be a reliable method of
modeling the function of the basal ganglia (BG) system, a net-
work of subcortical nuclei including the striatum, globus pal-
lidus, substantia nigra, and subthalamic nucleus (Alexander
& Crutcher, 1990).

The striatum receives input from cortical structures, and
subsequently propagates the signal to later nuclei of the
BG through two distinct pathways, termed the “direct”
and “indirect” pathways (Smith, Beyan, Shrink, & Bolam,
1998). Of particular interest to neurological/psychological
research is the fact that the striatum also receives strong
dopaminergic (dopamine; DA) input from the substantia ni-
gra parscompacta (SNc). Dopaminergic signaling originat-
ing from the SNc has long been thought to reflect a neural “re-
ward” signal associated with internally-generated action and
external stimuli that the organism has learned is (or expects to
be) rewarding in some manner, and corresponds closely with
the prediction error signal utilized in RL methods (Schultz,
2000; Schultz, Dayan, & Montague, 1997). Additionally,
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Figure 4: Overview of functional anatomy of the basal gan-
glia. The main basal ganglia nuclei are in grey; the arrows
indicate the major projections between nuclei. The indirect
pathway is shown in red, while the direct pathway is shown
in green.

dopaminergic input is a defining characteristic of the “direct”
and “indirect” pathways mentioned above — striatal neurons
that express D1 receptors (for which DA is an excitatory lig-
and) form the origin of the direct pathway, while those that
express D2 receptors (for which DA is an inhibitory ligand)
form the origin of the indirect pathway.

For the PSS task, although the standard RL model does
fairly well overall (approximately 77%), its performance does
not match that of human participants, especially when consid-
ering Avoid accuracy. As the model’s results demonstrate, it
learns well about one set of options (either the “good” op-
tions or the “bad” options, depending on if it is learning what
to choose or what to not choose, respectively), but it does not
do well at valuing all options appropriately at all values of
T. Ideally, the model could instead learn the values of choos-
ing an option and not choosing the alternative simultaneously,
allowing it to train once in order to appropriately value all
possible options. Superficially, there seems to be an obvi-
ous compatibility between the necessity for a RL model to
simultaneously estimate the value both the “chosen” and “not
chosen” alternatives within a PSS trial, and dopamine’s op-
posing influence on the direct and indirect pathways. Would
a model-free RL agent with two “action pathways” perform
any better than the standard RL model described above?

In order to implement the two-pathway concept, the Q-
learning agent described above was modified to include an
opposite set of “don’t” actions (—A,—B,...,—F), which,
when chosen by the agent, result in the selection of the other
option that they are paired with. Thus, this agent contains a
double set of actions and a stores a double set of Q-values; in
this, it is reminiscent of double Q-learning (Hasselt, 2010;
Van Hasselt, Guez, & Silver, 2016), an algorithm devised
to address the overly-optimistic estimates of the original Q-
learning algorithm (Watkins & Dayan, 1992).

The original set of actions (A,B,...,F) can be conceptu-
alized as the set of actions available to be suggested by the
direct pathway (restricted by actions possible within the cur-
rent state), while the “antiset” can be conceptualized as the set



of actions available to be suggested by the indirect pathway
(also restricted by the state). So, if the current trial allows for
actions A and B, and the agent selects the indirect pathway’s
action —A, the result is the selection of option B. However,
if the current trial allows for actions A and C, and the agent
selects —A, the result is the selection of option C.

BG-inspired Agent Performance by Temperature
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Figure 5: Performance of the BG-inspired reinforcement
learning agent in the PSS task for various levels of temper-
ature T. Note that there is no difference in the Choose Grey
and Avoid Black accuracies.

Figure 5 shows that the simple addition of an “indirect
pathway” to the RL model results in a marked absence of
the bias observed in the standard RL model-as the value of
T decreases, both choose and avoid accuracies increase com-
mensurately. As such, the model no longer needs to “trade-
oft” increasing the accuracy for one class of action by becom-
ing less confident in the valuations of the other class of ac-
tion. Instead, for every choice made, it simultaneously learns
both the value of the option chosen, and the value of not
choosing the alternative. However, note that the maximum
Choose and Avoid accuracies of the BG-plausible model do
not quite achieve the same level of accuracy as the standard
RL models—the uncertainty that the standard model had been
attributing to the option not chosen has now been distributed
across both available options. Figure 3 demonstrates that
overall, the BG-plausible model (red line) achieves essen-
tially the same level of global mean accuracy as the standard
RL model (blue line), but without the cost of increasing esti-
mate error.

Making the Model More Plausible

As described, this implementation of “direct” and “indi-
rect” pathways in the RL model does well at capturing the
competition between the direct and indirect pathways of the
BG, and alleviates the problem of increasing estimate error
with increasing accuracy. However, the BG-plausible model
still performs similarly to the standard RL model in terms
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of global mean accuracy, indicating that although the BG-
plausible model has improved ability to estimate the value of
all options in the environment, this does not translate to im-
proved fitness within the environment. However, just as the
standard models were missing a crucial aspect of BG physiol-
ogy (the presence of dual pathways), the BG-plausible model
is missing a crucial feature of these dual pathways — the fact
that DA signaling has opposite effects on the direct (excita-
tion, mediated through D1 receptors) and indirect (inhibition,
mediated through D2 receptors) pathways.

To capture this aspect of BG neurodynamics, the BG-
plausible RL model was modified so that the learning algo-
rithm results in opposite changes for the actions to the two
pathways (an anti-correlated BG-plausible model). Specifi-
cally, if action A was selected and resulted in an update of it
Q-value of size J, then the Q-value of the corresponding anti-
action —A would be updated by the quantity —98. As in the
biological BG, this mechanism forces the values of one set of
actions to be anti-correlated to the values of the other set.

Figure 6 shows the results of simulations ran with this
model. At minimum values of 7', the maximum mean Choose
and Avoid accuracies increase slightly (when compared to the
original BG-plausible model). Figure 3 shows that, similar to
the original BG-plausible model (red line), the mean accuracy
of the anti-correlated BG-plausible model (yellow line) in-
creases without a subsequent increase in estimate error. Addi-
tionally, the small increase in Choose and Avoid accuracies at
minimum values of T translate into significantly better overall
performance for the anti-correlated BG-plausible model.
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Figure 6: Performance of the anti-correlated, BG-inspired
RL-learning model in the PSS task for various levels of tem-
perature 7.

However, what is most striking about the anti-correlated
BG-plausible model is that at relatively large values of T
(where the action selection process is noisy), the model
performs much better than either the original BG-plausible
model, or the standard RL models. This is an indication that
the presence of the anti-correlated pathways in the second



BG-plausible model bestow a greater resistance to internal
noise than the original BG-plausible model and standard RL
models possess. Figure 7 more clearly demonstrates this ef-
fect: across the range of tested values of 7', the mean accura-
cies of the original BG-plausible model are almost identical
to the standard RL model. However, across the same range
of T values, the anti-correlated BG-plausible model performs
much better in almost every circumstance.
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Figure 7: A direct comparison of the mean accuracy of
three RL models tested in this paper. Blue: Standard RL
model; Red: BG-inspired model; Yellow: Anti-correlated
BG-inspired model.

The model does not perform as well as the standard “orig-
inal” BG-inspired model only when the value of T is very
close to zero, indicating almost no noise in the action se-
lection process (an unrealistic assumption for biological sys-
tems). A similar analysis can be performed for the model’s
estimate error, as seen in Figure 3. This again shows that for
every tested value of 7', there is little or no difference between
either BG-plausible model-the presence of the two pathways
allows each model to accurately estimate the value of both the
most rewarding (A, C, and E) and least rewarding (B, D, and
F) options. However, the standard RL model shows signifi-
cant estimation biases as the lowest levels of noise, when the
model’s performance is at a maximum.

Conclusions

In conclusion, the improved performance of the BG-plausible
RL models implies that psychological researchers looking to
model the functions of the basal ganglia could do well by
taking inspiration from the characteristics of the phenomena
they model, even when the modeling effort is largely theoret-
ical. The addition of opposed action sets, representative of
the well-known direct and indirect pathways within the basal
ganglia, allowed the original BG-plausible model to properly
estimate the value of both the “good” (relatively high proba-
bility of reward) and “bad” (relatively low probability of re-
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ward) options available in the PSS task, eliminating the bias
towards “good” options displayed by the standard RL model.
Furthermore, by forcing the updates of the two action sets
to be anti-correlated (thereby mimicking the opposed excita-
tory/inhibitory effect of dopamine on the direct and indirect
pathways), the model displayed a marked resistance to greater
levels of noise within the selection mechanism.
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Abstract

Building on earlier work extending Sigma’s mixed (symbols
+ probabilities) graphical band to inference in feedforward
neural networks, two forms of neural network learning —
target propagation and backpropagation — are introduced,
bringing Sigma closer to a full neural-symbolic architecture.
Adapting Sigma’s reinforcement learning (RL) capability to
use neural networks in policy learning then yields a hybrid
form of neural RL with probabilistic action modeling.

Keywords: cognitive architecture; neural-symbolic; neural
networks; learning; reinforcement learning

Introduction

One of the greatest overall challenges in cognitive modeling
is developing cognitive architectures that bridge the
biological and cognitive bands — spanning, respectively, 100
ps - 10 ms and 100 ms - 10 s — from Newell’s (1990)
analysis of the time scales of human action. The boundary
between these bands sits somewhere in the region of 10-100
ms and conventionally divides symbolic from subsymbolic
behavior, although the relationship between them may be in
reality both subtler and more complex.

One approach to this challenge provides distinct
mechanisms for the two bands that can cooperate in
prescribed ways (Sun, 2016); a second seeks the emergence
of cognitive mechanisms from biological ones (Eliasmith,
2013); and a third replaces components of existing cognitive
architectures with neural models that yield similar results
(Cho, Rosenbloom & Dolan, 1991; Jilk et al., 2008).

The approach taken in Sigma (Rosenbloom, Demski, &
Ustun, 2016a) has been to generalize the notion of a
biological band to that of a graphical band — which in
Sigma is based on factor graphs, a general form of
graphical model, plus the summary product message-
passing algorithm (Kschischang, Frey & Loeliger, 2001) —
that then implements the cognitive band. Recently it was
discovered, however, that with one simple enhancement to
this graphical band it was possible to include feedforward
neural networks, without yet learning, among the graphs
supported (Rosenbloom, Demski & Ustun, 2016b). This
inspired a rethinking of Sigma’s graphical band to a broader
graphical notion within which factor graphs became just one
particularly useful specialization and neural networks
another. It also raised the possibility of a broader variation
on the third approach mentioned above.

This preliminary work is extended here to weight learning
in feedforward neural networks. A general form of
parameter learning, via gradient descent on factor functions,
was first implemented in Sigma for probability distributions
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(Rosenbloom et al.,, 2013) and then later extended to
distributed vectors (Ustun et al., 2014). These are both
forms of generative learning that learn patterns of
coactivation across variables, much as in Hebbian learning.

Starting with this approach for distributed vectors, a
variant of target propagation (Lee et al., 2015) has been
implemented in Sigma via normal undirected (bidirectional)
factor graphs, by backward propagating target values for the
units’ outputs, and discriminatively learning weights from
differences between target and actual outputs. However,
issues with this approach led us also to implement
backpropagation, the standard discriminative approach to
neural learning (Rumelhart, Hinton & Williams, 1986), that
is based instead on a unidirectional forward-backward arc.

Both of these approaches reuse Sigma’s message passing
for backward propagation and its gradient descent for
parameter learning.  Backpropagation also leverages a
variant of affective appraisal (Rosenbloom, Gratch &
Ustun, 2015) to compute the error needed to initiate the
backward pass. The net result is functionally elegant neural
learning that is largely based on new combinations of
existing mechanisms rather than on new modules cut from
whole cloth. By extending Sigma’s graphical band in this
way, neural networks are potentially usable wherever factor
graphs already were used, including in long-term memory,
perception and learning. When combined with the earlier
work on distributed vectors, a general neural-symbolic
architecture begins to emerge that may, among other things,
provide principled architectural guidance in how to combine
deep learning (Goodfellow, Bengio, & Courville, 2016)
with other critical cognitive capabilities.

The core result in this article thus concerns the relatively
abstract yet fundamental problem of building a functionally
elegant bridge from a cognitive architecture to the biological
band rather than specific matches to human data. In service
of this, after a review of Sigma and its earlier extension to
feedforward neural networks, we will introduce neural-
network learning in Sigma, followed by experiments with
classification and regression networks, and the leveraging
of such networks in neural reinforcement learning.

Sigma and Feedforward Neural Networks

Sigma is composed of two distinct architectures, one for the
cognitive band and one for the graphical band. In the
cognitive architecture, knowledge is based on predicates for
specifying relations over typed — numeric (discrete or
continuous) or symbolic — arguments; and conditionals for
specifying patterns over combinations of predicates.
Functions may be included in predicates to provide



distributions over their arguments, and in conditionals to
provide distributions over combinations of their variables.

A segment of working memory exists for each predicate,
as does also a segment of long-term memory if there is a
predicate function. An additional segment of long-term
memory is also created for each conditional. A pattern in a
conditional may be a condition, which acts like a rule
condition by matching to working memory; an action,
which acts like a rule action by changing working memory;
or a condact, which combines the effects of a condition and
an action to yield bidirectional constraints on the contents of
working memory. Procedural memory is largely based on
conditions and actions — i.e., rules — and declarative memory
on condacts. Decisions are made by selecting values from
predicate arguments based on distributions over them.

Figure 1, for example, displays two conditionals — each
effectively a (non-symbolic) rule with an associated weight
function — that together implement the two-layer neural
network in Figure 2. All argument types here are discrete
numeric, but with three elements for Input and two each
for Hidden and Output. The single argument (arg) in
each pattern is specified here by variables — i, h, and o —
with the function in each conditional being defined over its
pair of variables. The s in the conditionals’ actions denotes
that a sigmoid/logistic function is to be applied before
working memory is changed (other possibilities include r
for RELU, t for tanh, e for exponential, and x for softmax).
The one modification required to make this work in Sigma
was extending to these functions its existing ability to
include non-linear transformations in conditional patterns.

This particular way of encoding a neural network in
Sigma involves one conditional per layer, with the structure
of the layers implicit in the argument types and conditional
functions.  Although it is also possible to encode such
networks via one conditional per link, with one element per
type and a single weight per function, here the focus is on
the more concise representation illustrated in Figure 1.

CONDITIONAL C-Layerl
Conditions: (Input arg:1i)
Actions: (Hidden s arg:h)

Function<i,h>: .2:<0,0>, .7:<0,1>, ..

CONDITIONAL C-LayerZ2
Conditions: (Hidden arg:h)
Actions: (Output s arg:o0)

Function<h,o>: 1.1:<0,0>, 3.1:<0,1>, ..

Figure 1: Conditionals for the network in Figure 2.

Sigma’s compiler converts knowledge specified in its
cognitive architecture into undirected bipartite graphs of
variable and factor nodes — essentially factor graphs — in the
graphical architecture. Functions are stored in factor
nodes. Processing occurs via message passing — essentially
the summary product algorithm — with each message
encoding a distribution over the variables in the variable
node on the link. Incoming messages are pointwise
multiplied together at nodes, along with the node function at
factor nodes, and then variables not needed in outgoing
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messages are summarized out, typically via either integral
or maximum. For conditions and actions, messages are
passed in only one direction, from working memory for
conditions and towards working memory for actions,
whereas condact message passing is bidirectional. Learning
occurs by gradient descent at factor nodes, with gradients
based on messages arriving from adjacent variable nodes.

Hidden

Input

Output

Figure 2: Two-layer neural network (adapted from
http://www.doc.ic.ac.uk/~sgc/teaching/pre2012/v231/lecture13.html).

Target Propagation

With target propagation, targets — that is, desired values —
rather than errors are propagated backward over the
network, with errors then computed locally at factor nodes
based on subtracting computed outputs from desired
outputs. To support this, the unidirectional rules in Figure 1
are converted to bidirectional constraints, with conditions
and actions becoming condacts, as shown in Figure 3.

CONDITIONAL C-Layerl-TP
Condacts: (Input arg:1i)
(Hidden s arg:h)
Neural:h
Function<i,h>: <Random in [-.1,.1]>

CONDITIONAL C-Layer2-TP
Condacts: (Hidden arg:h)
(Output s arg:0)
Neural:o
Function<h,o0>: <Random in [-.1,.1]>

Figure 3: Target propagation conditionals for two-layer
weight learning.

The weights in the functions are initialized randomly, and
then learned online from training examples. The Neural
attribute in the conditionals specifies that local
discriminative learning is to be used here, with the gradient
based on subtracting the output message for the specified
variable (i.e., its computed value) from its input message
(i.e., its desired/target value). Learning from this error-
based gradient then follows the simplified additive form
earlier developed for distributed vectors rather than the
more complex form originally developed for distributions.

Starting with the targets for the network’s output units,
computing the targets and gradients for interior units



leverages the bidirectionality of condacts to send messages
backward in the graph. However, in contrast to backward
messages in normal factor graphs, proper processing of
these messages requires that the functions be inverted at
factor nodes. This is straightforward for the logistic
function, as its inverse is simply the /ogit function: log(x/[1-
x]). However, this does raise a deeper problem, in that the
domain of this function is (0,1), whereas there is no
guarantee that a target — particularly one generated inside
the network — will fall in this range. To work around this,
backward messages at these nodes are truncated to [g,1-€].

A second problem arises at the factor nodes where the
learned weight functions must be inverted. Rather than
attempting to do this analytically, inversion is approximated
empirically by gradient descent over the node’s backward
output. In particular, the product of the output error and the
weight function is multiplied by a pseudo-learning rate (.05)
and then added to the forward input message to yield the
backward output message.

Aside from the nonstandard approach to computing
backward messages, the result is a form of target
propagation that otherwise fits cleanly into normal factor
graphs, including respecting the constraint that all messages
over a link are distributions over the link’s variables.

Backpropagation

With backpropagation, a difference is computed only once,
for the network’s output units, and propagated backward
successively from there. Sigma already supports an
architectural desirability appraisal that calculates differences
between distributions over goals and their associated states,
and which is used in both guiding problem solving and
directing attention. What is needed for backpropagation is
an analogous correctness appraisal that operates over point
values rather than distributions. The error is then simply the
difference between the output predicate’s specified
target/goal and its computed value/state.

Unlike with target propagation, however, the error cannot
just be propagated backward over a bidirectional network,
as that would violate the constraint that all of the messages
on a link should be distributions over the values of the link’s
variables. In the forward direction the messages are
(unnormalized) distributions — effectively activations — over
variables, each of which corresponds to the set of units at
one layer of the network. Sending errors backward over
these same links would be invalidly inhomogeneous.

Instead, what has been done is to complement each
unidirectional forward network with a unidirectional
backward network over which errors are sent, with the
appraisal at the end of the forward network serving as the
nexus connecting it to the backward network. Figure 4
shows an abstract graph for how this all works.

The left (green) path is the forward one, stretching from
the perceptual buffer for the Input predicate up through
two layers of weights to the Output predicate. The
squares are factor nodes, where the weight functions are
stored, whereas the circles are variable nodes. The two
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sigmoid transformations occur at additional factor nodes
that are abstracted away in this figure. The output of the
forward path joins with the target values for the outputs at
the appraisal of correctness.

Figure 5 shows the
forward conditionals
for this. They are like
those in Figure 1 in
having conditions and
actions, and like those
in Figure 3 in using
random initial
weights, but they
replace the Neural
attribute  with  the
Vector attribute to
signal that distributed-
vector gradients
should be wused in
learning without target
propagation’s
gradient-based
approach to backward
message passing.

The right (red) path
in Figure 4 is the
backward one. It

Figure 4: Structure of
backpropagation for a two-layer
network.
includes its own factor and variable nodes, but with crucial
linkages added to the forward path. The sigmoid nodes are
also abstracted away here, but in the network compute the
derivative of the logistic — x(1-x) — rather than its inverse.

CONDITIONAL C-Layerl
Conditions: (Input arg:1i)
Actions: (Hidden s arg:h)
Function<i,h>: <Random in
Vector: T

[-.1,.1]1>

CONDITIONAL C-LayerZ2
Conditions: (Hidden arg:h)
Actions: (Output s arg:o0)
Function<h,o0>: <Random in [-.1,.1]>
Vector: T

Figure 5: Forward conditionals for two-layer
backpropagation network.

Figure 6 shows the corresponding backward conditionals.
In general, backward predicates — such as Hidden*Back —
are introduced that correspond to the forward ones, and
conditions are swapped with actions. However, there are
slight variations for the first and last layers. In the first
layer, the backward propagation of information can stop at
the weight function, rather than going all of the way back to
the input units, so there is no action in C-Layer1-B. In
the last layer, backward propagation starts with the appraisal
for the Output predicate — Output*Error — so the error
is used directly rather than a new backward predicate.

Learning occurs based on messages arriving at the factor
nodes in the backward path, but the functions in these nodes
are tied to those in the forward path — shown by the yellow



ellipses in Figure 4 — so that any changes made to the
former are directly reflected in the latter. This is enabled by
the Forward-Conditional attributes in Figure 6,
which specify the corresponding forward conditionals.

CONDITIONAL C-Layerl-B
Conditions: (Hidden*Back arg:h)
(Hidden s arg:h)
Forward-Conditional: C-Layerl
Exclude-Forward-Backward T
Vector: T

CONDITIONAL C-LayerZ2-B

Conditions: (Output*Error arg:o)
(Output s arg:0)
Actions: (Hidden*Back arg:h)

Forward-Conditional: C-Layer2
Exclude-Forward-Backward T
Vector: T

Figure 6: Backward conditionals for two-layer
backpropagation network.

In its simplest form, the gradient in backpropagation is
the product of: (1) the learning rate; (2) the forward message
at the weight function; (3) the output difference; and (4) the
derivative of the sigmoid function. The forward message, as
shown by the upward slanting (purple) unidirectional links
from the forward path, is added automatically to the graph
by the conditional compiler given the Forward-
Conditional attribute. The output difference comes
from above in the figure, as derived from the first condition
in a backward conditional. = The computation of the
derivative of the sigmoid, although abstracted away in the
graph, arrives at the backward factor node via the downward
slanting (blue) links from the forward path, based on the
second condition in a backward conditional. As with target
propagation, the resulting gradient is handled in the simple
additive manner developed earlier for distributed vectors.

In contrast to target propagation, here the backward
message out of the factor node — that is, the propagated
output difference — is computed simply by message/function
multiplication and summarization, as is standard in factor
graphs. There is one important caveat though. As specified
by the Exclude-Forward-Backward attribute, the
purple message from the forward path is not included in this
product, so the backward output is just the product of the
output difference, the derivative of the sigmoid function and
the weight function in the node. This exception to the
normal rule is motivated by backpropagation, but justified
independently in factor graph terms by the fact that a
message coming into a node on a bidirectional link should
not be used in computing the reverse message on the same
link. Here there are two unidirectional links, but they
effectively comprise a single logical bidirectional path.

Basic Experiments

Regression and classification problems provide two forms
of standard benchmarks for learning with neural networks.
The network in Figure 2, for example, defines a regression
problem, where two functions are to be learned from the
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inputs, one for each output. Small experiments with this
network, starting with uniform weights, do show that both
forms of propagation can learn weights in Sigma that yield
outputs like those generated by the network in the figure.
But what is really needed for verification is an investigation
into how Sigma compares with standard packages.

For this, we have compared Sigma with PyBrain, a
Python machine learning library (Schaul et al., 2010), via
three standard machine learning datasets: (1) [Iris —
https://archive.ics.uci.edu/ml/datasets/Iris — a classification
problem  with 3 classes; (2) Robot Arm
http://mldata.org/repository/data/viewslug/uci-20070111-
kin8nm/ — a regression problem that learns to predict the
end effector position for an 8 link robot arm; and (3) MNIST
http://yann.lecun.com/exdb/mnist/ a classification
problem over the digits 0-9, based on 28x28 pixel images.
Table 1 shows the static information for these datasets.

Table 1: Input, hidden and output units; training and test
instances; learning rate; and training epochs.

1 H O | Train | Test A Ep.
Iris 4 10] 3 138 12 11100
Robot 81100 1| 6530 838 ] .01 | 100
MNIST | 784 | 30| 10| 10K'| 10K | .01 | 50

Our experiments so far with target propagation have not
yet yielded reasonable results on these datasets, most likely
because of the truncation required for the logit. So Table 2
only shows backpropagation results. The first and most
critical result is that Sigma’s accuracy is indistinguishable
from that produced by PyBrain with the same settings.
Second, Sigma is slower, by up to a factor of ~100.
Although a slowdown with a general architecture is not
surprising, it should actually be possible to close this gap
with a more efficient message representation plus SIMD (as
in PyBrain) and GPU hardware. It is also worth note though
that these results are at most a factor of 2 slower than the
human cognitive cycle time of ~50 ms, a factor that can be
relevant when concerned with real-time cognitive models.

Table 2: Accuracy (% correct for Iris and MNIST, RMSE
for Robot Arm); seconds per epoch; and ms per decision.

PyA. | XA. | Pys/Ep. | £s/Ep | Xms/D
Iris 917 | 917 .082 215 2
Robot 73 | 173 3.51 54.33 8
MNIST .867 | .867 9.8 | 1029.2 103

Neural Reinforcement Learning

Figure 7 shows a simple 1D grid in which reinforcement
learning (RL) was initially explored in Sigma (Rosenbloom,
2012). The agent can move left or right in locations 1
through 6, with locations 0 and 7 being forbidden boundary

0 1 2 3 4 5 6 7

i}
€« B > G
0 0 9 0 0 0

0 0

Figure 7: 1D grid with agent, goal location and rewards.

! Only the first 10K training examples are used for MNIST.



regions. When the goal (location 4, with a reward of 9) is
reached the trial halts. This has since been extended to
larger 2D grids and to other tasks, but its simplicity provides
a good starting point for exploring neural RL.

Like neural learning, Sigma’s RL capability is not a
distinct architectural module. Instead it is deconstructed in
terms of a set of conditionals plus learning of distributions
over rewards, state utilities and action policies. Neural RL
in Sigma is much like this — Figure 8 — with similar
conditionals and learning of the same quantities. For
example, the rightward arrow at the bottom of the figure
indicates a conditional with a transition function (i.e., an
action model) that predicts the location resulting from
applying an operator, while the leftward arrow(s) at the top
of the figure show the discounted backward propagation of
the sum of the projected future utility and the reward for the
predicted next state to the projected future utility of the
current state and the policy for the current state and reward.

Py
/N
R*GR P*G-P Q*G-Q P*N R*N

\&y/, N 2
LO+>L*N

Figure 8: Diagram of neural RL in Sigma.

Still, there are several key differences implied by the top-
level shift from distributional to neural learning that go
beyond simply which form of learning is used. First,
because backpropagation is used, there is a forward-
backward arc of unidirectional conditionals (with functions)
— as in Figure 4 — for each quantity to be learned, rather than
a functional predicate or bidirectional conditional. In Figure
8, the forward paths are the upward black arrows from the
location (L) to the reward (R), the projected future utility (P)
and the policy (Q), whereas the backward paths are the
downward red arrows back to L from correctness
calculations (such as R*G - R). The tied functions are shown
as path-spanning squares. A single-layer network — i.e.,
logistic regression — is used here due to the simplicity of the
problem, but this can easily be extended to multiple layers.

Second, because neural learning structurally distinguishes
input from output in the network, implying an asymmetry
that need not exist in distributional learning, the arguments
for these quantities must appear in different predicates.
Semantically, distributions may be symmetric, as when they
are joint, or they may be asymmetric, as when conditional;
but both can appear identically in a graphical model. In
distributional RL, conditional distributions are learned, but
single symmetric predicates — such as Reward(x:x,
value:r) —are used. For neural RL this must be split in
two, to yield Location(x:x) and Reward(value:r),
as shown by L and R in the figure.
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Third, instead of learning a distribution over all possible
output values, with sums (of rewards and projected future
utilities) and products (by discount factors) computed by
affine transforms, in neural learning a single value is
learned, with sums resulting from adding the effects of
multiple actions (top-right of Figure 8) and products from
multiplying the effects of multiple conditions (d at top of the
figure). For example, in the distributional case the domain
of the value argument for Reward includes all possible
rewards, and the function over this and x is the conditional
distribution over the value given the location. Summing
two such values occurs by franslating the distribution, and
discounting by scaling it. In the neural case, there is instead
only one domain element in the value argument, with the
function over this element simply the learned reward, and
computations on this occurring during pattern combination.
Thus, not only is just a point value learned in the neural
case, that value is implicit in the range of the learned
function rather than explicit in the domain of the function,
and computation with it occurs in a rather different manner.

Fourth, because with distributional learning the arguments
all exist within one predicate, potentially providing a full
cross-product among their elements, a table is effectively
acquired from which multiple answers can be extracted
simultaneously via conditions with appropriate constants
and variables. With neural learning, extracting each answer
requires either running the network once for each input, or
including a distinct forward network for each possible input
(but with tied functions across them). This latter approach
has been used in neural RL to access in parallel the rewards
and projected utilities of the current state and the predicted
next state. In Figure 8, the separate paths for the next state
are shown to the right, with function coloring indicating
tying to the corresponding functions in the current path.

Despite these differences, Figure 9 shows that the point
values learned for the neural policy are still appropriate,
with rightward movement preferred when to the left of the
goal location and leftward movement when to its right. This
policy is averaged over ten runs of 500 trials each, with each
trial starting at location 1 or 6, and all ending at location 4.

o eft

== Right

Figure 9: Policy (Q) function learned via neural RL.

Two other things are also worth noting from this simple
neural RL experiment, which included an equivalent trial



sequence for the distributional version. First, The neural
version was approximately five times faster than the
distributional one in terms of time per decision — 12 versus
62 ms/D — largely due to the smaller functions and messages
possible when not using full distributions. Second, both
versions learn models of their actions distributionally — in
terms of a conditional probability distribution over the next
location given the current location and action — while
engaged in RL. The neural case thus illustrates the ease
with which neural and distributional learning can combine
in Sigma across subproblems in the same overall problem.

Conclusion

Building upon Sigma’s feedforward neural-network
inference capability and its distributed vector learning
capability, two forms of neural network learning — target
propagation and backpropagation — have been implemented
via a combination of extensions to existing architectural
mechanisms and knowledge expressed as predicates and
conditionals. In both variations, the backward propagation
of information occurs through message passing in Sigma’s
graphical architecture rather than via special purpose
mechanisms; and in backpropagation, the initial error
computation occurs via a form of appraisal.

For backpropagation we get results of comparable quality
to, but slower than, a standard package; and we see the
possibility of combining it with other capabilities, such as
reinforcement learning and probabilistic action modeling.
Neural network inference and learning are thus now
becoming pervasively available within Sigma’s central
cognitive cycle, a major step toward a full neural-symbolic
architecture that is based on a functionally elegant bridge to
the biological band. In addition, although somewhat of a
side point here, these extensions enable Sigma to perform
discriminative learning over point values in general,
whether for use in neural learning or not, to complement the
existing ability of generative learning over full distributions.

Future work includes extension to the full power of deep
learning and the handling of temporal sequences via
techniques such as LSTMs (Hochreiter & Schmidhuber,
1997). Also planned is further optimization and integrations
of neural networks with other critical cognitive capabilities.
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Abstract

The explore-exploit dilemma occurs anytime we must choose
between exploring unknown options for information and ex-
ploiting known resources for reward. Previous work suggests
that people use two different strategies to solve the explore-
exploit dilemma: directed exploration, driven by information
seeking, and random exploration, driven by decision noise.
Here, we show that these two strategies rely on different neu-
ral systems. Using transcranial magnetic stimulation to inhibit
the right frontopolar cortex, we were able to selectively inhibit
directed exploration while leaving random exploration intact.
This suggests a causal role for right frontopolar cortex in di-
rected, but not random, exploration and that directed and ran-
dom exploration rely on (at least partially) dissociable neural
systems.

Keywords: Explore-exploit, decision making, transcranial
magnetic stimulation, frontal pole

Introduction

In an uncertain world, adaptive behavior requires us to care-
fully balance the exploration of new opportunities with the
exploitation of known resources. Finding the optimal bal-
ance between exploration and exploitation is a hard compu-
tational problem and there is considerable interest in how
humans and animals strike this balance in practice (Hills et
al.,2015). Recent work has suggested that humans use two
distinct strategies to solve the explore-exploit dilemma: di-
rected exploration, based on information seeking, and random
exploration, based on decision noise (Wilson, Geana, White,
Ludvig, & Cohen,2014). Even though both of these strate-
gies serve the same purpose, i.e. balancing exploration and
exploitation, it is likely they rely on different cognitive mech-
anisms. Directed exploration is driven by information and is
thought to be computationally complex. On the other hand,
random exploration can be implemented in a simpler fashion
by using neural or environmental noise to randomize choice.

Of particular interest is the right frontopolar cortex (RFPC)
— an area that has been associated with a number of functions,
such as tracking alternate options (Boorman, Behrens, Wool-
rich, & Rushworth,2009), strategies (Domenech & Koech-
1in,2015) and goals (Pollmann,2016) that may be important
for exploration. In addition, a number of studies have im-
plicated the frontal pole in exploration itself (Badre, Doll,
Long, & Frank,2012;Daw, O’Doherty, Dayan, Seymour, &
Dolan,2006), although importantly, how exploration is de-
fined varies from paper to paper. In one line of work, ex-
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ploration is defined as information seeking. Understood this
way, exploration correlates with FPC activity measured via
fMRI (Badre et al.,2012), suggesting a role for FPC in di-
rected exploration. However, in another line of work, ex-
ploration is operationalized differently, as choosing the low
value option, not the most informative. Such a measure of ex-
ploration is more consistent with random exploration where
decision noise drives the sampling of low value options by
chance. Defined in this way, exploratory choice correlates
with FPC activation (Daw et al.,2006) and stimulation and in-
hibition of RFPC with direct current (tDCS) can increase and
decrease the frequency with which such exploratory choices
occur (Raja Beharelle, Polania, Hare, & Ruff,2015).

Taken together, these two sets of findings suggest that lat-
eral FPC plays a crucial role in both directed and random ex-
ploration. However, we believe that such a conclusion is pre-
mature because of a subtle confound that arises between re-
ward and information in most explore-exploit tasks. This con-
found arises because participants only gain information from
the options they choose, yet are incentivized to choose more
rewarding options. Thus, over many trials, participants gain
more information about more rewarding options such that the
two ways of defining exploration, choosing high informa-
tion or low reward options, become confounded (Wilson et
al.,2014). This makes it impossible to tell whether the link
between FPC and exploration is specific to directed explo-
ration, random exploration, or whether it is general to both.

To distinguish these interpretations and investigate the
causal role of RFPC in directed and random exploration, we
used continuous theta-burst TMS (cTBS) (Huang, Edwards,
Rounis, Bhatia, & Rothwell,2005) to selectively inhibit RFPC
in participants performing the ‘Horizon Task’, an explore-
exploit task specifically designed to separate directed and ran-
dom exploration (Wilson et al.,2014). Using this task we find
that RFPC inhibition selectively inhibits directed exploration
while leaving random exploration intact.

Methods

Participants

31 healthy right-handed, adult volunteers (19 female, 12
male; ages 19-32) took part in the study. 6 participants were
excluded from the analysis due to chance-level performance
or for failure to to return for the second session leaving 25



participants (13 female, 12 male, ages 19-32) for the main
analysis. All participants were informed about potential risks
connected to TMS and signed a written consent. The study
was approved by University of Social Sciences and Humani-
ties ethics committee.

TMS procedure

All TMS was delivered in line with established safety guide-
lines (Rossi, Hallett, Rossini, Pascual-Leone, & Safety of
TMS Consensus Group,2009). There were two experimental
TMS sessions (targeting RFPC and vertex, as a control) and
a preceding MRI session in which a T1 structural image was
acquired in order to target frontal pole. During the TMS ses-
sions, resting motor thresholds were obtained first and then
the cTBS procedure took place. This involved 40 second of
stimulation at SOHz at 80% resting motor threshold, a proto-
col that is thought to decrease cortical excitability for up to 50
minutes (Wischnewski & Schutter,2015). Participants began
the main task immediately after stimulation. The two experi-
mental sessions were performed with an intersession interval
of at least 5 days. All sessions took place at Nencki Institute
of Experimental Biology in Warsaw. Based on previous fMRI
work showing a link between FPC and exploration (Daw et
al.,2006;Badre et al.,2012), RFPC stimulation was targeted at
[x,y,z] = [35,50,15] in MNI (Montreal Neurological Institute)
space. Vertex corresponded to the Cz position of the 10-20
EEG system.

Behavioral task

We used our previously published ‘Horizon Task’ (Figure 1)
to measure the effects of TMS stimulation of RFPC on di-
rected and random exploration. In this task, participants play
a set of games in which they make choices between two slot
machines (one-armed bandits) that pay out rewards from dif-
ferent Gaussian distributions. To maximize their rewards in
each game, participants need to exploit the slot machine with
the highest mean, but they cannot identify this best option
without exploring both options first.

The Horizon Task has two key manipulations that allow us
to measure directed and random exploration. The first ma-
nipulation is the horizon itself, i.e. the number of decisions
remaining in each game. The idea behind this manipulation is
that when the horizon is long (6 trials), participants should ex-
plore more frequently, because any information they acquire
from exploring can be used to make better choices later on.
In contrast, when the horizon is short (1 trial), participants
should exploit the option they believe to be best. Thus, this
task allows us to quantify directed and random exploration
as changes in information seeking and behavioral variability
that occur with horizon.

The second manipulation is the amount of information par-
ticipants have about each option before making their first
choice. This information manipulation is achieved by us-
ing four forced-choice trials, in which participants are told
which option to pick, at the start of each game. We use these
forced-choice trials to setup one of two information condi-
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Figure 1: The Horizon Task. Participants make a series of
decisions between two one-armed bandits that pay out prob-
abilistic rewards with unknown means. At the start of each
game, ‘forced-choice’ trials give participants partial informa-
tion about the mean of each option. We use the forced-choice
trials to set up one of two information conditions: (A) an un-
equal (or [1 3]) condition in which participants see 1 play
from one option and 3 plays from the other and (B) an equal
(or [2 2]) condition in which participants see 2 plays from
both options. A model-free measure of directed exploration is
then defined as the change in information seeking with hori-
zon in the unequal condition (A). Likewise a model-free mea-
sure of random exploration is defined as the change choosing
the low mean option in the equal condition (B).

tions: an unequal, or [1 3], condition, in which participants
see 1 play from one option and 3 plays from the other option,
and an unequal, or [2 2], condition, in which participants see
two outcomes from both options. The two information condi-
tions allow us to quantify directed and random exploration in
a model-free manner (Figure 1). In particular, directed explo-
ration, which involves information seeking, can be quantified
as the probability of choosing the high information option,
p(high info) in the [1 3] condition, while random exploration,
which involves decision noise, can be quantified as the prob-
ability of making a mistake, or choosing the low mean re-
ward option, p(low mean), in the [2 2] condition. Crucially,
if p(high info) and p(low mean) increase with horizon, then
we infer that participants are using directed and random ex-
ploration.

Model-based analysis

While the model-free analyses are intuitive, the model-free
statistics, p(high info) and p(low mean), are not pure reflec-
tions of information seeking and behavioral variability and
could be influenced by other factors such as spatial bias and
learning. To account for these possibilities we performed
a model-based analysis using a model that extends our ear-
lier work (Wilson et al.,2014;Somerville et al.,2017). In this
model, the level of directed and random exploration is cap-
tured by two parameters: an information bonus for directed



exploration, and decision noise for random exploration. In
addition the model includes terms for the spatial bias and to
describe learning. The model naturally decomposes into a
learning component and a decision component and we con-
sider each of these components in turn.

Learning component The learning component of the
model assumes that participants use a Kalman filter
(Kalman,1960) to learn a value for the mean reward of each
option. In particular, we assume that participants use a gener-
ative model of the task in which the rewards from each ban-
dit, r;, are generated from Gaussian distribution with a fixed
standard deviation, ©,, and a mean, mf, that is different for
each bandit and can vary over time. The time dependence
of the mean is determined by a Gaussian random walk with
mean 0 and standard deviation 6,. Note that this generative
model, assumed by the Kalman filter, is slightly different to
the true generative model used in the Horizon Task, which as-
sumes that the mean of each bandit is constant over time, i.e.
64 = 0. This mismatch between the assumed and actual gen-
erative models, is quite deliberate and allows us to account
for the suboptimal learning of the subjects. In particular, this
mismatch introduces the possibility of a recency bias (when
G4 > 0) whereby more recent rewards are over-weighted in
the computation of R.

The actual equations of the Kalman filter model are
straightforward. The model keeps track of an estimate of both
the mean reward, R;, of each option, i, and the uncertainty in
that estimate, 6:. When option i is played on trial 7, these two
parameters update according to

. - (ol,,)? .
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When option i is not played on trial t we assume that the es-
timate of the mean stays the same, but that the uncertainty
in this estimate grows as the generative model assumes the
mean drifts over time. Thus for unchosen option j we have
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When the option is played, the update equation for R! is es-
sentially just a ‘delta rule’ (Rescorla, Wagner, et al.,1972),
with the estimate of the mean being updated in proportion
to the prediction error, 7, — Ri. This relationship to the rein-
forcement learning literature is made more clear by rewriting
the learning equations in terms of the time varying learning
rate, of = (o, ,)?/c? Written in terms of this learning rate,
equations 1 become
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where oy = GZ, /62. The learning model has four free param-
eters: the noise variance, G%, the drift variance, 6[21, and the
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initial values of the estimated reward, Ry, and uncertainty in
that variance estimate, G%. In practice, only three of these
parameters are identifiable from behavioral data, and we will
find it useful to reparameterize the learning model in terms
of Ry and an initial, 0y, and asymptotic, 0w, learning rate.
In particular, the initial value of the learning rate relates to
oo and G, as 0 = 63/62, while the asymptotic value of the
learning rate, which corresponds to the steady state value of
ol if option i is played forever, relates to o, (and hence 6,

and G,) as
1 /2
5 —0lg + 4/ 05 +40y

Oloo = = “)
Decision component Once the payoffs of each option, R/,
have been estimated from the outcomes of the forced-choice
trials, the model makes a decision using a simple logistic
choice rule:

1

14+ exp (AR+%;15AI+B)

p(choose right) = (5)

where AR ( = R'/" — RI"" ) i the difference in expected re-
ward between left and right options and Al is the difference in
information between left and right options (which we define
as +1 when left is more informative, -1 when right is more in-
formative, and 0 when both options convey equal information
in the [2 2] condition). The three free parameters of the de-
cision process are: the information bonus, A, the spatial bias,
B, and the decision noise 6. We assume that these three de-
cision parameters can take on different values in the different
horizon and uncertainty conditions (with the proviso that A
is undefined in the [2 2] information condition since Al = 0).
Thus the decision component of the model has 10 free pa-
rameters (A in the two horizon conditions, and B and G in the
4 horizon x uncertainty conditions). Directed exploration is
then quantified as the change in information bonus with hori-
zon, while random exploration is quantified as the change in
decision noise with horizon.

Model Fitting

Hierarchical Bayesian Model Between the learning and
decision components of the model, each subject’s behavior
is described by 13 free parameters, all of which are allowed
to vary between TMS conditions. These parameters are: the
initial mean, Ry, the initial learning rate, oy, the asymptotic
learning rate, O, the information bonus, A, in both horizon
conditions, the spatial bias, B, in the four horizon x uncer-
tainty conditions, and the decision noise, G, in the four hori-
zon X uncertainty conditions (Table 1, Figure 2).

We fit each of the free parameters to the behavior of
each subject using a hierarchical Bayesian approach (Lee
& Wagenmakers,2014). In this approach to model fitting,
each parameter for each subject is assumed to be sam-
pled from a group-level prior distribution whose parame-
ters, the so-called ‘hyperparameters’, are estimated using a
Markov Chain Monte Carlo (MCMC) sampling procedure.



Parameter Prior

Hyperparameters Hyperprior

: TS
prior mean, R

TS : T T
R ~ Gauss1an(,uRU, GRO)

“7?0 ~ Gaussian(50, 14)

T T T
Ok, = (HR, Ok, ) ok, ~ Gamma( 1, 0.001)

initial learning rate, of’

TS T T
og ~ Beta(ag,, by,

)

ag, ~ Uniform(0.1, 10)

V- T T
05, = (96:bG) | bz~ Uniform( 0.5, 10)

asymptotic learning rate, o5

ol ~ Beta(ag,_, by )

ag,_ ~ Uniform(0.1, 10)

L T T
06 = (aa..ba.) | 52"~ Uniform( 0.1, 10)

15 ~ Gaussian(0, 100)

information bonus, A" AWM~ Gaussian(ui™, g¥y | @t — (ythu gThu
(3" 03" | O3 = (H3™94™) | e Gamma 1, 0.001 )
Thu G :
L. . ~ Gaussian(0, 100)

spatial bias, B’tshu B‘tshu ~ Gaussian Thu’ G‘I:hu e‘thu _ Thu_c’thu M ’
P (kg™ 05" | 5" = (5" 95") | ol Gamma 1,0.001 )

- . ‘ ‘ kM ~ Exp(0.1

decision noise, 6™/ ™M~ Gamma(kZ™, ATy | @Y = (kY AT e p(0.1)

AT~ Exp( 10)

Table 1: Model parameters, priors, hyperparameters and hyperpriors.

\

i

arshug

game g = 1:G

uncertainty condition u = 1:U

horizon condition h = 1:H
subject s =1:5/
TMS condition 7 = { vertex, RFPC }/

-

Figure 2: Graphical representation of the model. Each vari-
able is represented by a node, with edges denoting the depen-
dence between variables. Shaded nodes correspond to ob-
served variables, i.e. the free choices ¢™"¢, forced-trial re-
wards, r®"8 and forced-trial choices a®"#¢, Unshaded nodes
correspond to unobserved variables whose values are inferred
by the model.

The hyper-parameters themselves are assumed to be sampled
from ‘hyperprior’ distributions whose parameters are defined
such that these hyperpriors are broad. For notational conve-
nience, we refer to the hyperparameters that define the prior
for variable X as 6X. In addition we use superscripts to refer
to the dependence of both parameters and hyperparameters
on TMS stimulation condition, T, horizon condition, /4, un-
certainty condition, u, subject, s, and game, g.

The particular priors and hyperpriors for each parameter
are shown in Table 1. For example, we assume that the prior
mean, RE)S, for each stimulation condition T and horizon con-
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dition £, is sampled from a Gaussian prior with mean .U}eo and
standard deviation 6}0. These prior parameters are sampled
in turn from their respective hyperpriors: :“}eo’ from a Gaus-
sian distribution with mean 50 and standard deviation 14, G;?o
from a Gamma distribution with shape parameter 1 and rate
parameter 0.001.

Model fitting using MCMC The model was fit to the data
using a Markov Chain Monte Carlo approach implemented in
the JAGS package (Plummer et al.,2003) via the MATJAGS
interface  (psiexp.ss.uci.edu/research/programs_data/jags/).
This package approximates the posterior distribution over
model parameters by generating samples from this posterior
distribution given the observed behavioral data. In particular
we used 4 independent Markov chains to generate 4000
samples from the posterior distribution over parameters
(1000 samples per chain). Each chain had a burn in period
of 500 samples, which were discarded to reduce the effects
of initial conditions, and posterior samples were acquired
at a thin rate of 1. Convergence of the Markov chains was
confirmed post hoc by eye.

Results

RFPC stimulation selectively inhibits directed
exploration on the first free-choice

Model-free analysis Using the measures of directed and
random exploration, p(high info) and p(low mean), we
found that inhibiting the RFPC had a significant effect on
directed exploration but not random exploration (Figure 3A,
B). For directed exploration, a repeated measures ANOVA
with horizon, TMS condition and order as factors revealed
a significant interaction between stimulation condition and
horizon (F(1,24) = 4.96, p = 0.036). Conversely, a sim-
ilar analysis for random exploration revealed no effects of
stimulation condition (main effect of stimulation condition,
F(1,24) = 0.88, p = 0.36; interaction of stimulation con-
dition with horizon, F(1,24) = 1.24, p = 0.28). Post hoc
analyses revealed that the change in directed exploration was
driven by changes in information seeking in horizon 6 (one-
sided t-test, #(24) = 2.62, p = 0.008) and not in horizon 1



(two-sided t-test, 1(24) = —0.30; p = 0.77).

directed exploration random exploration

A 0.6 B 0.3
= =
€ *k o
<05 ]* E0.2
2 2 **[ ]
= o *
Q —e—horizon 6 a +\+
—e—horizon 1
0.4 0.1

vertex RFPC
stimulation condition

vertex RFPC
stimulation condition

Figure 3: Model-free analysis of the first free-choice trial
shows that RPFC stimulation affects directed, but not ran-
dom, exploration. (A) In the control (vertex) condition, in-
formation seeking increases with horizon, consistent with di-
rected exploration. When RFPC is stimulated, directed explo-
ration is reduced, an effect that is entirely driven by changes
in horizon 6 (* denotes p < 0.02 and ** denotes p < 0.005;
error bars are + s.e.m.). (B) Random exploration increases
with horizon but is not affected by RFPC stimulation.

Model-based analysis Posterior distributions over the
group-level means of all 13 parameters in the model are
shown in Figure 4. The left column of Figure 4 shows the
posteriors over each parameter while the right column shows
the posteriors over the TMS-related change in each parame-
ter. Both columns suggest a selective effect of RFPC stimu-
lation on the information bonus in horizon 6.

Focussing on the left column first, overall the parameter
values seem reasonable. The prior mean is close to the gen-
erative mean of 50 used in the actual experiment, and the de-
cision parameters are comparable to those found in our pre-
vious work (Wilson et al.,2014). The learning rate param-
eters, 0 and Ol., were not included in our previous mod-
els and are worth discussing in more detail. As expected for
Bayesian learning (Kalman,1960), the initial learning rate is
higher than the asymptotic learning rate (95% of samples in
the vertex condition, 94% in the RFPC condition). However,
the actual values of the learning rates are quite far from their
‘optimal’ settings of oy = 1 and 0. = O that would corre-
spond to perfectly computing the mean reward. This suggests
a greater than optimal reliance on the prior (09 < 1) and a
pronounced recency bias (0l > 0) such that the most recent
rewards are weighted more heavily in the computation of ex-
pected reward, Ri. Both of these findings are likely due to the
fact that the version of the task we employed did not keep the
outcomes of the forced trials on screen and instead relied on
people’s memories to compute the expected value.

Turning to the right hand column of Figure 4, we can
see that the model-based analysis yields similar result to the
model-free analysis. In particular we see a reduction (of about
4.8 points) in the information bonus in horizon 6 (with 99%
of samples showing a reduced information bonus in the RFPC
stimulation condition) and no effect on decision noise in ei-
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Figure 4: Model-based analysis of the first free-choice trial
showing the effect of RFPC stimulation on each of the 13
parameters. Left column: Posterior distributions over each
parameter value for RFPC and vertex stimulation condition.
Right column: posterior distributions over the change in each
parameter between stimulation conditions. Note that, because
information bonus, decision noise and spatial bias are all in
units of points, we plot them on the same scale to facilitate
comparison of effect size.

ther horizon in either the [2 2] or [1 3] uncertainty conditions
(with between 40% and 63% of samples below zero).

Discussion

In this work we used continuous theta-burst transcranial mag-
netic stimulation (cTBS) to investigate whether right fron-
topolar cortex (RFPC) is causally involved in directed and
random exploration. Using a task that is able to behaviorally
dissociate these two types of exploration, we found that inhi-
bition of RFPC caused a selective reduction in directed, but
not random exploration. To the best of our knowledge, this
finding represents the first causal evidence that directed and
random exploration rely on dissociable neural systems and
is consistent with our recent findings showing that directed
and random exploration have different developmental pro-
files (Somerville et al.,2017). This suggests that, contrary to
the assumption underlying many contemporary studies (Daw
et al.,2006;Badre et al.,2012), exploration is not a unitary
process, but a dual process in which the distinct strategies
of information seeking and choice randomization are imple-
mented via distinct neural systems.

Such a dual-process view of exploration is consistent with
the classical idea that there are multiple types of exploration
(Berlyne,1966). In particular Berlyne’s constructs of ‘specific
exploration’, involving a drive for information, and ‘diver-



sive exploration’, involving a drive for variety, bear a striking
resemblance to our definitions of directed and random ex-
ploration. Despite the importance of Berlyne’s work, more
modern views of exploration tend not to make the distinc-
tion between different types of exploration, considering in-
stead a single exploratory state or exploratory drive that con-
trols information seeking across a wide range of tasks (Hills
et al.,2015;Kidd & Hayden,2015). At face value, such uni-
tary accounts seem at odds with a dual-process view of ex-
ploration. However, these two viewpoints can be reconciled
if we allow for the possibility that, while directed and random
exploration are implemented by different systems, their lev-
els are set by a common exploratory drive. More work will
be required to determine whether this is the case.

While the present study does allow us to conclude that di-
rected and random exploration rely on different neural sys-
tems, the limited spatial specificity of TMS limits our abil-
ity to say exactly what those systems are. In particular, be-
cause the spatial extent of TMS is quite large, stimulation
aimed at frontal pole may directly affect activity in nearby
areas such as ventromedial prefrontal cortex (vmPFC) and
orbitofrontal cortex (OFC), both areas that have been impli-
cated in exploratory decision making and that may be con-
tributing to our effect (Daw et al.,2006). In addition to such
direct effects of TMS on nearby regions, indirect changes
in areas that are connected to the frontal pole could also be
driving our effect. For example, cTBS of left frontal pole
has been associated with changes in blood perfusion in ar-
eas such as amygdala, fusiform gyrus and posterior parietal
cortex (Volman, Roelofs, Koch, Verhagen, & Toni,2011). In
addition the same study showed that unilateral cTBS of left
frontal pole is associated with changes in blood perfusion to
the right frontal pole. Indeed, such a bilateral effect of cTBS
may explain why our intervention was effective at all given
that a number of neuroimaging studies have shown bilat-
eral activation of the frontal pole associated with exploration
(Daw et al.,2006;Badre et al.,2012). Future work combining
c¢TBS with neuroimaging will be necessary to shed light on
these issues.
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Abstract

Antisaccade performance in obsessive-compulsive disorder
(OCD) is related to a dysfunctional network of brain
structures including the (pre)frontal and posterior parietal
cortices, basal ganglia, and superior colliculus. Previously
recorded antisaccade performance of healthy and OCD
subjects is re-analyzed to show greater variability in mean
latency and variance of corrected antisaccades as well as in
shape of antisaccade and corrected antisaccade latency
distributions and increased error rates of OCD patients
relative to healthy participants. Then a well-established neural
accumulator model of antisaccade performance is employed
to uncover the mechanisms giving rise to these observed OCD
deficits. The model shows: i) increased variability in latency
distributions of OCD patients is due to a more noisy
accumulation of information by both correct and erroneous
decision signals; (ii) OCD patients are almost as confident
about their decisions as healthy controls; iii) competition via
local lateral inhibition between the correct and erroneous
decision processes, and not a third top-down STOP signal of
the erroneous response, accounts for both the antisaccade
performance of healthy controls and OCD patients.

Keywords: Eye movements; superior colliculus; computer
model; response inhibition; OCD.

Introduction

In the antisaccade paradigm participats suppress a reflexive
saccade (error prosaccade) in favor of a saccade to a
position in the opposite hemifield (correct antisaccade)
(Hallett, 1978). At least two processes take place during this
paradigm: (1) suppression (or inhibition) of an error
prosaccade towards the peripheral stimulus, and (2)
generation of a volitional saccade to the opposite direction
(antisaccade) (Everling and Fischer, 1998; Munoz and
Everling, 2004). The reaction times (RT) of error
prosaccades, antisaccades and corrected antisaccades, the
error rate, the percentage of corrected errors, the amplitude
of antisaccades and error prosaccades, and the final eye
position of correct responses are some of the measures of
antisaccade performance (Hutton and Ettinger, 2006) with
the error rate being the most reliable measure of it. A large
study of healthy young males has reported that error
prosaccade and antisaccade RTs are highly variable and the
error rate is about 20-25% (Smyrnis et al, 2002,
Evdokimidis et al., 2002).

A recent experimental study reported an increase in error
rates and in latency of corrected antisaccades in OCD
patients (Damilou et al, 2016). The antisaccade
performance deficit in OCD was speculated to be due a
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common dysfunctional network of brain structures including
the (pre)frontal and posterior parietal cortices and superior
colliculus. In this network there is a reported deficit in
erroneous response inhibition control (Chamberlain et al.,
2005).

Models of decision making involves a gradual
accumulation of information concerning the various
potential responses (Cutsuridis et al., 2007; Cutsuridis,
2010; Noorani and Carpenter, 2013, 2014, Cutsuridis et al.,
2014; Cutsuridis, 2015, 2017). As soon as the target
appears, a decision process starting at some baseline level
T, representing the prior expectation, begins to rise at a
constant rate r until it reaches a threshold T} representing
the confidence level required before the commitment to a
particular course of action. Once Ty is crossed, then a
response towards the target is initiated. Response time (RT)
is the time from the onset of the decision process till when
the decision signal crosses Ty,. The rate of rise is sometimes
assumed to vary randomly from trial to trial, with a mean p
and variance o® (Reddi and Carpenter, 2000). Changes in
the baseline level of activity, the rate of rise or the threshold
often result in changes in response latency. Prior
expectation and level of activation of intention influence the
baseline levels of activation. Carpenter (1981) proposed if
the cumulative RT distribution is plotted against 1/RT on
reciprobit scale, then the resulting straight line can be used
as a diagnostic tool to assess the contribution of different
factors influencing the experimental results. In a choice
reaction time task such as the antisaccade paradigm, the
various choices are represented by different straight lines. If
the lines swivel by the threshold T;, then the mean and
variances of the lines are unequal (Reddi and Carpenter,
2000). If the lines are shifted by p, then the slopes (1/6) of
the lines are equal, but their latency medians are not (Reddi
et al., 2003). If the lines cross, then the slopes are not equal,
but their medians are (Nakahara et al., 2006).

In the present study, the Cutsuridis and colleagues (2014)
model of antisaccade performance was used and extended
into the realm of OCD. Previously recorded error rates and
latencies of healthy and OCD participants (Damilou et al.,
2016; Evdokimidis et al., 2002) were re-analyzed to show
that OCD patients display higher error rates, increases in
mean latency and variance of corrected antisaccades, and
greater variability in shape of antisaccade and corrected
antisaccade latency distributions relative to healthy
participants. The Cutsuridis and colleagues (2014) neural
model was then employed to decipher the biophysical
mechanisms that gave rise to these antisaccade performance



deficits in OCD. The model showed that i) increased
variability in latency distributions of OCD patients was due
to a more noisy accumulation of information by both
(pre)frontal and posterior parietal centers representing the
volitional (correct antisaccade) and reactive (erroneous
prosaccade) decision signals, respectively, (ii) OCD patients
were almost as confident about their decisions as healthy
controls (i.e. the decision threshold level T} value is almost
the same in healthy controls and OCD patients), and iii)
competition between the correct and erroneous decision
processes, and not a third top-down STOP of the erroneous
response, accounted for the antisaccade performance of both
healthy controls and OCD patients.

Methods

Experimental data

Participants

Two groups of individuals participated in the study: healthy
controls and OCD patients. Both participant groups were
extensively described in two previously published studies
(Evdokimidis et al., 2002; Damilou et al., 2016).

Antisaccade task

The antisaccade task for the healthy controls and OCD
groups was identical to the experimental protocol used in
the Evdokimidis and colleagues (2002) study. Stimuli were
delivered through a 17-inch computer screen (LCD) located
Im away from the level of their eyes. Their head was
immobilized using a chin rest. Subjects were informed
about the requirements of the antisaccade task prior to its
initiation. A calibration procedure was performed using a
sequence of four saccadic eye movements, two to the left
and two to the right of a central fixation target at an
eccentricity of 10 deg. This process was then repeated with
eye movements performed at 5 deg from the fixation point.
During each antisaccade trial participants were instructed to
fixate on a central fixation stimulus (white cross 0.3° x 0.3°
of visual angle). After a variable period of 1-2 s, the central
stimulus would disappear and a peripheral cue (the same
white cross) would appear randomly at one of five positions
(2-10° at 2° intervals), either on the left or on the right hand
side of the central fixation stimulus. The subject was
instructed to make a saccade in the opposite direction from
the peripheral target. Each subject performed 90 antisaccade
trials (5 trials for each cue position) in a randomized order.

Eye movement recordings and analysis

For the control and OCD groups, eye movements were
recorded from the right eye using the IRIS SKALAR
infrared device. Stimulus presentation and recording of the
responses was accomplished with a program written in
Turbo Pascal 7.0 for DOS. A 12-bit A/D converter was used
for data acquisition (Advantech PC-Lab Card 818L). Eye
movement data were sampled at 600 Hz and stored in a PC
for off-line data processing. Data pre-processing of all
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recordings was conducted using an interactive PC program
(created using the Test-Point CEC Software). Trials with
artifacts (blinks, etc.) in the analysis period or with any type
of eye movement in the period of 100ms before the
appearance of the peripheral stimulus were excluded from
the analysis (Evdokimidis, et al., 2002). In addition, only the
trials with response latency within the window of 80-600ms
were included in the analysis. Based on these criteria,
individuals who performed at least 30 valid antisaccade
trials were only retained.

Metrics

The experimental control and patient saccade reaction times
(RTs) were divided into three behavioral categories: (1)
error prosaccades, (2) antisaccades, and (3) corrected
antisaccades. Saccade reaction time (RT) was defined as the
time interval from the onset of peripheral stimulus till the
time of the first detectable eye movement. Corrected
antisaccade RT was as the time between an error prosaccade
and the subsequent corrected antisaccade.

Neural model

The model and its mathematical formalism were extensively
described in Cutsuridis et al. (2014) study. Briefly, the
model was a one-layer neural network of the superior
colliculus (SC) with firing rate nodes (Fig. 1A). The total
number of nodes in the network was assumed to be 100.
Short-range lateral excitation and long distance lateral
inhibition was also assumed between all nodes in model.
The lateral interaction kernel W;;, which allowed for lateral
interactions between model nodes, was a shifted Gaussian,
which depended only on the spatial distance between nodes
and it was positive for nearby nodes to the node activated by
the input and negative for distant nodes (Fig. 1B).

Model inputs were of two types: (1) a reactive input (I,),
which represented the error prosaccade decision signal and
it was hypothesized to originate from the posterior parietal
cortices (Munoz and Everling, 2004) and (2) a planned input
(I;), which represented the correct antisaccade decision
signal and it was originated in the model from the frontal
cortical areas (Munoz and Everling, 2004). In the model,
each input was integrated in opposite model half according
to the following way: if the reactive input activated a node
and two of each nearest neighbors on each side in the left
model half, then the planned input activated the mirror node
and its two nearest neighbor nodes on each side in the right
model half, and vice versa. The strengths of the external
inputs were not equal (I,> ).

In the model, the reactive input was presented first at time
t = 50 ms, followed by the planned input, which was
presented 50 ms later (t = 100 ms). Experimental evidence
(Becker, 1989) reported that the difference in the afferent
delays of the reactive and planned decision signals (inputs)
is close to 50 ms. Both inputs remained active for 600 ms.



Results

As in the Cutsuridis and colleagues (2014) modeling study,
to fit the experimental OCD data two model parameters
were varied: the integration constant (1) and the threshold
(Ty). In the model, the integration constant was a parameter
which indicated how fast or how slow the neuron integrated
information. A large value of t allowed the neuron to
integrate information slowly. A small value of t allowed the
neuron to integrate information fast.
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Figure 1. (A) Neural network model (reprinted with
permission from Cutsuridis et al. (2014) study). (B) Lateral
interaction kernels W for nodes 20 and 80 modelled as a
shifted Gaussians (reprinted with permission from
Cutsuridis et al. (2014) study). The kernels for nodes 20 and
80 were excitatory for the nearby nodes and inhibitory for
the distant ones. (C) Neuronal activities of all nodes in the
network as a function of time (ms) (reprinted with
permission from Cutsuridis et al. (2014) study). (D)
Neuronal activity of nodes 20 and 80 as a function of time
(reprinted with permission from Cutsuridis et al. (2014)
study). Node 20 encoded the reactive input (error
prosaccade) and node 80 encoded the planned input
(antisaccade). When both activities crossed the threshold
(dotted horizontal line), then an eye movement decision was
made. In this case, an error prosaccade followed by a
corrected antisaccade.

Threshold was a model parameter that indicated how
confident the model was to make a decision. When the
neuronal activity crossed the threshold (see Fig. 1C), then a
decision was made (i.e. an eye movement was generated).

In each trial run the integration constant t values of the
two nodes that encoded the erroneous prosaccade and the
antisaccade decision signals took values from two normal
distributions with different means and standard deviations.
The model was then run for 5000 trials. In each trial the
error prosaccade, antisaccade and corrected antisaccade
latencies were recorded. In the model the error prosaccade
reaction time was estimated as the time interval from the
onset of the reactive input until the time the activity of the
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Table 1: Model parameters

Symbol Value Symbol Value
Controls OCD Controls | OCD
Ty 0.1767 0.177 s} 210 210
C 0.35 0.35 Ax 2N 2N
1. 1 1 A 1 1
I, 1.5 1.5 N 100 100
14 0.01787 0.0165 B 0.5 0.5
[} 0.003 0.005 ] 0.5 0.5
L 0.0056 0.0047 Ly 0 0
) 0.0016 0.002 Oy 0.05 0.05
T 50 ms, unless ntrials 5000 5000
mentioned otherwise

node encoding the reactive input reached a preset threshold
(Ty,) plus an additional 30 ms (Fig. 1D). The antisaccade
reaction time was estimated as the time interval from the
onset of the reactive input until the time the activity of the
node encoding the planned input reached the threshold plus
30 ms (Fig. 1D). The corrected antisaccade reaction time
was the time interval from threshold crossing of the error
node activity until the threshold crossing of the correct node
activity.

To simulate the error prosaccade, antisaccade and
corrected antisaccade RT distributions as well as the error
rates of both healthy controls and OCD participant groups,
the integration constants T (u and o) for both nodes that
integrated the reactive (i, and o,) and planned (i, and o,)
inputs were varied (see Table 1 for parameter values). In
both conditions, the threshold value at which as a decision
was reached (parameter T;, in Table 1) was slightly higher in
OCD patients than in healthy controls. The parameter values
(w1, 01, W, 02 and Ty,) that best fitted the experimental data
were found via exhaustive search of the parameter value
space. The remaining model parameter values were the
same as in Cutsuridis et al. (2014) study. The simulated
median RTs for the error prosaccades, antisaccades and
corrective antisaccades were 214.72 ms, 262.72 ms and
136.97 ms, respectively for the model controls and 207.84
ms, 277.58 ms and 188.917 ms, respectively for the model
patients. The simulated median RT values are very close to
the experimental ones (see Table 2). The simulated
coefficients of variation (CVs) for the error prosaccades,
antisaccades and corrected antisaccades were 0.22, 0.19 and
0.77, respectively for the controls and 0.32, 0.26 and 0.77,
respectively for the patients. The simulated CV values are
very close to the experimental ones (see Table 2).

To compare the experimental and simulated error
prosaccade, antisaccade and corrected antisaccade RT
distributions for both groups (healthy controls vs OCD
patients) I replicated the measures reported in Cutsuridis
and colleagues (2014) study. First, I estimated the
experimental average cumulative distribution for error
prosaccades, antisaccades and corrected antisaccades for
both healthy controls and OCD patients by
organizing the RTs for each subject (control subject or
OCD patient) in ascending order and calculating the
percentile values in increments of 5% (at 5, 10,15,20,...,95,
100%). The



calculated percentile values from each subject were then
averaged across each subject group (healthy controls or
OCD patients) to give the experimental average group
percentile values for error prosaccades, antisaccades and
corrected antisaccades, which were then plotted in the
average cumulative distribution (controls vs. patients) (see
left plots of Figs 2A, 2B, and 2C). Ratcliff
(1977) showed that the average distribution retains the
basic shape characteristics of the individual distributions.
Second, I repeated the same procedure for the error
prosaccade, antisaccade and corrected antisaccade RTs of
the virtual control and OCD subjects. The percentile values
were then averaged across trial runs (5000 trial runs) for
each subject group (virtual control subject vs virtual OCD
patient) to give average subject group percentile values.
Carpenter and Williams (1995) showed that if the
cumulative RT distribution is plotted using 1/RT in a
reciprobit plot, then the RTs will fall on a straight line.
Thus, the average cumulative distribution data of RT (error
prosaccade, antisaccade and corrected antisaccade) for the
experimental and simulated controls and patients in a
reciprobit plot were transformed (see left plots of Figs 2A,
2B and 2C). A best-fitting regression line was computed for
each behavioural category (error prosaccade, antisaccade
and corrected antisaccade) in each simulated subject group
(simulated controls vs simulated patients). An R correlation
coefficient was estimated to assess how good fit was the
regression line (simulated data) to the experimental data
(open circles and dark squares). The model fit for each
behavioural category and for subject group was excellent
(correlation coefficient R was 0.99 for error prosaccades
and antisaccades and 0.96 for corrected antisaccades in the
healthy control group and 0.99 for error prosaccades and
antisaccades and 0.97 for corrected antisaccades in the OCD

group).

Table 2: Simulated median saccade reaction times, their
standard deviations and coefficients of variation (CV) for
healthy controls and OCD patients. Bold values in
parentheses correspond to experimentally estimated means
of medians of saccade RTs, their standard deviations and
CVs for controls and patients.

Median RT in ms
Error prosaccade Antisaccade Corrected
antisaccade

Controls 214.72 262.72 136.97

(211.09, SD: 49.71) | (268.61, SD: 46.76) | (128.84, SD: 53.62)
ocD 207.84 277.58 188.917
Patients | (203.81, SD: 53.17) | (275.73, SD: 52.68) | (160.34, SD: 42.55)

Coeflicient of variation (CV)
Controls | 0.22 (0.30, SD: 0.21) 0.19 (0.24, SD: 0.77 (0.83, SD: 0.41)
0.07)

QCD 0,32 (0.35, 8D: 0.21) 0,26 (0.31, SD: 0.77 (0.54, SD: 0.24)
Patients | 0.12)
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Discussion

What have learned from the model

Previously recorded antisaccade performance of healthy and
OCD subjects (Damilou et al., 2016) was re-analyzed to
show greater variability in mean latency and variance of
corrected antisaccades as well as variability in shape of
antisaccade and corrected antisaccade latency distributions
and increased error rates of OCD patients relative to healthy
participants. A neural accumulator model of antisaccade
performance is then employed to uncover the biophysical
mechanisms giving rise to these observed OCD deficits. The
major finding of this study is that the brains of OCD
participants when they performing the antisaccade task are
noisier than the brains of healthy controls. This noise is
reflected mostly in the rate of accumulation of information
(u and o) and less on the threshold level Tj, (confidence
level required before commitment to a particular course of
action). As we can see from Table 1 parameters p; and p,
(see Table 1 for values) are greater in control condition than
in the OCD condition meaning that error prosaccades,
antisaccades and corrected antisaccades are slower in OCD
patients than in healthy controls. Similarly, o, and o, (see
Table 1 for values) are smaller in healthy control condition
than in the patient one, which means that error prosaccade,
antisaccade and corrected antisaccade latencies are more
variable in OCD patients than in healthy participants. A
physiological interpretation of the variability in the rate of
accumulation of information (variability in parameter t) is
variability of NMDA based rate of evidence integration
(Cutsuridis et al., 2007b). Experimental (Lewis, 2012) and
computational (Kahramanoglou et al., 2008) studies have
shown that NMDA hypofunction is implicated in
neurodegenerative disorders such schizophrenia and OCD.

On the other hand, the value of T, (threshold level) is
almost the same in the OCD patient case as in healthy
control one meaning that the OCD patients are as confident
about their decisions as the healthy controls.

Comparison with other models

An important finding of this study is the absence of a third
signal, inhibitory in nature, necessary to prevent the error
prosaccade from being expressed when the antisaccade
reached the threshold first. Such a third inhibitory signal has
been speculated to exist by Noorani and Carpenter (2013,
2014) in the form of a “stop-and-restart” mechanism that
partially captures the antisaccade performance of healthy
participants (see the Cutsuridis (2015, 2017) studies for
constructive critiques of Noorani and Carpenter (2013,
2014) models). In favor of the major finding of the current
study that “competition via local lateral inhibition between
the correct and erroneous decision processes, and not a third
top-down STOP signal of the erroneous response, accounts
for both the antisaccade performance of healthy controls and
OCD patients” recent experimental evidence has
demonstrated that lateral interactions within SC



intermediate segment are more suitable for faithfully
accumulating subthreshold signals for saccadic decision-
making (Phongphanphanee et al, 2014). Another
experimental study by Everling and colleagues (2013)
challenges the idea of a third suppressive/inhibitory
influence (STOP signal in the Noorani and Carpenter
model) of prefrontal cortical areas on reflexive, erroneous
prosaccade generation in the antisaccade paradigm.

Reciprobit plot as an insights tool of antisaccade
performance

It has been suggested that when data are plotted on the
reciprobit plot, then the resulting straight line on the
reciprobit plot could be used a diagnostic tool to assess the
contribution of different factors influencing the
experimental results (Carpenter, 1981). When straight lines
swivel (Reddi and Carpenter, 2000), then the mean and
variances of the lines are unequal. When the lines are
parallel and shifted by p, then the slopes (1/ o) of the lines
are equal, but their latency medians are not (Reddi et al.,
2003). When the lines cross, then the slopes are not equal,
but their medians are (Nakahara et al., 2006). Along these
lines we observed from the simulations that when the lines
crossed (error prosaccade (right plot of Fig. 2A) and
antisaccade (right plot of Fig. 2B)), then the median values
of error prosaccade and antisaccade latencies are not
significantly equal. When the lines are parallel and shifted
(corrected antisaccades; right plot of Fig. 2C), then the
median latencies are significantly different.
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Figure 2. (Left) Experimental average cumulative RT
distribution for controls (white empty circles) and patients
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lines) average cumulative RT distributions. The x-axis
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increase to the right. Instead of 1/RT values the axis is
marked with the corresponding RT values. The fitted lines
correspond to linear regression (simulated data) on the
experimental data (white circles and black squares) of each
distribution (controls vs. patients). (A) Error prosaccades.
(B) Antisaccades. (C) Corrected antisaccades.
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Abstract

We present an extension of a schema-based architecture for
action selection, where competition between schemas is
resolved using a variation of a neuroanatomically detailed
model of the basal ganglia. The extended model implements
distinct learning mechanisms for cortical schemas and for
units within the basal ganglia. We demonstrate the
functionality of the proposed mechanisms by applying the
model to two classic neuropsychological tasks, the Wisconsin
Card Sorting Task (WCST) and the Probabilistic Reversal
Learning Task (PRLT). We discuss how the model captures
existing behavioural data in neurologically healthy subjects
and PD patients and how to overcome its shortcomings.

Keywords: schema theory; basal ganglia; Wisconsin Card
Sorting Test, Probabilistic Reversal Task

Introduction

Schema theory is a framework based on the idea that
behaviour in many areas depends on abstractions over
instances, i.e., schemas. In these abstract terms, schema
theory is very general and has been applied to different
domains such as memory and motor control. Norman and
Shallice (1980) applied the theory in the domain of routine
sequential action. Their theory proposes that action schemas
work in a cooperative or sequential fashion, but also that
they compete with each other for activation.

While schema theory is helpful in representing functional
interactions in the action-perception cycle, it is not
committed to a specific neural implementation. However, at
the neural level the basal ganglia have been proposed as a
candidate for resolving competition between schemas in
order to carry out action selection (Redgrave et al., 2001). In
part this is because of their recurrent connections with the
cortex.

In the first part of the paper we present a schema-theoretic
model of action selection where competition between motor
and/or cognitive schemas is resolved using a variation of a
neuroanatomically detailed model of the basal ganglia. We
assume that schemas are cortically represented but that
schema selection (i.e., selecting one from a set of competing
schemas) is facilitated by the basal ganglia. The latter
receive multiple signals from the cortex but they are
presumably ‘content-free’. In other words, unlike their
corresponding cortical structures, they are not directly
related to the stimulus features. Following the description of
the model we propose how learning may occur in the model
subsequent to reward, introducing two parameters that drive
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separate learning mechanisms. Then, we proceed to present
two examples of the model applied to two tasks: Wisconsin
Card Sorting Task (WCST) and a variant of the
Probabilistic Reversal Learning Task (PRLTv). We discuss
computational results, the model fit with existing empirical
data, and experiments that could further validate the model.

The Extended Schema-Theory Model

At a general level, the model can be understood as two
systems or layers of computational units that feed signals to
each other — a cortical system and a basal ganglia system.
Each unit within the cortical system corresponds to to a
schema, and represent a meaningful action or thought.
Cortical units are connected with other cortical units and to
the basal ganglia (BG) units (Fig. 1). These BG units take
input from all cortical units at the same level of abstraction,
generate an output signal, and feed it back to the same
cortical units. The BG units serve to resolve competition
between same-level schemas via the feedback loop between
cortical and BG layers. Below, we will introduce two
applications of the model — to the Wisconsin Card Sorting
Test (WCST), which makes use of two distinct sets of
schemas (cognitive and motor schemas) each with their own
BG layer, and to a variation of the Probabilistic Reversal
Learning task (PRLTv), which makes use of motor schemas
only. First we describe the general model more fully.

Computation

Computation is carried out in both the cortical units and in
the five nuclei which make up the basal ganglia (Fig. 2; for
a complete description of the basal ganglia functional units
see Alexander, 1990) according to the equations given
below. In all cases, u; represents the entry signal to the unit,
a; is the result of integration along the time domain, and o;
represents the output of the unit. The function ¢ computes
the sigmoid function of the input, ensuring output values are
bounded between 0 and 1. Sigmoid functions have a fixed
slope but variable threshold. Varying the threshold of
cortical or striatal units alters the way competition between
units is carried out, and can be considered a function of
phasic dopamine present in the circuit."

" In a separate simulation it has been shown that the level of
external dopamine from the substantia nigra pars compacta (SNpc)
unit can be simulated by varying the threshold of the saturation
curve in the striatum (fy,,), without making use of an additional
unit.
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Figure 1: Schematic of the basal ganglia. Legend: Cortex-
Thalamic complex (CTX-THAL), Striatum (STR),
Subthalamic nucleus  (STN),  Globus Pallidus
Internal/External Segment (GPi and GPe)
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Figure 2: Schematic of the subunits that compose the basal
ganglia. Legend: Cortex-Thalamic complex (CTX-THAL),
Striatum (STR), Subthalamic nucleus (STN), Globus
Pallidus Internal/External Segment (GPi and GPe)

Action selection is not the product of higher order
schemas alone. Environmental features directly excite lower
order schemas and can lead to selection of those schemas in
the absence of higher order control. An excessive ratio or
difference between bottom-up and top-down excitation of
the lower-level schemas produces behaviours akin to those
seen in some frontal patients (Cooper & Shallice, 2000).
Cortical Units (Motor or Cognitive)

Uj < Oextj t Othali
a() —d-at—1D+ A -DHy(t—1)
0; 0 (aj)
Striatum (D1 and D2):
u; < Osma,i
a() —d-at—1D+ A -DHy(t—1)
0; G(astrDl/DZ,i)
Subthalamic nucleus:
ustn,i(t) ' WstnOsma,i + nge_stnogpe,i (t - 1)

astn,i(t) «—d- astn,i(t -D+@0- a)ustn,i(t -1

Ostn,i o0 (astn,i)
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Globus Pallidus (External Segment):

Ugpe,i < Wstn_gpez Ostni t Wstrp2_gpeOstrD2,i
i

agpe,i(t) 0 agpe,i(t -+ 1- a)ugpe,i(t -1

nge,i 0o (agpe,i)

Globus Pallidus (Internal Segment):

ugpi,i(t) ' Wstn_gpi z Ostn,i + Wepe_gpiOgpe,i (t - 1)
i
+ WstrD1_gpiOstrD1,i (t - 1)

agpi,i(t) —a- agpi,i(t - 1) + (1 - a)ugpi,i(t - 1)

Ogpii < O (agpi,i)

Thalamus:

Uj < Ogpiji

a() —d-at—1D+ A -DHy(t—1)
0 — =0 (a))

Cortical and Basal Learning Mechanisms

The general model includes weighted connections from
cortical schema units to basal ganglia units, and weighted
connections from basal ganglia units back to cortical units.
We assume that the weights are learned by separate reward-
based mechanisms (for reasons given below). When the
system is provided with positive (r; = +1) or negative (r; =
—1) feedback after a response, two separate mechanisms
control how the system adapts to new stimuli. We assume
the following teaching signals are produced by rewards and
activations:

Ry =({r—a)

T-1
— _ i—-T+1 ,
S =1 E 2 T
t=1

In Eq. 1 7, represents the reward assigned to the i schema
and a; represents the activation of the i" schema, ¢
represents the trial and 7T is the total number of trials. Eq. 2
encodes the ‘surprise’ of the reward and assigns a greater
value to the most recent trials, effectively implementing a
form of ‘memory’.

The teaching signals produce a variation in the threshold
of the schema and basal ganglia unit saturation curves, B«
and By, respectively, as given by Eq. 4 and 5. Uniformly
distributed noise { in the range [-0.1,0.1] is also added to
prevent deadlock.

(1)
)



ﬁstr,i — no(ﬁstr,i - EstrRi + Z) (4)

ﬂctx,i — no(ﬁctx,o - 6Cthi + Z) (5)
1, x> 1 (6)
no(x) =1 x, 0<x<1
0, x< 0

The left arrow indicates assignment®. Eq. 4 describes the
change of threshold of the saturation curve of BG units
following reward. Decreasing S, augments the probability
of the i schema being selected. Eq. 5 describes the change
of threshold of the saturation curve of cortical units
following reward. Unlike Eq. 4, the value of the [, is
centred around B, o (set to 0.5 in all simulations). Eq. 6 is
a limiting function which ensures that the thresholds remain
within range.

Overall, this set of equations attempts to capture the
division of labour between cortical structures and the basal
ganglia. The two distinct learning signals that drive the
overall model behaviour represent the direct (mesocortical,
through the wventral tegmental area) and indirect
(nigrostriatal, from the substantia nigra pars compacta)
influence of dopamine to the task representation in the
frontal circuits. Both equations are a function of reward, but
while Eq. 4 slowly alters the probability of a channel to
being selected, Eq. 5 energises schemas when surprise (the
difference between expected and given reward) is high and
therefore promotes fast dishabituation. Cognitive control
emerges from the interaction between the two mechanisms

Theoretical Commitments

The core theoretical commitments of the model are the
presence of cortical schemas, the presence of the basal
ganglia that act as a content-free action selection device, and
two different learning mechanisms for cortical schemas and
the basal ganglia. Provided that the learning functions are
both based on reward, the analytical form of the functions
constitute  peripheral  hypotheses. Other peripheral
hypotheses include the value of the threshold above which a
schema is considered selected and the task-dependent
number of schemas. The model can also be extended to
accommodate other kinds of computation, such as that
carried out in the cerebellum.

Model Applied to the WCST

Task and model description

In the Wisconsin Card Sorting Task (WCST), participants
are required to sort a series of cards into four categories
based on binary (i.e., correct/incorrect) feedback (Heaton,
1981). Each card shows one, two, three or four shapes,

2 In assignment the value at the current trial is equal to a
function of the same variable in the previous trial. Initial values are
0.5 plus a minimal amount of noise to randomise the first response.
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Figure 3: Schematic of the model, not showing competition
between schemas. Cognitive schemas (top row) send
signals to the motor schemas (bottom row).

C S N
Tl T\ T4
BG

Figure 4: Schematic of the competition between schemas.
The basal ganglia units compute the amount of inhibition
that each schema receives given the activation of the
others. Only cognitive schemas are shown here.

printed in one of four colours, and there are four shapes
(triangle, star, cross, circle). It is therefore possible to sort
cards according to colour, number or shape. To succeed,
participants must match each successive card with one of
four target cards (which show One Red Triangle, Two
Green Stars, Three Yellow Crosses, Four Blue Circles), and
use the subsequent feedback to discover the appropriate
rule. However, once they have discovered the rule (as
indicated by a succession of 10 correct sorts), the
experimenter changes the rule without notice. The task
yields a number of dependent measures, including the
number of rules obtained (with a deck of fixed size —
typically 64 or 128 cards), the number of cards correctly
sorted, the number of perseverative errors (i.e., errors where
the participant persists in using a rule despite having
received negative feedback) and the number of Set Loss
errors (i.e., errors where the participant fails to stick with a
rule despite positive feedback).

The model comprises three cognitive schemas and four
motor schemas (see Fig. 3).* Cognitive schemas represent
the selection rules (Sort by Colour, Sort by Number, Sort by
Shape) while the four motor schemas represent the acts of
putting the stimulus card below each of the four target cards.
All schemas send signals to the basal ganglia units at the
same level of hierarchy (Fig. 4), but only cognitive schemas
implement the learning mechanisms outlined in Eq.4-6.
Each schema has an activation level that varies over time as
a function of input from various sources. Motor schemas are
fed by cognitive schemas, and the signal from the cognitive
layer to motor layer is rule-dependent. If, for instance, the
stimulus card displays three red circles, the shape schema

3 Source code for the simulation, including a complete list of
parameters and their values, is available from the first author on
request.



will excite the fourth motor schema (Four Blue Circles), the
number schema will excite the third motor schema (Three
Yellow Crosses), and the colour schema will excite the first
motor schema (One Red Triangle).

Motor schemas are also fed by environmental cues which
depend on the stimulus card features. Thus, when cognitive
schemas are not strong enough to influence motor schemas,
stimulus features alone may drive action selection.
Feedback is given after each trial, and it drives learning
within the cognitive schemas and their BG units as outlined
in the previous section (Eq. 4 and 5). Learning in the motor
schemas and their associated BG units is unnecessary in the
WCST because randomisation of stimuli prevents a
preference for a card position from being formed. A typical
run of the task is shown in Fig. 5.

Simulation and results

We simulated 20 subjects for each value of the learning
rates €., and g,, for a total of 560 subjects and recorded the
relevant dependant variables (Fig. 6). Total Errors (TE),
Perseverative Errors (PE) and Non Perseverative Errors
(NPE) are all monotonic functions of ¢, and ¢., while Set
Loss (SL) errors show a more erratic pattern. The value of
the analysed dependent variables is a function of both &g,
and g, but also of external activation of cognitive and
motor schemas. These signals act as modulators between
internal and external attentional process. An excessively
low/high value of cognitive/motor external activation
signals produces a general increase in all kind of errors.
Varying these parameters produces performance more
similar to behaviour exhibited by some frontal patients,
where environmental cues drive action selection (Cooper &
Shallice, 2000). Once baseline values for external
excitations are set, we observe how the values of dependent
variables fit data from young, older adults, and Parkinson’s
Disecase (PD) patients. PD results from reduced
dopaminergic input to the striatum (Siegelbaum et al., 2000)
and it is therefore appropriately modelled by lower values of
Estr

Total and Perseverative Errors Empirical data from PD
patients (Paolo et al., 1996) performing the WCST show
that perseverative errors are significantly greater in non-
demented PD patients than in older controls, while the
difference between older controls and younger subjects is
not significant. The model successfully simulates this
pattern of Total Errors and Perseverative Errors in healthy
and PD patients with a set of values for (&, , €.) of (0.15,
0.08) and (0.05, 0.01), respectively. Thus, consistent with
the neurophysiological hypothesis, PD patient performance
may be accounted for by lower values of €.

Set Loss and Non-Perseverative Errors Set loss errors
have a different profile from all the other errors, suggesting
the presence of distinct cognitive mechanisms underlying
these and other errors. Empirical data from young, older
controls and PD patients (Paolo et al., 1996) show that SL
errors are not significantly greater in non-demented PD
patients than in older controls. Paolo et al. (1996) also report
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Figure 5: Cognitive schema activation in a typical run of
the WCST. The red, green and blue lines represent the
colour shape and number schemas, respectively. Black
vertical lines have been plotted every 4 trials.
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Figure 6: Plot of WSCT simulation results. Dependent
variables shown are Total Errors (TE), Perseverative
Errors (PE), Set Loss Errors (SL) and Non-Perseverative
Errors (NPE). The dashed horizontal black lines, the red
lines, and the blue lines represent the mean values of the
dependent variables for young participants, older
participants, and PD patients, respectively.

that older controls tend to produce more SL errors than
younger participants but the difference does not reach
significance (#(89)=1.89, p =.062).

The model does not adequately capture the prevalence of
set loss errors, but this limitation might be overcome by
choosing parameters more carefully. In addition, it is
necessary to further analyse how these errors arise in both
the model and in experimental data. SL errors are relatively
rare, and do not occur in all attempts at the task (either in
human participants or in the model). Further work is
required to see whether a more sensitive measurement of SL
errors is needed.

Discussion

Simulating the WCST yields an adequate fit with empirical
data from healthy young controls and PD patients and it
explains how perseveration errors might arise from an
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Figure 7: Model diagram for the PRLTv. Unlike the
WCST, there are no higher order schemas that control the
two lower order schemas.
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Figure 8: Typical run of the PRLTv. The blue line
represents the schema activation while the red line and the

dashed black line represent P and P, respectively.
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Figure 9: Plots of the model performance in PRLTv for
different values of ¢y and e, across all trials. Points
represent the error percentage for each stage of the task
(acquisition and reversal)

impaired selection mechanism, in which rewards do not
update quickly enough, or from an impaired schema
activation mechanism, where surprising results are not
powerful enough to trigger quick selection of a new rule.
The dissociation between Set Loss and Perseverative Errors,
which reflects the dissociation between distractibility and
perseveration (Kaplan et al., 2006), is also replicated.
Nevertheless, the model fails to fully explain the difference
in Set Loss and Non-Perseverative Errors in healthy and PD
populations. It is also unclear whether the difference
between young and older control can be modeled with the
two learning parameters alone (on the assumption that the
trend reported by Paolo et al., 1996, indicates a real effect).
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Model Applied to the PRLTv

Task and model description

Here, we apply the general model to a variant of the
Probabilistic Reversal Learning Task (PRLTv; Cools et al.,
2002). In this task, two stimuli are presented on each trial,
but only one is the correct one. However, feedback is
unreliable — the subject receives feedback that is correct
only 80% of the time. After 40 trials the stimulus that
receives the reward (i.e., positive feedback) is reversed.
Again, feedback is correct 80% of the time. In the version of
the task modelled here (unlike the standard experimental
task), we assume that the subject is not told that feedback
will be probabilistic. This allows us to test only stimulus-
reward contingencies in absence of any super-ordinate rule.

To succeed at the task, subjects have to be able to stick to
the first rewarded stimulus despite spurious feedback, but
they also have to be able to reverse the choice and not
perseverate when the contingency changes. The task is
modelled as a simple stimulus-reward association, without
higher order rules controlling the selection of lower
schemas. The structure of the PRLTv thus is simpler than
the one used for the WCST, and consists of only two
cortical schemas with their associated basal ganglia units
(Fig. 7). A typical run of the model is shown in Fig 8.

Simulation and results

We simulated 25 subjects for two values each of €., and &,
for a total of 100 subjects and display the percentage error
across the 80 trials (Fig. 9). Two performance measures are
calculated: Errors to Criterion (ETC) are evaluated by
counting the number of trials the subject takes to score 8
consecutive correct responses (ignoring spurious feedback).
Consecutive-Perseverative (CP) errors are evaluated by
counting how many trials from the reversal trial (41st trial)
the subject takes to select the correct new response. Both
variables are non-normally distributed, and therefore the
Kruskal-Wallis H statistic has been used to test differences
among the groups.

Errors To Criterion In the acquisition stage, ETCs are not
significantly different, irrespective of the parameters (Fig.
10.). On the reversal stage, increasing &y, from 0.4 to 0.6
inverts the ETC trend in the function of ... The difference
in ECT is significant in both the low &, value (H(1) = 4.10,
p = 0.043) and the high g, value (H(1) = 5.56, p = 0.018).
Consecutive Perseverative A low value of g generally
impairs the model by increasing perseveration (CP = 2), but
only for lower values of gy, (H(1) = 11.68, p < 0.001)
(Fig.11).

Discussion

In the standard version of the Probabilistic Reversal
Learning Task (e.g., Swainston et al., 2000), for which data
from PD and age-matched controls is available, subjects are
encouraged to stick with a rule even if it is occasionally
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Figure 10: Errors to Criterion (ETCs) are shown here.
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absolute deviations.
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Figure 11: Consecutive Perseverative errors with four
different settings (€. &g). Points and error bars represent
medians and median absolute deviations.

wrong. This effectively creates a high-level schema. The
variant of the task considered here deliberately avoids this
and constitutes the lower-level version of the WCST, where
only low-level schemas (those schemas that receive direct
excitation from the environment) are activated and acted
upon by the learning mechanisms. However, because of this
difference in task instructions the model cannot be evaluated
against the available data. The above results are therefore
predictions that remain to be evaluated by contrasting the
performance of PD patients and age-matched controls). Our
model aims to capture computationally how a simple
stimulus-reward association changes in terms of learning
mechanisms that act directly on lower level schemas.
Therefore the model needs to be experimentally validated
with the adjusted behavioural task.

General Discussion

The general model is successful in replicating several
empirical results and in reflecting the dissociation between
distractibility (exemplified by SL errors in the WSCT and
ETC in the PRLTv) and perseveration (exemplified by PE
in the WSCT and ETC in the PRLTv). Limitations in
accounting for experimental data in the WCST may be
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overcome by studying how subjects produce NPE and SL
errors and whether the model accurately reflects this.
Conversely, matching experimental data in the PRLTv
requires running new experiments where instructions are
reduced to a minimum. Ultimately, the model’s purpose is
to bridge the concept of neurotransmission, that acts as a
medium to increase computational power, and the
meaningful unit of action or thought. Thus, while the
theoretical core assumptions seem to be capable of
reproducing at least two tasks adequately, peripheral
hypotheses on the learning mechanisms may require
revision to achieve a better fit and to strengthen the link
with the neurobiology.
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Abstract

The Turing-inspired Meta-morphogenesis project begun in
2011 was partly motivated by deep gaps in our understand-
ing of mathematical cognition and other aspects of human and
non-human intelligence and our inability to model them. The
project attempts to identify previously unnoticed evolutionary
transitions in biological information processing related to gaps
in our current understanding of cognition. Analysis of such
transitions may also shed light on gaps in current Al. This
is very different from attempts to study human mathematical
cognition directly, e.g. via observation, experiment, neural
imaging, etc. Fashionable ideas about “embodied cognition”,
“enactivism”, and “situated cognition”, focus on shallow prod-
ucts of evolution, ignoring pressures to evolve increasingly
disembodied forms of cognition to meet increasingly com-
plex and varied challenges produced by articulated physical
forms, multiple sensory capabilities, geographical and tempo-
ral spread of important information and other resources, and
“other-related meta-cognition” concerning mental states, pro-
cesses and capabilities of other individuals. Computers are
normally thought of as good at mathematics: they perform
logical, arithmetical and statistical calculations and manipu-
late formulas, at enormous speeds, but still lack abilities in
humans and other animals to perceive and understand geo-
metrical and topological possibilities and constraints that (a)
are required for perception and use of affordances, and (b)
play roles in mathematical, and proto-mathematical, discov-
eries made by ancient mathematicians, human toddlers and
other intelligent animals. Neurally inspired, statistics-based
(e.g.“deep learning”) models cannot explain recognition and
understanding of mathematical necessity or impossibility. A
partial (neo-Kantian) analysis of types of evolved biological
information processing capability still missing from our mod-
els may inspire new kinds of research helping to fill the gaps.
Had Turing lived long enough to develop his ideas on morpho-
genesis, he might have done this.

Keywords: Archimedes; Euclid; Kant; geometry; topology;
vision; evolution; biological information processing; limita-
tions of current computational models evolution as a blind
mathematician.

Introduction

There are deep gaps in current Al models, related to gaps in
theories of cognition, especially mathematical cognition (de-
spite impressive mathematical powers of computers). The
Turing-inspired Meta-Morphogenesis project, proposed in
2011 asks new questions about evolution of biological in-
formation processing, identifying what needs to be explained
and possible types of explanation corresponding to differ-
ent evolutionary stages.! Large sums are being spent in the
hope that more training on more data can diminish, and even-
tually remove, those gaps, guided by research on how hu-
mans acquire the relevant competences and on brain mech-
anisms involved, but the research focuses on a subset of the

IReferences have been deleted in this version for lack
of space, but can be found, with links to online papers,
at http://www.cs.bham.ac.uk/research/projects/cogaff/
sloman-iccml7.pdf

97

relevant competences and mechanisms, leaving much unex-
plained. E.g. research that focuses on numerical compe-
tences, ignores geometric and topological competences, that
are arguably more fundamental, in ways that I’ll explain later.
Moreover research on statistics based learning cannot explain
discoveries of necessary truths, e.g. geometrical, topological
and arithmetic truths.

Many psychologists also ignore important mathematical
features of competences being investigated, because they
don’t clearly distinguish empirical from non-empirical learn-
ing. For example, not all psychologists studying number cog-
nition seem to realise that full understanding of cardinal and
ordinal numbers depends on grasping that one-to-one corre-
spondence (bijection) is a transitive and symmetric relation
(and therefore also reflexive), and moreover those properties
are necessary (i.e. non-contingent) features of bijection, but
not logical or definitional features. This was pointed out by
Kant in 1781, though he knew of no explanatory mecha-
nisms. My 1962 thesis (now online) defended Kant against
common criticisms, but I had never heard of Al then and I
lacked the opportunity to base a defence on computational
modelling, a gap I began trying to fill in my 1978 book.
Four decades later there still seem to be no working Al sys-
tems able to replicate the discoveries in topology, geome-
try and arithmetic, made by ancient mathematicians such as
Archimedes, Euclid, Zeno and others, nor the closely related,
hard to observe, discoveries unwittingly made by pre-verbal
human toddlers, or even squirrels and nest-building birds.

A rich sample of approaches to the problems of character-
ising and explaining numerical competences can be found in
a BBS survey by Rips et.al., including commentaries and re-
sponses. Unfortunately influences on individual mathemat-
ical development now are so diverse, including biological,
physical, cultural, educational and individual differences, and
so little attention is paid to the problem of specifying imple-
mentable mechanisms, as opposed to verbal descriptions of
what brains or minds do, that the research is inevitably frag-
mentary and inconclusive and proposed theories lack the pre-
cision required to guide designs for testable working models.

Piaget drew attention to many combinations of compe-
tence and incompetence displayed by children, and produced
evidence that most did not understand that 1-1 correspon-
dence is a transitive relation until they are five or six years old.
It is also symmetric, unlike many transitive relations children
learn about (e.g. “taller than”, “heavier than”). Unfortunately,
calling this learning about “conservation” misleadingly sug-

2Like the 17.5 month old child apparently testing a conjecture
in 3D topology here http://www.cs.bham.ac.uk/research/
projects/cogaff/misc/toddler-theorems.html#pencil
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gests that understanding preservation of numerosity across
spatial rearrangement is related to understanding that matter
is conserved when rearranged. One-to-one correspondences
can hold between completely abstract entities that have no
matter to conserve. This is obvious to mathematicians, but
perhaps not all developmental researchers.

One common Piagetian test for understanding numerosity
tends to use examples of two types (e.g. apples, bananas)
and supertype (e.g. fruit) in situations where there are (e.g.)
more apples than bananas and children are asked whether
there are more apples or more fruit. At a certain age they tend
to say “more apples”. However, there is usually no attempt
to check that they have understood the question as intended.
I found that if a child is asked to count the apples, then to
count the fruit, then asked the same question, the correct an-
swer is given. Some then generalise, without help, to other
cases, e.g. giving the right answer to the question “Are there
more open windows or more windows?” asked of a build-
ing with far more windows open than shut. This suggests
that some children interpret the original question wrongly. 1
don’t know if any psychologist has tried tampering with Pi-
aget’s experiment in this way. However, Margaret Donaldson
showed in 1978 that slight variants of some of Piaget’s other
experiments, produced significantly different results.

My aim is not to criticise Piaget or his (often less well in-
formed) followers but to draw attention to problems of em-
pirical research not based on deep theories. Is there a deep
theory in neuroscience capable of explaining what sort of late
developing neural mechanism can change the powers of a
child’s brain so that the necessary transitivity and symmetry
of one-to-one correspondence is grasped? This can be viewed
as a topological problem about two networks of connections,
e.g. a network formed by setting up a one-to-one correspon-
dence between elements of sets A and B, and one between
elements of B and C. We can see (How?) that if A, B and
C are disjoint sets, the two sets of links can always be con-
catenated to form one-to-one relationships between A and C.
Does anyone have a theory as to how brain mechanisms can
detect, or even represent, the impossibility of any counter-
example — i.e. the fact that the transitivity is a necessary
truth? The work of mathematical logicians (e.g. Frege, Rus-
sell and others) allows the transitivity to be proved (tediously)
in a formal logical system, but it was understood by ancient
mathematicians (and young learners), centuries before those
formal proof methods had been discovered. What happened
in their brains when the necessity of transitivity of bijection,
i.e. the impossibility of counter examples, was grasped?

Mathematical discoveries are not concerned with empirical
or contingent regularities but with necessary connections and
impossibilities (e.g. internal angles of a planar triangle neces-
sarily sum to half a rotation, and it is impossible for any num-
ber to be the largest prime). How could we check that a brain
mechanism is able to represent and use these notions of ne-
cessity and impossibility, which are features of mathematical
discoveries, but not empirical discoveries? The answer will
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depend in part on a good theory of the semantics of modal
concepts — often taken nowadays to be “possible world” se-
mantics.> However, ancient mathematicians did not need this
notion of a possible world: they were exploring compatible
and incompatible collections of relationships in this world,
often represented diagrammatically (Sloman 1962). .

So mathematical (as opposed to empirical) discoveries
about numbers, lines, angles, etc. require use of (alethic)
modal concepts (e.g. “possible”, “impossible”, “necessarily
true”, “necessarily false”). Standard ways of acquiring gen-
eral information by observing instances and collecting statis-
tics, cannot yield such mathematical knowledge, since that re-
quires more than observed regularities. Perhaps many badly
taught learners never get beyond memorising what they have
been taught, but that’s not what needs explaining.

I am not aware of any computational model that is able to
replicate not only those arithmetical and geometrical discov-
eries but also other topological impossibilities that children
seem to understand without mathematical training, for exam-
ple that two solid rings cannot become linked and unlinked
simply by being moved continuously, or that a shoe-lace can-
not be pulled out of lace-holes twice as fast by pulling both
ends at once. Nor does any Al model that I know of explain
this. There is no evidence that Al theorem provers that draw
conclusions from logical axioms can model what a young
child, or an intelligent squirrel or crow does, or what ancient
mathematicians did over 23 centuries ago, long before dis-
covery of modern logic and algebra, and Descartes’ use of
arithmetic to model geometry.

Kant pointed out that ancient mathematical discoveries
are characterised by being (a) non-empirical, (b) non-analytic
(i.e. not derivable from definitions using only logic) and (c)
non-contingent — the truths and falsehoods are instances of
necessity and impossibility as explained in my thesis. This
does not imply that mathematicians are infallible: they can
and do make mistakes of various sorts, though they often dis-
cover and correct their mistakes, as demonstrated in Proofs
and Refutations by Lakatos.

The 20th Century discovery that physical space is non-
Euclidean is often regarded as demonstrating that Kant was
wrong about mathematical knowledge, whereas it merely
shows that some of his examples were wrong. He could have
used the discovery that a subset of Euclidean geometry can
be extended in different ways, yielding Euclidean and non-
Euclidean geometries, as an example of a mathematical truth
that is synthetic, necessarily true and not empirically based.
Non-Euclidean geometries had been discovered before the
1919 eclipse showed that physical space was not Euclidean.
Such discoveries add to what needs to be explained by neuro-
science and modelled by Al

Regarding arithmetic: is there a neural theory explaining
how brains generate and control parallel sequences of actions
required in counting operations of various sorts, with differ-
ent stopping conditions depending on the task and various

3https://en.wikipedia.org/wiki/Possible_world
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ways in which counting errors can be detected and be cor-
rected, as described in Ch. 8 of CRP?* An explanatory mech-
anism should explain how counting can be applied, via dif-
ferent senses and movable body parts, to events, continuous
processes (e.g. rotations, changes of direction, skin strokes,
or sound oscillations), to static objects, and to abstract enti-
ties (e.g. numbers, words), along with self-monitoring to de-
tect departures from strict one-to-one correspondence. More-
over, some mathematical discoveries can be made by noticing
novel features of such thinking processes, e.g. repeated pat-
terns. I suspect no known neural mechanism explains how re-
flection on processes produced by number generating mecha-
nisms can lead to the concept of a non-terminating sequence,
and then to an understanding that there are infinitely many
numbers. What allows a child to understand “never stops”?

Another discovery that I believe is beyond current Al the-
orem provers was known to Archimedes and others: namely
adding the neusis construction to Euclidean geometry, allow-
ing motion of a straight-edge with two marks, makes it easy
to trisect an arbitrary angle, which is impossible in standard
Euclidean geometry.” What would a neural explanation of
such a discovery process look like? Finding brain regions that
are active during such discoveries does not tell us how brains
encode universally quantified semantic content, or how they
derive new semantic contents. It cannot be assumed that such
discoveries are based on applying rules of modern logic (e.g.
predicate calculus) to logical axioms, in part because modern
logic was not available to ancient mathematics: it was mostly
created recently by thinkers like Boole, Peano, Frege, Rus-
sell and others. Moreover, Euclidean geometry was not ax-
iomatised using modern logic until 1899, by David Hilbert.
Trisection was proved impossible in that system, so discov-
ery of a construction that trisects an arbitrary angle must have
used a different mode of spatial reasoning. I suspect ancient
discoveries in geometry and topology were closely related to
the need to identify positive and negative affordances, shared
with other intelligent species. But evolution added some ad-
ditional, unknown(?) discovery or reasoning mechanism in
humans.

Meta-cognitive mechanisms, allowing internal processes
based on previous competences to become objects of reflec-
tion during their performance seem to be required for some
new mathematical insights. Many practical tasks can make
use of multiplication and division, e.g. making sure that ev-
ery member of a group has two shoes, or dividing N tasks be-
tween M people. Reflecting on this leads to the discovery that
some sets with N members can be divided into M equal sets,
but not into M+1 equal sets, and eventually that some num-
bers cannot be divided into any number of equal sets: they
are primes, already familiar to Euclid. It is not clear how the
impossibility is recognized, as opposed to mere repeated fail-
ure. Statistics-based learning mechanisms could not discover

4Revised edition online at http://www.cs.bham.ac.uk/
research/projects/cogaff/crp#chap8

SFor more detail see http://www.cs.bham.ac.uk/research/
projects/cogaff/misc/trisect.html
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impossibilities and necessary truths: those are not degrees of
probability. (However mathematical theorems about proba-
bilities are necessary truths, not probabilistic assertions!)

Piaget (who had studied Kant, Frege and Russell) under-
stood some of the problems. His two posthumous books were
on possibility and necessity, though he lacked the tools re-
quired to solve our problems.

Mathematical meta-cognition

Metacognitive reasoning processes seem to have enabled Eu-
clid (or a predecessor) to discover and prove that there cannot
be a largest prime number, so there must be infinitely many
prime numbers. How did evolution produce mechanisms with
such capabilities, and how do they work? Perhaps a “du-
plicate then differentiate” transition in our evolutionary his-
tory somehow produced meta-cognitive capabilities, allow-
ing comparisons of modes of thinking on different occasions,
leading to important insights concerning differences between
reliable and unreliable reasoning, enabling introspected rea-
soning processes to be described and modified while they
were being performed, and allowing mistakes of reasoning
to be discovered and eliminated, or successful modes to be
combined to form more complex modes.

Such meta-cognitive abilities would also have social con-
sequences, e.g. allowing strategies discovered during self-
debugging to be later taught to others.® Every good math-
ematics teacher knows that learning to detect mistakes in
reasoning is a deep part of mathematical education. More
generally, the extension of meta-cognition from direct self-
observation to indirect other-observation can help with effec-
tive other-debugging processes. I don’t know if anyone has
an appropriately deep theory of how brains encode and ma-
nipulate self- and other- directed meta-cognitive information.
(Could Barnden’s ATT-Meta system be a start?)

Can we get clues from biological evolution?

If a bird is seen to be flying around in an elliptical orbit, it
will not be because the bird’s motion is caused by elliptical
physical motion of something outside the bird, as rotary mo-
tion of a leaf in a river whirlpool is caused by the motion of
the water. The bird will have information about its environ-
ment (e.g. about possible prey, a possible nesting site, or a
predator approaching its nestlings) and identified needs (e.g.
to get food, to find a good place for a nest, to find nesting ma-
terial, to distract a predator, etc.) It will also need the ability
to increase or decrease speed and change direction. Depend-
ing on the circumstances, the bird’s motion will use energy
(either in its muscles, or in wind or updrafts, or gravity), con-
trolled on the basis of constantly changing information, to
produce motion with intended results. There may or may not
be additional meta-cognition (self-awareness). Instead of be-
ing moved solely by external physical forces, as planets and

SHowever, it’s a fashionable mistake in some circles to assume
that mathematical discovery necessarily requires social uses of lan-
guage, just as its a fashionable mistake to assume physical embodi-
ment plays a role in all mathematical reasoning.
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clouds are, the bird has information-processing mechanisms
that control its motion. E.g. it can select some information
items rather than others then select and execute an action,
then switch to a different goal and different action. Evolu-
tion changes the amount and variety of information that can
be acquired, manipulated, stored and used, and the variety of
types of needs and goals that can drive such processes.

Long before humans existed, various mathematical struc-
tures and relationships, some but not all numerical, were in-
volved in control processes, including increasing or decreas-
ing turn angles, speed, height, joint angles, forces applied,
etc. At some stage humans developed meta-informational
(meta-cognitive) abilities to reflect on, reason about, increas-
ingly complex examples of such structures and relationships,
including possible future structures; e.g. shelters not yet built,
clothing not yet made from an animal skin, a meal whose in-
gredients are not yet assembled.

As yet unknown evolutionary changes must have supported
new proto-mathematical abilities for manipulating and using
information about structures, processes, actions, forces, etc.
including future possible (intended) cases. A large subset is
shared with other intelligent species. The mathematics that
we teach and do research on is just a small subset, and almost
certainly cannot be understood independently of the less ob-
vious mathematical competences we share with many other
species, especially topological and geometrical competences.
Different mathematical structures occur in percepts, in inten-
tions, in plans and, later on, in linguistic communications.

Evolutionary pressures for mathematical minds

Increasingly complex forms of life need to use increasingly
complex and varied information structures including motives:
information states concerned not with what is the case but
with what should be the case, i.e. not just belief-like but
also desire-like information contents of increasingly complex
kinds. I am not claiming that ALL intelligent behaviour is
based on current biological needs, or expected rewards, since
some motives are triggered as “internal reflexes” by opportu-
nities without any expected benefit, as can be seen in much
playful activity in young children, kittens, apes, and others.
What is learnt in such contexts can have consequences that
are later useful in ways that the individual could not possibly
predict. So although the mechanisms do not involve expected
rewards, the indirect benefits they previously produced in an-
cestors may explain the survival of the goal generating mech-
anisms in their descendants, though not how they formed in
the first place (using specially evolved construction kits).
There may be “branch points” during development where
different lineages take different branches, under control of
genome and environment. But at later stages of development
evolution can support greater environmental variation, so that
genetically programmed developmental choices may use in-
formation previously acquired during development. The fact
that common gene-based language potential can support de-
velopment of thousands of different languages in different
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contexts illustrates this.

That requires the genome to have a mathematically abstract
language specification with very rich generative power, as
Chomsky pointed out long ago. I suggest that that is a com-
mon feature of biological intelligence, which began with evo-
lution of intelligent control systems in many species that have
never been able to use human languages. But they must have
rich internal languages for specifying percepts, goals, actions,
and environmental structures, including structures that were
never encountered by earlier members of the species. A spe-
cial case is ability to represent entirely new affordances—not
unique to humans. .

One of the deep discoveries of evolution was the need for
reflexes: actions triggered without the agent having any idea
what the benefits are. We need to generalise this to include
reflex triggering of new internal motivational states that join
other current motivational states, and may or may not lead to
action, depending on what else is going on. I call this “Archi-
tecture Based Motivation” (ABM) in contrast with “Reward
Based Motivation” (RBM) which requires every selected mo-
tive to be associated with some measurable expected utility.

ABM seems to be the basis of much exploratory and play-
ful behaviour, including developing linguistic abilities of dif-
ferent sorts, e.g. early babbling and later uses of increasingly
complex syntactic forms and growing vocabularies. This may
be a source of mathematical development and discovery in
young humans (with much individual variation). It also de-
pends on prior, presumably genome-derived, mathematical
competences required for exploring novel semantic contents.

As evolution produced increasingly complex organisms,
with increasingly complex time-varying needs, and complex
articulated bodies capable of rich and varied interactions with
the environment, the requirements for mathematical abstrac-
tion in information processing increased, including use of ge-
ometrical and topological information about spatial structures
and both observed and desired changes in spatial relation-
ships, unlike organisms that simply depend on physical in-
fluences such as wind or water or the intervention of other
organisms to produce the changes they need, e.g. use of other
organisms for seed dispersal.

Simple types of information-based control are online: in-
formation is used as it is acquired and immediately over-
written by new information, e.g. if an animal moves continu-
ously towards a fixed or moving edible target. More sophisti-
cated organisms combine information fragments acquired at
different times to produce richer information-structures con-
cerning the environment, e.g. a human (or urban animal) stor-
ing and integrating information about the layout of a town and
later using the information to work out a route that will reach
a new target. This uses offline information processing, and
offline control: actions may be selected long before they are
performed, unlike online homeostatic control. The richer the
environment, the more varied its structures, routes, materials,
and other resources, the more powerful the organism’s mathe-
matical resources will need be to be able to create and reason



about novel possibilities for achieving goals, avoiding dan-
gers, etc. Because of the need to cope with novelty by getting
things right first time, empirical learning from repeated trials
will be of limited use. This is where mathematical compe-
tences are so biologically useful: solutions can be evaluated
in advance by reasoning, using structural relationships, in-
stead of having to be evaluated only by repeated testing.

There are differences between a planetary system in which
mathematical relationships restrict motions resulting from
forces and what goes on in the majority of biological con-
trol systems: where, instead of physical processes directly
producing or modifying behaviour, there are intervening in-
formation processing mechanisms. E.g. sensory systems ac-
quire information and motor control mechanisms use that in-
formation in selecting between control alternatives. The con-
trol actions may be influenced by information from several
sources: e.g. information about an internal need (e.g. for
energy-rich food, or for water) can be combined with infor-
mation about opportunities and obstacles in the environment,
or lurking predators. These are unlike processes combining
physical forces.

In many cases physical attractive forces increase as dis-
tance is diminished, which in the case of physical control
leads to increasing acceleration. That could be disastrous for
an organism approaching a target: so it is useful be able to
detect closeness to the target and use that information to pro-
duce deceleration (using stored energy for braking). Where
the target is a prey animal that is likely to attempt escape, ac-
celeration right up to contact may be useful, but that requires
additional control mechanisms, e.g. producing appropriate
motion of claws, or beak or jaws, to capture (or perhaps kill)
the prey while avoiding a dangerous impact for the predator.

Even in a very simple single-celled organism, mathemat-
ical relationships play a role in control of osmotic pressure,
which can be altered by absorption of nutrients or secretion of
waste products.  One of the important differences between
forces and information contents is that forces remain active
in the presence of other forces, and their effects combine to
produce “resultant” forces, whereas an information item can
be temporarily disabled by being ignored, until some urgent
task has been completed. So it is essential in organisms to
be able to use information to control which other information
items have causal powers at which times.

Mathematical competences required for use of such infor-
mation in selecting and controlling actions are found in many
non-human species. These are important aspects of percep-
tion and use of what James Gibson called “affordances” in
the environment . However Gibson focused on a subset of
affordances, mainly those that are relevant to online control
of actions by the perceiver, whereas humans can perceive and
make use of positive and negative affordances for other indi-
viduals, and “proto-affordances” — that involve possibilities
for change in many aspects of the environment that are not
produced by the perceiver and which may be irrelevant to the
needs of the perceiver, for example, perceiving that if a cer-
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tain apple drops off the tree it will not hit the ground because
it will land on a rock, whereas if the rock is moved the result
will be different. Humans, (and some other organisms?) can
also deal with negative affordances that are impossibilities.’

Moreover, control relationships can change as an animal
grows: genetic mechanisms must somehow enable control-
ling forces to be varied as sizes, weights, moments of inertia,
geometrical relationships and muscular strength change in a
growing animal, as D’ Arcy Thompson and others have noted.

Besides control based on quantitative relationships, evo-
lution also uses information about structures and structural
relationships, insofar as genetic information plays a role in
specifying parts and relationships between parts of develop-
ing chemical and physical structures. In humans, another
kind of mathematical power is involved in the ability of in-
dividuals to develop linguistic competences that make use of
complex and varied grammatical structures for information-
bearing utterances, and competences that build complex se-
mantic interpretations based on structural relationships (com-
positional semantics).

Evolution: the blind mathematician

In all these cases the evolutionary and developmental con-
trol mechanisms seem to make use of repeated discovery
of new structures that can be abstracted from particular in-
stances and later combined with different information in new
contexts, while performing complex controlled actions, and
while interpreting complex structured perceptual input. Some
information about newly discovered abstractions is somehow
encoded in genetic mechanisms that allow the information
gained to be used in later products of evolution. And in many
cases it is crucial that the replication is not a matter of re-
peated blind copying of the same structure: what is passed on
is at a level of abstraction that can be instantiated in different
instances, for example (a) when used for continued control
of organisms or parts of organisms while growth produces
different sizes, weights, size-ratios, moments of inertia, etc.
during development and (b) when used in newly emerging
species with different details caused by changes in other parts
of the genome.

So evolution can be described as “discovering” that new
mathematical structures are possible, and that they can be
used for new control functions, during reproduction, during
development, and during particular actions. Moreover, the
evolutionary and developmental histories can be regarded as
proofs of those mathematical possibilities, even though there
is no mathematical mind at work in discovering the theo-
rems or creating the proofs. In that sense biological evolu-
tion can be regarded as a “blind theorem prover”, rather than
Dawkins’ “blind watch-maker”.

Computers are much faster and more accurate than humans
at performing certain kinds of mathematical operations, in-
cluding numerical and statistical operations, and using arith-

"http://www.cs.bham.ac.uk/research/projects/
cogaff/misc/impossible.html
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metic, algebra and logic to derive conclusions, solve prob-
lems and make plans. But not all mathematical discover-
ies made by humans are based on arithmetic, algebra and
logic. Examples include the ancient geometrical and topo-
logical discoveries leading up to Euclid’s Elements® made by
ancient mathematicians, e.g. Euclid, Archimedes, Pythago-
ras, Zeno and others; and also the implicit mathematical dis-
coveries regarding syntactic and semantic structures used in
human languages.

Even pre-verbal toddlers, and other animals, such as crows,
elephants, weaver-birds and squirrels, seem to have spatial
(e.g. topological) reasoning competences unmatched by cur-
rent automated theorem provers and highly trained robots.’
However, non-human mathematical reasoners and very young
humans lack meta-cognitive abilities to reflect on their math-
ematical discoveries or to explain and defend them against
criticism. That limitation may also have afflicted our adult
ancestors who first started to make unreflective and unsys-
tematic use of some of their practical reasoning abilities.

I suspect the variety of evolved mathematical competences
is far larger and deeper than anyone has noticed. Researchers
are currently struggling to sort them out. E.g. there is a no-
tion of density (of grains of salt or sand, of leaves, or flock-
ing birds) and a notion of an area or volume occupied with
uniform density, which leads to a notion of amount or nu-
merosity that varies both in proportion with the density and
with the area or volume, because fofal amount, or numeros-
ity, as opposed to (cardinal) number increases or decreases as
either the density, or the area/volume increases or decreases.
Understanding that can lead to inferences about increasing
numerosity as density remains constant and area or volume
increases, or as density increases while area or volume re-
mains constant. This can support judgements of partial or-
derings of amount or numerosity. But it does not provide a
basis for comparing two regions A and B where area or vol-
ume of A is greater than that of B, but density of occupancy
of B is greater than that of A. Understanding the tradeoff be-
tween change in total space and change in density requires
a kind of mathematical sophistication that is a pre-cursor to
the understanding of integral calculus. I don’t know whether
anyone understands the mechanisms used in such cases, nor
how they produce new competences during development.

Still more mechanism is required for comparisons of areas,
volumes, lengths and amounts of stuff occupying areas or vol-
umes. Those require understanding of new kinds of number
that occupy spaces between the natural numbers. Ratios, or
fractions may seem at first to suffice, so that we can talk of
a jug being half, three quarters, five sixths, full etc., but an-
cient mathematicians discovered (to their horror) that those
ratios do not suffice. In particular something more is needed
if the side of a square and its diagonal are to be thought of
both having definite lengths, as was understood by the time

8nttp://www.gutenberg.org/ebooks/21076

9Examples involving human toddlers can be found here
http://www.cs.bham.ac.uk/research/projects/cogaff/
misc/toddler-theorems.html
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of Euclid’s Elements.

Limited mathematical abilities of Al systems

Computers are generally thought of as good at doing math-
ematics. But that is based on a limited view of the scope
of mathematics. Computers can perform logical, arithmeti-
cal (and therefore statistical) calculations, and operations on
text strings, at enormous speeds, because those processes are
readily mapped onto operations on bit patterns — especially
in combination with random access memory (RAM) opera-
tions that allow contents of memory locations to be checked
or modified at very high speed (unlike operations on the tape
of a Turing machine). Moreover developments in Al, soft-
ware engineering, theoretical computer science, networking
technology, and increasingly sophisticated fabrication pro-
cesses have expanded the abilities of (networks of) computers
so that they increasingly form interfaces to a host of everyday
functions, and outperform humans in many activities.

Yet there are many aspects of human (and non-human) in-
telligence that are not yet modelled on computers, and seem
to be particularly hard to model. Many cases go unnoticed
by researchers because because they involve not just abili-
ties to act (e.g. catching, throwing, assembling, stacking,
etc.) but also abilities to understand possibilities, necessi-
ties and impossibilities, which abound in both mathematics
and everyday life. These aspects of human and animal intel-
ligence cannot be derived from statistics based learning, nor
expressed in probabilistic frameworks, because they are con-
cerned with what is possible, impossible, or necessarily the
case, not probabilities. And many are about structures, not
measures.

The Turing-inspired Meta-Morphogenesis project includes
trying to understand many intermediate forms of information
processing between the very simplest organisms and current
highly intelligent animals, in the hope that we may stumble
across cases that we have never previously thought of that
provide new clues regarding mechanisms required and used
in brains. The project has already identified a need for evo-
lution to make use of both the fundamental construction kit
(FCK) provided by the physical universe and also many de-
rived construction kits (DCKs) produced by biological evo-
lution. Some are concrete construction kits for producing
physical and chemical structures and processes. Others are
abstract construction kits for producing information struc-
tures and information processing mechanisms. It is hoped
that eventually we’ll understand the sorts of construction kit
required to replicate human mathematical intelligence in ma-
chines, so that we’ll know how to make a baby Kantian robot
that can grow up to make discoveries like Euclid.

For more on the meta-morphogenesis project see:
http://www.cs.bham.ac.uk/research/projects/
cogaff/misc/meta-morphogenesis.html
FOR MISSING REFERENCES SEE:
http://www.cs.bham.ac.uk/research/projects/
cogaff/sloman-iccml7.pdf
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Abstract

We describe a computational model of two central aspects of
people’s probabilistic reasoning: descriptive probability es-
timation and inferential probability judgment. This model
assumes that people’s reasoning follows standard frequentist
probability theory, but is subject to random noise. This random
noise has a regressive effect in probability estimation, moving
probability estimates away from normative probabilities and
towards the center of the probability scale. This regressive
effect explains various reliable and systematic biases seen in
people’s probability estimation. This random noise has an anti-
regressive effect in inferential judgment, however. This model
predicts that these contrary effects will tend to cancel out in
tasks that involve both descriptive probability estimation and
inferential probability judgment, leading to unbiased responses
in those tasks. We test this model by applying it to one such
task, described by Gallistel et al. (2014). Participants’ median
responses in this task were unbiased, agreeing with normative
probability theory over the full range of responses. Our model
captures the pattern of unbiased responses in this task, while
simultaneously explaining systematic biases away from nor-
matively correct probabilities seen in other tasks.

We live in a world of nonstationary stochastic processes,
where events occur with some associated probability, and
this probability itself changes unpredictably over time. To
make successful predictions about event occurrence in such a
world we must use two distinct types of probabilistic reason-
ing: descriptive probability estimation (given the events we
have seen recently, what is the current underlying probability
of A?) and inferential probability judgment (given our cur-
rent estimate for the probability of A, is the current sample of
events consistent with that probability? Or should we infer
that the underlying probability of A has changed?). Our aim
in this paper is to present a computational model of these two
interacting components of probabilistic reasoning.

One revealing aspect of human probabilistic reasoning is
the reliable occurrence of a number of systematic biases;
biases such as conservatism (Erev et al., 1994), subadditiv-
ity (Tversky and Koehler, 1994) and the conjunction fallacy
(Tversky and Kahneman, 1983). The model we present here
was originally developed to explain these biases in terms
of the regressive effect of random noise in reasoning (see
Costello and Watts, 2014). Here we extend this model to in-
ferential probability judgment, and show that this model ex-
plains patterns of bias seen in such judgment. This model pre-
dicts that, in situations that involve both forms of reasoning,
these regressive effects will tend to cancel out, leaving sub-
jective probability estimates that tend to agree with the nor-
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matively correct values with no systematic bias. Such agree-
ment is seen in recent studies of probability estimation for
nonstationary stochastic processes by Gallistel et al. (2014).
We demonstrate the model by applying it to Gallistel et al.’s
study in detail.

The probability theory plus noise model

Our model assumes that people’s probability judgments are
produced by a mechanism that is fundamentally rational, but
is perturbed in various ways by purely random noise or error,
which causes systematic regressive effects. We take P(A) to
represent the ‘true’ probability of event A (that is, the propor-
tion of items in memory that represent A). We take p.(A) to
represent an individual estimate of the probability of event A,
and take (p.(A)) to represent the expectation value or mean
of these estimates for A: this is the value we would expect to
get if we averaged an infinite number of individual estimates
for p.(A). In standard probability theory, the probability of
some event A is estimated by drawing a random sample of
events, counting the number of those events that are instances
of A, and dividing by the sample size. The expected value of
these estimates is P(A), the probability of A. We assume that
people estimate the probability of some event A in exactly this
way: randomly sampling events from memory, counting the
number of instances of A, and dividing by the sample size.

If this counting process was error-free, people’s estimates
would have an expected value of P(A). Human memory, how-
ever, is subject to various forms of random error or noise. To
reflect this we assume events have some chance d < 0.5 of
randomly being counted incorrectly: there is a chance d that
a —A (not A) event will be incorrectly counted as A, and the
same chance d that an A event will be incorrectly counted as
—A. Given this form of noise, a randomly sampled event will
be counted as A if the event truly is A and is counted cor-
rectly (with a probability (1 —d)P(A), since P(A) events are
truly A and events have a 1 —d chance of being counted cor-
rectly), or if the event is truly —A and is counted incorrectly
as A (with a probability (1 — P(A))d, since 1 — P(A) events
are truly —A, and events have a d chance of being counted
incorrectly). Summing the probabilities of these two mutu-
ally exclusive situations, we get an expected value for a noisy
probability estimate of

(p+(A)) = (1 =2d)P(A) +d Q)



with individual estimates varying independently around this
expected value. This average is systematically biased away
from the ‘true’ probability P(A), such that estimates will tend
to be greater than P(A) when P(A) < 0.5, and will tend to
be less than P(A) when P(A) > 0.5: a pattern of systematic
regression towards 0.5, the center of the probability scale.

Regression, in this model, explains a number of observed
patterns of bias in people’s probability estimates, such as
conservatism, subadditivity, and the conjunction fallacy (see
Costello and Watts, 2016a, 2014). This model also makes a
number of novel predictions about patterns of bias and agree-
ment with probability theory for various probabilistic expres-
sions; for example, this model predicts that

P+«(A) +p«(B) = p-(ANB) = p.(AVB) =0

will hold, on average, in people’s probability estimates for
any events A and B (because in this expression the regressive
effects of noise on individual probability estimates p.(A),
P«(B) px(AAB) and p.(AV B) will tend to cancel out). These
predictions are strongly supported by experimental results
(see Costello and Watts, 2014, 2016b).

Inferential probability judgment

Equation 1 describes the expected value for a probability es-
timate in one type of probabilistic reasoning task: one where
the reasoner sees a sample containing some instances for the
event of interest, A, and produces an estimate of the underly-
ing probability P(A). This type of task involves the estimation
of a descriptive probability: a probability that summarises the
observed sample. We now consider a probabilistic reason-
ing task where the reasoner is given an explicit probability
value p and a sample of n events containing x instances of
event A , and judges whether the number of A’s seen in the
sample is consistent with the given probability. This type
of task involves the estimation of an inferential probability
P(x,n|P(A) = p): the probability of seeing x A’s in a sam-
ple of n items, given that P(A) = p. Frequentist probability
theory provides a normative mechanism for estimating such
inferential probabilities: to estimate P(x,n|P(A) = p), draw
a series of random samples, each of size n, from a popula-
tion where P(A) = p and count the proportion of samples that
contain exactly x instances of A. This proportion gives an es-
timate of the probability of the observed sample occurring in
a population with P(A) = p: the lower this estimate, the less
likely it is that the observed sample came from such a pop-
ulation. The expected value of this estimate is given by the
binomial probability function

P(x,n|p) = <Z> pr(I=p)"™ 2
In our model we assume that people estimate inferential prob-
abilities just as in frequentist probability theory: by drawing a
series of random samples of size n from a (simulated) popula-
tion where P(A) = p, and counting the proportion of samples
that contain exactly x instances of A. We assume that this
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counting process is subject to random error; that the count of
occurrences of A in a sample is subject to random noise at
a rate d (there is d chance that an instance of A in a given
sample will be counted as —A, and d chance that an instance
of —A in a given sample will be counted as A). Given this
random error, with P(A) = p the chance of an instance in a
sample being counted as A is equal to (1 —2d)p +d (from
Equation 1), and so the expected value for this noisy estimate
is given by the binomial probability

rtrnlp)) = (1) (1 =200+ (1 =201 = p) )

3)
Note that the probabilities given in Equation 2 and Equation
3 are both binomially distributed with common terms x and
n. If we take p, to be our current estimate of the probablity of
A in the population in question, this means that, for any given
values of x and n, the associated noisy inferential probability
(p«(x,n|pe)) is exactly equal to another normatively correct
inferential probability P(x,n|p) when

(1 =2d)pe +d) (1= 2d) (1 = po) +d)"* = p* (1= p)'*

When d < p < 1 —d, this equality holds for all values of n
and x when
(1-2d)p.+d=p

or equivalently when

p—d

Pe=1"724

This expression is ‘anti-regressive’, giving values for p, that
are closer to the boundaries O and 1 than values of p: p, is
greater than p when p > 0.5, and less than p when p < 0.5.

Properties of the model

In this section we apply the above model to two sets of ex-
perimental results: on conservatism in inferential probabil-
ity judgment, and on probability estimation in tasks that mix
probability estimation and inferential judgment.

Conservatism in inferential judgment

Experimental studies typically investigate inferential proba-
bility estimation indirectly, using the related concept of rela-
tive probability. These studies involve describing two pop-
ulations containing complementary proportions of two dif-
ferent types of event. Participants are told that a population
has been picked at random, and are then shown a sample of
events drawn from the selected population and asked to as-
sess the probability that the sample came from one population
rather than the other. Typically these populations are ‘book-
bags’ containing poker chips, with one bag containing, for
example, 70% red chips and 30% black (this is the ‘red bag’),
and the other bag containing the complementary proportions:
30% red chips and 70% black (this is the ‘black bag’). Par-
ticipants are told the distribution of chips in each bag. They
are then shown a sequence of n chips and asked, after seeing



each chip, to estimate the probability that the sample came
from the red bag rather than the black bag, or vice versa (the
relative probability of one bag over the other; see Peterson
and Beach, 1967, for examples).

Having seen a sample of n events containing x red chips,
the normatively correct relative probability that the sample
came from the red bag rather than the black bag is given by

P(x,n|p) 1

RO = B alp) +PCenlT— ) 1y [ [
t+[52] [+55)
“
(since the proportion of red chips is p in the red bag, and 1 — p
the black bag). As participants proceed through these tasks
they give relative probability estimates that follow the direc-
tion required by normative probability theory, but with values
of these estimates being ‘conservative’: less extreme than the
normatively correct values. This means that if participants
see x > n/2 red chips in their sample, they give estimates for
the probability that the sample came from the red bag that are
greater than 0.5 but less than the normatively correct value,
while if participants see x > n/2 black chips in their sample,
they give estimates for the probability that the sample came
from the black bag that are greater than 0.5 but less than the
normatively correct value. In applying our model to this task
we assume, without loss of generality, that red chips are most
frequent in the sample and take x > n/2 to be the number of
red chips in the sample of n events that have been seen, and
assume p > 0.5 to be the proportion of red chips in the red
bag (the bag that participants associate with the sample).
The estimated relative probability, in our model, of a seeing
a sample of size n with x red chips coming from the red bag
rather than the black bag is given by

ps(x,n|p)
ps(x,n|p) + p«(x,n|1 — p)

RE(x7n7p) =

Note that, since by assumption p > 0.5 and x > n/2, from
Equation 3 we see that p.(x,n|p) > p.«(x,n|1 — p) will tend
to hold (subject, of course, to random error: more specifi-
cally, the higher the values of x and p the more likely it is
that this inequality will hold). This means that Rg(x,n,p)
will be greater than (0.5, and these noisy relative probabil-
ity estimates will follow the direction required by normative
probability theory, just as seen in experiments.

For p > .5 this function Rg(x,n,p) will be concave for
all x > n/2 (since as x increases from n/2 the probability
that the sample came from the red bag increases while the
probability that the sample came from the black bag simul-
taneously falls). Since from Jensen’s Inequality we have
(f(x)) < f({x)) for concave functions (the expected value of
a concave function is less than that function of the expected
value of its argument), we get

(p:(x,n|p))

<p* (x,n|p13*f},f|(§,)n|1 =) >

and so, rearranging and substituting, we get

1

14 [(172d>(17p)+dr {( (1-2d)p+d

<RE(x7n7p)> < n—x
(—2d)p+d 172d)(17p)+d}

Comparing Equations 4 and 5 we see that (Rg(x,n)) <
R(x,n,p) when

1+d(;—2) 1+d(;—2)
1+d<ﬁ—2> 1+d(ﬁ—2)

Since by assumption we have p > 0.5 and x > n/2 we
see that the inequality in equation 6 always holds, and so
0.5 < (Rg(x,n,p)) < R(x,n,p): estimated relative probabil-
ity follows the direction required by probability theory, but
is conservative, just as observed in people’s relative proba-
bility judgments. In other words, even though the expected
values for the individual inferential probability judgments
(p«(x,n|p)) and (p.(x,n|1 — p)) are each anti-regressive rel-
ative to their corresponding normative values in this model,
when combined to produce an overall estimate of relative
probability, this estimate is regressive and so reproduces the
pattern of conservatism seen in inferential judgment.

X n—x

< (6)

Combined estimation and judgment tasks

We finally describe how this model applies to tasks that in-
volve both descriptive and inferential probability estimation.
We consider an iterative task that involves the repeated updat-
ing of an estimate for the hidden probablity parameter (which
may itself randomly change), given a sample of events pre-
sented outcome by outcome. People’s performance in such
tasks were investigated in an experiment by Gallistel et al.
(2014), where participants gave repeated estimates of the hid-
den parameter, p, of a stepwise non-stationary Bernoulli pro-
cess that controlled the colour of a circle being drawn from a
concealed box. On each trial participants clicked a button to
draw a new circle from the box. After being drawn, the circle
evaporated, and participants could update their estimate for
the hidden probability p. Participants were told that the box
would sometimes be silently replaced by another box with a
different value of p. Participants could update their estimates
by either clicking a ”The box has changed!” button (and then
picking a new probability estimate), or by adjusting their cur-
rent probability estimate, or by making no change.

There were two main results from this experiment. First,
people’s probability estimates were characterised by rapid
changes in the estimated value in response to changes in the
underlying hidden probability, separated by periods of small
adjustments in the estimate (see Figure 1, left side). The
speed of detection of a change in the underlying probability
p depended on the degree of change: large changes in the un-
derlying probability were detected more rapidly than smaller
changes. The median latency for detection of a change in
probability estimate in response to a change in the underlying

= (p(x,n|p)) + (ps(x,n|1 — p)) probability was around 12 events in Gallistel et al. (2014).
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Figure 1. (Left) Trial-by-trial true probability (dashed line) and trial-by-trial probability estimate (solid line) for Subject 4,
Session 8 in Gallistel et al.’s task (From Fig. 5 in Gallistel et al., 2014, page 102; p, and p, represent true and estimated prob-
abilities respectively). (Right) Trial-by-trial probability estimates produced by our model for the same set of true probabilities.
These graphs illustrate the step-hold pattern seen in Gallistel et al.’s task, and show that the model reproduces this pattern.

The second main result was that the relationship between the
true probability p and participants estimated probability was
essentially that of identity: the median trial-by-trial probabil-
ity estimates closely tracked the true hidden probability with
no systematic bias.

This pattern of agreement with the true probability arises,
in our model, due to the cancellation of regressive effects in
probability estimation against those in inferential judgment.
Suppose we see a series of random samples drawn from a
population with a parameter p = P(A), and take p, to repre-
sent our estimate of p (which we repeatedly update as out-
comes are presented in the task). This estimate p, will be
subject to random noise, and so will have a regressive av-
erage value as in Equation 1. Individual estimates p, will
be adjusted (in a quasi-random walk) in response to infer-
ential probability judgment of the chance of obtaining the
currently-seen sequence of outcomes, given our current esti-
mate. This inferential probability judgment will also be sub-
ject to random noise, and so will be anti-regressive. This esti-
mate p, will be least likely to be adjusted when it reaches
a value maximally consistent with the average number of
counted occurrences of A in the presented sample, and so will
tend to fix at that value. Due to random noise, the average
number of counted occurrences of A in a sample is equal to
[(1—-2d)p+d]n, and so p, will fix at the value for which the
inferential probability (p.([(1 —2d)p+d|n,n|p.)) is max-
imised. Since from Equation 3 this inferential probability has
a binomial distribution with probability (1 —2d)p,. +d, it has
its maximum value when

(1-2d)p.+d=(1-2d)p+d

or equivalently, when p, = p; when our estimate p, for the
underlying population probability equals the true value. In
other words, even though descriptive probability estimates are
regressive in this model (due to random noise), and inferen-
tial probability estimates are anti-regressive (also due to ran-
dom noise), when these two types of probability judgment are
combined these regressive and anti-regressive effects should
on average cancel out, leaving estimates that on average agree
with the hidden probability parameter p; just as seen in mixed
estimation and inferential judgment tasks such as Gallistel et
al’s.
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Computational simulation

We apply the model to Gallistel et al.’s continuous probability
perception task by assuming that a continuous probability es-
timate p, is assessed by counting the frequency of A in n just-
observed events (subject to random noise). The parameter
n here represents the size of short-term memory available to
store just-seen events: we assume 7 is small, but beyond that
make no assumptions about the value n (in our simulations,
below, we chose n randomly for each simulated participant,
uniformly in the range 5...20).

We take x to represent the number of occurrences of A in
the n most recently observed events and take x, to represent
the noisy count of that number (the count of occurrences ob-
tained with a chance d of randomly miscounting). The ex-
pected value of x, equals (1 — 2d)x + nd, and so the imme-
diately observed probability of A in that sample has the ex-
pected value

(7

On each event occurrence the model makes one of three
choices, corresponding to the 3 choices available to partici-
pants in Gallistel et al.’s experiment. First, the model may
reject the current value of p, as inconsistent with the number
of A’s just observed, and update to a new estimate by set-
ting p. = ¢ (this choice corresponds to clicking The box has
changed!” in Gallistel et al.’s experiment). Second, the model
may decide that the underlying distribution has not changed
but that g is more consistent with the observed number of A’s
than p.. In this case the model again updates to a new esti-
mate by setting p, = ¢: this choice corresponds to a small ad-
justment of the current probability estimate. Third, the model
may decide not to modify p,.

To decide whether the current estimate p, needs to be re-
jected, the model considers the chance of seeing x, occur-
rences of A in n samples where the probability of seeing A in
those samples is actually p.. If this chance is too low p, is
rejected. The model assesses this chance in a simple way: by
generating 100 random samples (each of size n, with A occur-
ring randomly with probability p.) and counting the number
of A’s in each sample. This counting process is subject to
random error, with some probability d < 0.5 that an occur-
rence of A will be counted as —A, or an occurrence of —A
will be counted as A. The proportion of these samples that

g=(1-2d)  +4
n



contain exactly x, occurrences of A represents an estimate
of the inferential probability Pg(x.,n|p.). If this inferential
probability is less than some decision criterion 77 the model
concludes that p, should be rejected because the underlying
distribution has changed. The model then changes the new
estimate to ¢.!.

If the current estimate is not rejected, the model next con-
siders making an estimate adjustment. To decide whether the
current estimate p, needs to be adjusted, the model consid-
ers the inferential probability Pg(x.,n|q): the chance of see-
ing x, occurrences of A in n samples drawn from a popu-
lation where P(A) = g. As above, the model assesses this
chance by generating 100 random samples (each of size n,
with A occurring randomly with probability ¢) and counting
the number of A’s in each sample (subject to a rate d of ran-
dom error in counting). The proportion of these samples that
contain exactly x, occurrences of A represents an estimate of
the inferential probability Pg(x.,n|q). If the difference be-
tween this inferential probability and the previous inferential
probability is greater than some decision criterion 75 (that is,
if Pg(xe,n|q) — Pe(xe,n|pe) > T») the model decides that ¢
is a better estimate and changes to a new estimate by setting
Ppe = q. Otherwise the current estimate p, is left unchanged.

Results

We wrote a computer program implementing this model and
tested it by simulating Gallistel et al.’s experiment. On each
run of this simulation the model was shown a consecutive
sequence of 1000 randomly generated A or —A events. Af-
ter seeing each event, the model either rejected its current
probability estimate and changed to the new estimate g; or
adjusted its estimate to the new estimate g; or else left its es-
timate unchanged. Events were generated randomly, with a
hidden probability p. The value of p itself changed randomly
over the sequence of 1000 events, with the probability that
p would change after a given event being set at a constant
value of 0.005 (just as in Gallistel et al.’s experiment). The
size and direction of a change in the hidden probability were
determined by a random choice of the next value from a uni-
form distribution between 0 and 1, subject to the restriction
that p/(1 — p), the resulting change in the odds, was no less
than fourfold, just as in Gallistel et al. (2014).

To investigate the role of error in descriptive probability
estimation and in inferential judgment, we designed the pro-
gram so that we could set one error rate d for descriptive es-
timation, and another rate d; for inferential judgment. We
simulated Gallistel et al.’s experiment for 4 different pairs of
values for these parameters: Sim A (d = 0.0,d; = 0.0), Sim
B (d =0.1,d; = 0.0), Sim C (d = 0.0,d; = 0.1), and Sim D
(d =0.1,d; = 0.1). We set the criterion parameters 77 and

INote that our decision to use 100 random samples when estimat-
ing inferential probabilities here is essentially arbitrary: this number
was chosen to allow us to use values for the decision criteria 7} and
T, that correspond to standard significance level values such as 0.01
and 0.05. Versions of the simulation that make use of much smaller
numbers of samples give essentially the same results as seen here.
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T> t0 0.01 and 0.1 respectively in all simulations, since initial
tests suggested that these values produced a reasonable rate of
adjustment in the model’s probability estimates. Each simu-
lation involved 500 ‘participants’ (runs of the model), all with
the same values for parameters d and d, and each with a value
of n (the size of short-term memory) selected randomly from
the range 5...20. Each ‘participant’ saw a different randomly
generated sequence of 1000 events, produced according to a
different randomly generated sequence of values of p (as in
Gallistel et al., 2014).

Rapid detection of changes The median latency between a
change in the hidden probability p and the recognition of that
change by the model (via rejection of the current probability
estimate) was 10 in simulations A and B, 13 in simulation C
and 12 in simulation D. These values agree with the median
latency of reported change detection of 12 seen in Gallistel
et al. (2014).

High hit rates and low false alarm rates Gallistel et al.
(2014) describe a method for computing hit rates and false-
alarm rates in participant’s responses in their experiment:
they found that nine out of ten participants had hit rates
in the range 0.77...1 and false-alarm rates in the range
0.004...0.02. We used the same method to compute hit rates
and false alarm rates across all ‘participants’ in our simula-
tions. Average hit rates were 0.87,0.79,0.81,0.76 and false-
alarm rates were 0.006,0.005,0.005,0.005 in simulations A,
B, C and D respectively. These agree with the rates seen by
Gallistel et al. (2014).

Precision We assess the precision of the model’s probabil-
ity estimates by computing the RMSD between the model’s
estimate at a given event against the true probability p at that
event. These RMSD’s between estimated and true probabil-
ities were 0.15,0.17,0.17,0.17 for simulations A, B, C and
D respectively. These were consistent with the correspond-
ing RMSD’s for participants in Gallistel et al.’s experiment,

which ranged between 0.15 and 0.21.
These three aspects of the model are illustrated in the right

of Figure 1. This figure shows trial-by-trial probability esti-
mates produced by the model for one run, with parameter val-
ues d =0.1,d; = 0.1,n = 20. Values of the true probability p
were controlled match those in Gallistel et al.’s example. In-
dividual event occurrences in this run, however, were random,
and did not follow the precise sequence of event occurrences
in Gallistel et al. (2014). This figure shows that the model
produces the step-hold pattern seen in Gallistel et al.’s task,
with large changes in the estimate when the hidden probabil-
ity changes, and small adjustments, or no changes, otherwise.

Identity between true probability and median estimates
Recall that the noisy frequentist model predicts that noise
will have different effects in different probability judgment
tasks: when estimating a probability from a sample (descrip-
tive probability estimation), noise will produce regressive ef-
fects; when estimating the likelihood of a sample given a
probabilty (inferential probability judgment), noise will pro-
duce anti-regressive effects; and in tasks that involve both
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Figure 2. Median (squares) and interquartile intervals (verti-
cal lines) of model’s probability estimates plotted against cor-
responding true probabilities, for different values of the noise
parameters: d = 0.0,d; = 0.0(graph A), d = 0.1,d; = 0.0
(graph B) d = 0.0,d; = 0.1 (graph C) and d = 0.1,d; = 0.1
(graph D). The dashed line represents identity.

forms of estimation, these contrasting effects of noise can-
cel out, producing agreement with the true probability. To
test these predictions, for each simulation we calculated the
median estimate produced by the model for a given hidden
probability value p. The results are shown in the 4 graphs in
Figure 2. Graph A gives the results obtained when there is
no noise in either descriptive estimation or inferential judg-
ment (d = 0.0,d; = 0.0); the relationship between median es-
timates and the true probability is one of identity here. Graph
B gives the results with noise in descriptive estimation but not
inferential judgment (d = 0.1,d; = 0.0), and shows a clear
pattern of regression. Graph C gives the results with no noise
in descriptive estimation but noise in inferential judgment
(d =0.0,d; = 0.1), and shows a clear anti-regressive pattern.
Finally, graph D shows the results obtained when there is the
same rate of noise in both components (d = 0.1,d; = 0.1).
The relationship between median estimates and the true prob-
ability in graph D is one of identity: the effects of noise in the
two components have cancelled each other out.

These results show that, if we assume a constant rate of
error d = 0.1 in both descriptive probability estimation and
inferential probability judgment, the probability theory plus
noise model produces results that agree closely with those
seen in Gallistel et al. (2014). Similar agreement holds for a
range of other values of d. These same values of d, however,
also produce regressive effects; in our model these regressive
effects produce patterns of bias such as conservatism, sub-
additivity and the conjunction fallacy. In other words, this
model may provide a single unified account for systematic
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bias away from the true probabilies (in some tasks) and for
agreement with the true probabilities (in other tasks): an ac-
count that depends on a single factor - noise in reasoning.

Conclusions

Our aim in this paper is to present a general model of descrip-
tive probability estimation, of inferential probability judg-
ment, and of the interation between these two processes. This
model assumes that people estimate (descriptive and inferen-
tial) probabilities using a mechanism that follows standard
frequentist probability theory, but is subject to the biasing
effects of random noise in the reasoning process. In other
work we’ve shown that this model makes a number of novel
predictions about patterns of bias and agreement with prob-
ability theory for various probabilistic expressions: predic-
tions which are strongly supported by experimental results
(see Costello and Watts, 2016a, 2014, 2016b). Here we show
that this model can simultaneously explain the observed pat-
terns of bias seen in people’s descriptive probability estima-
tion and inferential probability judgment (which arise in the
model due to the regressive effects of random noise), and the
observed agreement with the underlying true probability in
tasks such as that of Gallistel et al.’s (where the regressive
effect of noise in descriptive probability estimation is coun-
teracted by the anti-regressive effect of noise in inferential
probability judgment).
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Abstract

Premises in conditional reasoning consist of an “if” statement
(e.g., “if I can catch the bus, I won’t be late”) and a fact (e.g.,
I can catch the bus). Such types of simple inference have been
studied empirically and formally for about a century. In the
past five decades, several cognitive theories have been pro-
posed to explain why humans deviate from predictions of con-
ditional logic. In this article, we (i) describe existing theo-
ries, (ii) develop multinomial processing tree (MPT) models
for these theories and systematically extend the theories with
guessing subtrees to test the predictive power of the cognitive

models. The models are evaluated with G2, Akaike’s (AIC)
and Bayesian Information Criteria (BIC), and Fisher’s Infor-
mation Approximation (FIA). Mental model theory with di-
rectionality for indicative conditionals while the independence
model for counterfactuals provide the best fits to data from psy-
chological studies.

Keywords: Human conditional reasoning; multinomial pro-
cess trees; cognitive theories

Introduction

Suppositional and hypothetical thinking are one of the ma-
jor cognitive abilities distinguishing humans from other an-
imals. This form of thinking is essential to reflect on past
events, hypothesize alternative outcomes, and partially pre-
vent future mistakes. It also facilitates us to make and test as-
sumptions about future outcomes to select actions, responses,
precautions or/and procedures. This kind of thought is usu-
ally presented as conditional statements in natural language.
A conditional statement is usually in the form of “if p then ¢”,
expressing a relationship between the antecedent p and a con-
sequent ¢q. Classical studies of reasoning always use sets of
arguments consisting of a conditional and an additional cate-
gorical information (“a fact”), i.e., p, =p, g, —q. Consider the
following problem:

If I can catch the bus, I won’t be late. (conditional)
I can catch the bus. (categorical)
What, if anything, follows?

Almost all reasoners draw “I won’t be late” as a conclusion
of the two statements. This is an example of a modus ponens
(MP for short) inference, i.e., to conclude the consequent g (/
won’t be late) from the conditional and the categorical state-
ment p (I can catch the bus). Other inference schemas are
modus tollens (MT for short), i.e., to conclude —p (I cannot
catch the bus) from the conditional and an additional categor-
ical statement —g (I will be late).

Both schemas MP and MT are classically logically valid.
The other two schemas, namely denial of the antecedent (DA,

109

to conclude ¢ when —p is given as the additional categori-
cal statement) and affirmation of the consequent (AC, to con-
clude p when g is given), are logically invalid but commonly
drawn by humans. We focus on deductive reasoning in this
article. While the classical logical interpretation is the so-
called material implication (if the antecedent is true, the con-
sequence cannot be false) and is easy to define, many psycho-
logical experiments have demonstrated that humans deviate
from this interpretation. For example, conditional statements
in subjunctive grammatical mood (i.e., counterfactual state-
ments) can trigger a different endorsement pattern of the in-
ferences (Byrne & Tasso, 1999; Thompson & Byrne, 2002),
compared to statements in indicative mood, i.e., factual state-
ments. It was found that people make inferences from coun-
terfactual conditionals that are less frequently made, for ex-
ample, when they are asked to reason from the two condition-
als: ‘If George kept his stock in Company B, then it earned
$1,200 (Byrne & McEleney, 2000)’ (factual) and ‘If George
had kept his stock in Company B, then he would have been
better off by $1,200” (counterfactual). The two negative infer-
ences, namely Modus Tollens (MT) and Denial of Antecedent
(DA), had higher endorsement rates in the counterfactual than
in the factual condition. We analyze different psychological
theories while combining them with an idea from signal de-
tection theory (Macmillan & Creelman, 2004). In visual per-
ception (or memory recognition), the application is to test if
humans can correctly identify or not the presence or absence
of stimulus in an environment with background noise. We
apply this idea to conditional reasoning as follows:

Inference Response of Ss Response of Ss
does logically “not follow” “follow”
follow miss hit

not follow correct rejection false alarm

Both inference rules MP and MT are in the category of log-
ically follows. Hence if they are applied, we have a hit (oth-
erwise, we have a miss). If the inference rules AC and DA are
not applied, we have a correct rejection (but a false alarm if
applied). Oberauer (2006) has already formalized some the-
ories with multinomial process trees (MPTs) for all the 16
possible answer patterns that are subsets of the four infer-
ences. Hence, his tree included all cognitive processes alto-
gether that led from an input to the 16 leaves which represent
the responses. A single fixed guessing tree was inserted to
each tree. The models were evaluated by G (see later section



for details).

Inspired by the aforementioned idea, we have systemati-
cally developed trees for each of the four inference patterns
combined with parametrized guessing trees, determining dif-
ferent modes of guessing. That means instead of one tree for
all the four inferences, 4 separate trees were constructed for
each of MP MT AC and DA according to different cognitive
theories. The remainder of this paper is structured as follows:
In the next section, we will briefly review current existing
theories for conditional reasoning. Then, we will represent
these theories as multinomial process trees and systemati-
cally vary the amount of guessing for different theories. Then,
we will review and report the model fitting results of 45 be-
havioral experiments (total number of participants N = 2530,
datasets with the endorsement percentages and N provided
for all the four inference rules) on conditional reasoning for
simple/classical/indicative conditionals and 12 experimental
datasets for counterfactual reasoning, N = 577. The cogni-
tive theories formulated as multinomial process theories are
then evaluated based on model selection criteria measures —
the information criteria AIC and BIC which take additionally
the model size into account. A discussion of the best cogni-
tive theory in terms of predictive power concludes the paper.

Cognitive Models of Conditional Reasoning

We introduce some formal notations that we will use in the
following sections. A conditional (“if p then q”) is written as
p—qor(q]| p). Negating a fact p is represented as —p, the
same applies for g. Theories of conditional reasoning can be
vastly classified into model-based, e.g., the theory of mental
models (Johnson-Laird & Byrne, 1991), rule-based, e.g., the
theory of mental logic (Rips, 1994), and theories that build on
the idea of Bayesian modeling (Oaksford et al., 2000).

Theory of mental models

The mental model theory (MMT) of conditional reasoning
(Byrne & Johnson-Laird, 2009) assumes that for a conditional
p — ¢, the semantic information of each premise is repre-
sented in an initial mental model akin to:

pq

Hence both the antecedent and consequent are true in the
initial mental model. If p is given, a modus ponens infer-
ence, can be drawn and ¢ is derived. In cases where other
information is given, e.g., =g, the model needs to be fleshed
out, i.e., other true interpretations of the conditional need to
be generated. This leads to the construction of three models
eventually:

p q (initial mental model)
-p g (alternative mental model 1)
—p g (alternative mental model 2)

Hence, an MP-inference is easy, while MT requires more
cognitive effort to generate alternative models. MMT ex-
plains deviation of human reasoners from the normative logi-
cally correct performance by inaction or failure in the search
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of counterexamples and fleshing out of the initial mental
model. The mental model theory does not make any assump-
tion about the directionality of the antecedent and consequent.
However, several studies have shown that the directionality
of conditionals plays a role in the reasoning process (Evans
& Beck, 1981; Barrouillet et al., 2000). We thus include both
the classical and extended mental model theory by introduc-
ing the assumption about directionality (Oberauer, 2006).

The theory of mental logic

The mental logic theory suggests that humans translate the
premises into logical form and use formal rules to draw or
prove the conclusion (Rips, 1994; Braine & O’Brien, 1998).
However, only MP and MT can be proved by formal rules.
MP can be drawn directly with the formal rule of inference
but the proof of MT requires several more steps, with reduc-
tio ad absurdum (finding a contradiction to the supposition
of p). That means, reasoners firstly suppose p after reading
the two premises and then find that the conclusion ¢ (by ap-
plying the MP inference rule on the supposition) and —¢ (the
second/minor premise) are incompatible and thus reject the
supposition of p using reductio ad absurdum and finally con-
clude —p. Errors in reasoning performance are due to misun-
derstanding of the conditional statements or the application of
a wrong rule. As the endorsement of AC and DA rules cannot
be explained by mental logic, we use guessing trees for these
two inferences. It follows that implementing the mental logic
as an MPT is not possible without any guessing trees.

Probabilistic approach: The independence model

Oaksford & Chater (1994) proposed a Bayesian understand-
ing and modeling about how people interpret a conditional
and reason about it. Instead of interpreting p — ¢ in the clas-
sical logical sense — as material implication — human reason-
ers and their reasoning processes can be modeled as the con-
ditional probability of ¢ given p, i.e., P(q | p). In their clas-
sical work, they proposed a dependence and an independence
model. We focus on the later: the classical independence
model (Oaksford & Chater, 1994) consists of two parame-
ters a for P(p) and b for P(q | —p). To fit experiments, the
best parameter values were determined by iterating through
the values 0.1, 0.3, 0.5, 0.7, and 0.9 for both ¢ and b as in
Table 1 of Oaksford & Chater (1994). The model accepts a
specific conditional probability only if the computed value is
above a given threshold. We present here an updated version
(Oaksford et al., 2000; Singmann et al., 2016). The model
assumes that reasoning is done through assessing the prob-
ability values of conclusions based on the reasoner’s back-
ground knowledge. More precisely, when asked to evaluate
an inference such as MP, “Given ‘If p then q’ and ‘p’, how
likely is q?”, individuals consult their background knowledge
regarding p and g and assess the conditional probability of the
conclusion ¢ given the minor premise p. Thus, endorsement
E is modeled as E(MP) = P(q | p). The joint probability dis-
tribution of p and g, and their negations —p and —¢g can be pa-
rameterized in terms of three parameters, a = P(p); b = P(q),



Table 1: Oaksford et al. (2000) model of probabilistic
conditional reasoning (see, Singmann et al., 2016).

q -q
D a-(1—e) a-e
—-p b—a(l—e) (1—D)—ae

Note. The table represents the joint probability distribu-
tion for a conditional, “if p then ¢” by three parameters:
a=P(p),b=P(q), and e =P(=q | p).

and e = P(—q | p) as shown in Table 1, which leads to the fol-
lowing model predictions (cp. Singmann et al., 2016):

E(P) = Plg|p) = (1-¢) O
EMT) = Pop|=g) = =% @)
E(r0) = Plplq) = W ®
EOA)= Pogl-p) = -2 @

Many experiments, however, provided reasoners with
premise information that they were asked to consider as
true. These formulae can thus be reduced for our prob-
lems — the probability of the given fact in the experiments
can be assigned as 1. Hence, it holds for the example
P(“I catch the bus”) = 1. We can then represent the simpli-
fied independence model and transform it into an MPT. Con-
sider modus ponens, with P(p) = 1. As a = P(p), we have
a = 1. Hence, the formula is reduced to 1 —e. For MT,
P(—q) =1, it follows P(g) = 0, and hence b = 0. Thus,
(2) above is reduced to (1 —ae). For E(AC) for AC with
b= P(q) = 1, Equation (3) is reduced to a(1 —¢). For E(DA)
holds, a = P(p) = 0, and (4) above is reduced to (1 —b).

The suppositional theory

The suppositional theory proposed by Evans & Over (2004)
is a hybrid theory with the application of probability assump-
tion akin to the independence theory and dual process theory,
together with some rules in the field of pragmatics. Simi-
lar to the independence theory, it emphasizes the cases where
we have a high probability of the consequent given the prob-
ability of the antecedent. Contextual effect found in a vast
amount of studies in conditional reasoning can be explained
by pragmatic inferences. Finally, the theory has a dual sys-
tem incorporated: While immediate inferences (System 1) are
solely drawn by the probability account, System 2 inferences
are possible and lead to deductively valid answers (cp. Ober-
auer, 20006).

Theories of Conditional Reasoning as MPT's

Our main goal is to assess the empirical adequacy of the
aforementioned cognitive theories. Towards this goal, we
need to represent the theories formally. Following a sim-
ilar approach by Oberauer (2006), we formalize the theo-
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mental model theory: modus ponens

mental model theory: modus tollens

Figure 1: Two examples for MPTs for the mental model
theory (without directionality). The left tree represents the
model for the modus ponens; while the right represents the
model for the modus tollens, where an additional flesh-out
process from the initial mental model is necessary.

ries as multinomial processing tree (MPT) models (Riefer &
Batchelder, 1988).

MPT models are a class of cognitive models for categori-
cal data that describe observed response frequencies resulting
from latent cognitive states. The probabilities that are repre-
sented at the edges in the graph for transitioning a cognitive
states are estimated from data. At the same time, the afore-
mentioned cognitive theories must explain why the answers
of the participants often deviate from the logically correct so-
lution as well. There are two ways of how responses are gen-
erated by a reasoner: a reasoning process, the process is de-
scribed and/or predicted by a cognitive theory and a guessing
process, a process that is not explained in a cognitive theory
and, in principle, any possible response can be given.

We represent the reasoning and guessing parts of the theo-
ries by multinomial process trees as we outline in the follow-
ing. For each of the four inference schemas (MP, MT, DA, AC)
we develop separate MPT trees. As the theories assume dif-
ferent cognitive processes for the four inferences, we model
them as four MPTs. An additional advantage is that this en-
ables us to investigate the differences in processing of the four
inferences, see Fig. 1 for an example for MP and MT for the
mental model theory. Each root node contains a reasoning pa-
rameter r that is responsible for estimating responses that are
generated by the reasoning subtree and consequently (1 —r)
as generated by the guessing subtree. The guessing tree is
identical for all theories, with a parameter g to guess a yes-
answer and (1 — g) a no-answer. In the reasoning tree, we
have theory specific nodes that provide specific answers by
transitioning through them. In the case of modus ponens (the
most simple case), the correct answer can be read out via go-
ing along the reasoning branch, where an initial model is built
(the model p ¢). In the case of modus tollens, a full explicit
model needs to be built (parameter f) for a correct answer and
if it is not built (1 — f), the decision is solely made by the ini-
tial mental model. Hence, these process models do reflect as-
sumed cognitive processes and they are similar enough to for-
malizations as proposed for syllogistic reasoning (cp. Klauer
et al., 2000). In the following sections, we will investigate
all previously mentioned theories: The mental model theory
with and without directionality, the mental logic theory, the
probabilistic theory and the suppositional theory — formalized



as MPTs and the respective extended models with a reasoning
part and a guessing tree (as described above). we systemat-
ically replace the reasoning parts by pure guessing trees (we
will describe in detail later in the section “MPT analysis for
model comparison”). We can assume that some reasoning
subtrees may even have a negative impact, so we systemat-
ically eliminate for each theory the reasoning subtree in the
extended models.

The Experimental Data
Selection of the experimental studies

We searched the literature and the internet for articles on
classic conditional reasoning and non-monotonic conditional
reasoning and reporting at least the number of participants
as well as absolute number of reasoners or percentages for
all four inference types (MP, MT, DA, AC). Extensive search
of studies in Pubmed, Science Direct, Google and Google
Scholar with the keywords “(conditional reasoning) or (con-
ditionals) or (prepositional reasoning) or (counterfactual) or
(alternatives) or (enabler) or (disabler)” was performed. Most
of the articles are not suitable for this analysis as the endorse-
ment percentages/frequencies of the four inference rules were
not provided. We have included all experiments reporting the
four inference types as within subject factor and the questions
presented to participants was in the form of “what (if any-
thing) follows (necessarily)?” or “think about what conclu-
sion you can draw from the information” or “assess whether
these conclusions follow logically from the information” or
“Therefore, ”; with two to four answer options provided to
participants. For MP and DA, the answer options were “q”,
“=¢" (and “may or may not ¢~ and “not sure” or “nothing
can be concluded”); and “p”, “—p* (and “may or may not
p”, and “not sure” or “not nothing can be concluded”) for MT
and AC. We have excluded 3 experiments with special ma-
nipulation of the content of the conditional statements. This
selection eliminates as possible the factors due to experimen-
tal design. Finally, 16 studies of indicative conditionals (first
premise being in the form of “If p then ¢”; 45 experiments
in total) and 6 studies of counterfactual conditional reasoning
(12 experiments in total) of adult data were included!. We
need the frequencies of participants endorsing each inference
for our later analysis. For studies providing the endorsement
percentages, we computed the frequencies by the percentages
and the number of participants.

Reliability of data

We assessed the overall homogeneity for each inference by
examining the respective rank orders of the endorsed infer-
ences using Kendall’s coefficient of concordance (W), which
ranges from 0, no consensus, to 1, perfect consensus. The
datasets are rather homogeneous for both indicative condi-
tionals and counterfactuals, W = .617, p < .001 and W =
7167, p < .001, respectively.

IFor studies and MPTs, see: www. cc. uni-freiburg.de/data
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Conditional reasoning with counterfactuals

Most of the studies on counterfactual reasoning were car-
ried out by Byrne and colleagues (Byrne & Tasso, 1999;
Thompson & Byrne, 2002). Usually, conditional statement in
subjunctive mood (for native alphabetic languages speakers)
were presented to participants to indicate the counterfactual
(unreal) property of the situation described in the statement.
In these studies, the two negative inferences, DA and MT, usu-
ally had a much higher endorsement percentages in the coun-
terfactual than factual condition (but the endorsement per-
centages of the two positive inferences remained statistically
the same). The results support the hypothesis of Byrne and
colleagues that reasoners consider two alternatives when they
encounter such counterfactual arguments, namely the fact and
supposed “fact” (also known as the “presupposed factual real-
ity” and “counterfactual conjecture”). Reasoners constructed
already the following two models as the initial mental model
and thus the two negative inferences are more likely to be
drawn:

(counterfactual conjecture)
(presupposed factual reality)

P q
P q
Besides, there are three other proposals applicable to coun-
terfactual reasoning. For example, Lewis and Stalnaker’s
possible world semantics of modal logic (Lewis, 2013; Stal-
naker, 1968). They proposed that reasoners assume another
world which is most similar to the real world. They perform
counterfactual reasoning through reasoning about this most-
similar world. However, many researchers criticized the as-
sumption that ordinary people do not judge the closeness of
the world/possibility. We have only fitted the models of the
adapted mental model theory for counterfactuals (both with
and without directionality) as this theory explicitly makes as-
sumptions about cognitive processes in human reasoning.

MPT Analysis for Model Comparison

We fitted each model to the aggregated data via the maximum
likelihood method using MPTinR (Singmann & Kellen, 2013).
The package uses four measures, and the smaller their val-
ues, the better the fit between a model and the data: First, G2
measures the goodness of fit using the maximum-likelihood
method, which maximizes the likelihood of the frequencies
of observations given the parameter values. It underlies the
remaining three measures. Second, the Akaike information
criterion (AIC) indicates how much information is lost when
a model represents the process that generates the data, taking
into account both its goodness of fit and number of param-
eters. Third, the Bayesian information criterion (BIC) is a
Bayesian analog of AIC that selects the best model from a fi-
nite set of them, penalizing models according to the number
of their parameters. Fourth, the Fisher information approxi-
mation (FIA) measures the amount of information that an ob-
served frequency carries about a parameter which models the
observation. It provides a good measure of the flexibility of a
cognitive model. We evaluated the five cognitive theories and
some adaptation of the theories systemically. Firstly, we com-



pared the MPT implementations of different cognitive theo-
ries (the original version) with only one guessing trees exten-
sion at the root node, see the (1 —r)-paths in Fig. 1. Secondly,
we systematically eliminated the reasoning subtree, the r-path
in 1, 2, or 3 of the inference schemas MT, DA, and AC and kept
the guessing tree only. If we replaced the reasoning subtree
for the MT we denote it as Guess2. If we replace the DA and
AC reasoning subtree, we denote it as Guess34. The reason is
to investigate the positive or negative impact of the reasoning
tree. The MP reasoning tree is never replaced by a guessing
tree as most humans do not have difficulty in drawing MP
inference and the sole use of guessing would thus be unnec-
essary and redundant. We use a PureGuess model which ex-
clusively consists of guessing trees (no reasoning part in any
of the four inference schemas) as the base line. The impact of
the inference part and how it may disguise the processes can
then be evaluated — by comparing if the reasoning part of the
theories may add something substantially or not in the infor-
mation criteria. We repeat the two analysis steps with datasets
from counterfactual reasoning to check if the best models for
indicative conditionals apply to counterfactual reasoning too.

Theory evaluation

Our first analysis deals with testing the predictive power of
the aforementioned cognitive theories for human conditional
reasoning. Table 2 reports the results of the four theories (ex-
cluding the mental logic as it only makes predictions for MP
and MT) and additionally the pure guessing model PureGuess.
The lower the G2, AIC, BIC, and FIA the better the models
are. Table 2 shows that the theory (extended with a guessing
subtree) which fits best the data is the mental model theory
with directionality, which differs from the suppositional the-
ory in a better FIA. The PureGuess model performs worst,
i.e., this shows that the reasoning parts of the theories con-
tribute in explaining the data considerably.

Table 2: Results of MPT fits to the aggregated data set of
classical conditionals, original version

No. of
Model parameters G? FIA AIC BIC
MMTd 4 16.6 3 25 53
SUP 4 166 21 25 53
MMT 3 139.5 81 146 167
IND 3 4925 ¥ 499 520
PureGuess 1 653.1 331 655 662

Note. SUP = suppositional theory; MMTd = mental model
theory with directionality; MMT = mental model theory;
IND = independence model. PureGuess = pure guessing
trees for MP, MT, AC, and DA. * The independence model
is not a binary MPT so FIA cannot be computed.

Impact of guessing

In the next analysis, we investigated what happens if we sys-
tematically eliminate inference parts according to the theo-
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ries. Table 3 reports the 5 best fitting theories out of 34 the-
ories. Except the mental logic (with only 2 variants: ML-
Guess34 and ML-Guess234), all the other 4 theories have 8
variants (total = 4*8 + 2 = 34). The models are ordered re-
garding the best values for the information criteria BIC, AIC,
and FIA, as the G2 does not take the number of parameters or
the model size into account. Table 3 shows that three models
have the best performance regarding the information criteria:
The mental model theory with directionality and exclusive
guessing at MT (MMTd-Guess2), the mental model theory
with exclusive guessing at DA and AC (MMTd-Guess34) and
the mental logic with exclusive guessing at DA and AC(as in
the original theory by Rips, ML-Guess34). The selection val-
ues with these pure guessing trees are much better compared
to the original versions. This indicates that theoretical ac-
counts on DA and AC may have to be revised.

Table 3: Results of the MPT fits to the aggregated data set of
indicative conditionals by replacing reasoning by guessing.

No. of
Model parameters G> FIA AIC BIC
MMTd-Guess2 3 1.6 12 8 29
MMT-Guess34 3 1.6 12 8 29
ML-Guess34 3 1.6 12 8 29
IND-Guess2 4 0 * 8 37
SUP-Guess?2 4 0 15 8 37

Note. SUP = suppositional theory; MMTd = mental model
theory with directionality; MMT = mental model theory;
IND = independence model. Guess2 = MT replaced by the
guessing tree; Guess34 = AC and DA with guessing tree
only. * FIA cannot be computed for non-binary MPTs.

Counterfactual conditional reasoning

For the third analysis, we tested the performance of the MPT
trees of the original theories for conditional reasoning on
the counterfactual data. We constructed other sets of MPT
models for the mental model theory (cMMT: without direc-
tionality and cMMTd: with directionality) according to the
aforementioned account of Byrne, which assumes that peo-
ple build two initial mental models for counterfactuals. But
both versions of mental model theories show similar perfor-
mance. For the counterfactual data, however, the best models
are now the independence model with exclusively guessing at
the modus tollens (cf. Table 4).

General discussion

While almost all cognitive theories of reasoning aim at ex-
plaining human reasoning with conditionals, systematic com-
parisons are rare. We implemented different theories as multi-
nomial process trees and systematically extended each of the
theories with guessing trees and evaluated the goodness-of-fit
of (i) the original theories, (ii) the extended models by sys-
tematically replacing reasoning subtrees by guessing trees for
one to three of the MT, DA, AC-patterns, and (iii) models on



Table 4: Results of the multinomial model fit to the aggre-
gated counterfactual data

No. of
Model parameters G> FIA AIC BIC
IND-Guess2 4 0 * 8 31
SUP-Guess2 4 0 12 8 31
MMTd-Guess2 3 6.5 12 13 30
cMMTd-Guess2 3 6.5 12 13 30
ML-Guess34 3 6.5 12 13 30

Note. Models are ordered for the information criteria AIC,
BIC, and FIA. Guess2 = MT with guessing tree only; Guess34
= AC and DA with guessing tree only.

counterfactual theories. We performed additionally a litera-
ture search and found a high homogeneity of the data. Most
of the reported studies asked the reasoner to hold the condi-
tional and the categorical fact as true. The best fitting theory
regarding the information criteria AIC, BIC, and FIA (that
penalize additional parameters) in case (i) and (ii) is the men-
tal model theory with directionality. For counterfactuals, the
best model is the independence model with the modus tollens
replaced by pure guessing. Such a difference can be expected
as models that perform well in one domain do not necessar-
ily perform well in another. Secondly, the strength of the
Bayesian accounts is to represent the difference in strength
between antecedent and consequent, which is rarely reflected
in most experiments. Another interesting finding is that when
comparing models with reasoning and guessing versus guess-
ing alone, some theories are in fact better to assume that some
patterns are in fact guessed. In line with the finding of Ober-
auer (20006), guessing is a very important part in conditional
reasoning. The goodness of fit (wrt. AIC and BIC) improves
by replacing parts of the theories by guessing in one or more
of the three inference rules, especially for MMT. One phe-
nomenon is that reasoner either guess for both AC and DA
or MT alone. This might suggest that the processing of MT
inference might not be the same as that of the two invalid
inferences, AC and DA. Current reasoning theories underes-
timate the influence of guessing on participant’s responses —
especially in reasoning with conditionals.
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Abstract

Whether the mental representation of reasoning problems is
spatial or visual (or mixed) in nature has been the subject of
considerable debate for years. The visual impedance effect
found in Knauff & Johnson-Laird (2002) has provided us with
new insights into this question. The study found that the form-
ing of excessive visual images induced by the premises can
impede relational reasoning. This study aimed at investigat-
ing the factor of complexity on the visual impedance effect in
two folds, namely number of term series (i.e., total number of
premises plus the conclusion) and whether the entities in the
premises are presented in a continuous manner (i.e., whether
the subject of the argument is the same as the object of the
previous argument). In line with previous studies, relational
category, number of term series and successiveness were the
main factors of the response time. Results of the parameter
estimation by generalized estimating equation showed that vi-
sual relations, 5-term series and discontinuous problems were
the only significant parameters. The results again suggested
that irrelevant visual images can hinder reasoning processes,
in addition to the complexity of the problem. We proposed a
combined cognitive model of ACT-R and PRISM for the find-
ings in this study.

Keywords: Visual impedance effect; generalized estimating
equation; PRISM; ACT-R.

Introduction

Reasoning is one of the complex cognitive processes which
requires several fundamental processes and the role of work-
ing memory is irrefutable (e.g., Garcia-Madruga et al., 2007;
Barrouillet & Lecas, 1999). The multicomponent model of
working memory proposed by Baddeley and colleagues is the
most influential one. They proposed a model with four com-
ponents, namely the central executive, the phonological loop,
the visuospatial sketchpad and the episodic buffer (Badde-
ley & Hitch, 1974; Baddeley, 2000). The central executive
acts as the managing unit which supervises the integration
of information and coordinates the two “slave systems” (the
phonological loop and visuospatial sketchpad, which act as
short-term storage units for information) and other cognitive
processes. The phonological loop stores phonological infor-
mation while the visuospatial sketchpad stores visual and spa-
tial information, which can be further divided into the visual
subsystem (for visual information such as color and shape)
and the spatial subsystem (for information related to location
or space, e.g., Sima et al., 2013). This distinction is supported
by the findings in behavioral experiments with a dual-task
paradigm (that visual tasks were more hindered by a visual
secondary task than a spatial one but spatial tasks by a spatial
secondary task than a visual one (e.g., Klauer & Zhao, 2004))
as well as functional brain imaging studies (e.g., Smith et al.,
1995).
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There are proposals of individual differences in reasoning
strategy that some people reason with a verbal and propo-
sitional while others reason with visuospatial representation
(e.g., Ford, 1995; Bacon et al., 2007). However, the focus
of this study will be on the representation of the problems
instead of the strategy (see also the two-streams hypothesis —
the ventral and dorsal streams for visual and spatial locational
processing respectively (Goodale & Milner, 1992; Smith et
al., 1995)). On the other hand, the presence of the two sep-
arate subsystems of the visuospatial sketchpad may suggest
two possible representation formats of the reasoning prob-
lems during processing.

Some studies showed that the mental representation of rea-
soning problems can be either visual or spatial (Landau &
Jackendoff, 1993; Huttenlocher, 1968). If the mental repre-
sentation is visual, visual-rich materials should enhance the
reasoning performance as some extra effort is required to rep-
resent visually opaque objects. However, many studies did
not find this results (e.g., Sternberg, 1980). For example, sim-
ilar behavioral performance was found for both abstract and
concrete problems (Johnson-Laird et al., 1989; Newstead et
al., 1986). However, the first study on visual images and rela-
tional reasoning by De Soto et al. (1965) found that the ease
of visualizing the materials was a significant factor of the per-
formance in their deductive reasoning experiment of “3-term
series” problems:

Ann is taller than Beth.
Cath is shorter than Beth.
Who is tallest?

Only the relations between A and B as well as B and C were
given. Participants had to infer the relation between A and
C from the two given relations. In other studies, participants
were asked to evaluate the validity of the conclusion (e.g.,
Ann is taller than Cath) given the premises. The results were
replicated in the studies by Shaver et al. (1975) and Clement
& Falmagne (1986).

On the other hand, Knauff & Johnson-Laird (2002) found
the exact opposite phenomenon — the visual impedance effect
that excessive representations of visual information can slow
down the reasoning process. They then concluded that repre-
sentation of reasoning problems should be spatial in nature.
Visual representations are assumed to be visual mental im-
ages which resemble the real object (Knauff & May, 2006);
while spatial representations relate objects in spatial organi-
zation. By default, visual relational problems are represented
visually while spatially for spatial problems after the compre-
hension process of the reasoning problems. Therefore, spa-



tial problems are ready for reasoning processing if reasoning
takes entities which are represented spatially. On the other
hand, visual problems need an extra step to represent them
spatially. Furthermore, the irrelevant visual information (to
reasoning processing) can take up cognitive resources for and
compete with the reasoning processes and thus causing an
overall longer processing time. They argued that the oppo-
site results in some previous studies were due to the neglect
of the two possible different representations — visual and spa-
tial: that some “visual” items were also “spatial”. Therefore,
the opposite results to the visual enhancement proposal were
found when the target words of the relational problems were
carefully controlled to visual (e.g., cleaner-dirtier: easy to vi-
sualize but difficult to form a spatial representation), visu-
ospatial (e.g., above-below: easy to form spatial representa-
tion) and control (e.g., better-worse: difficult to visualize and
form a spatial representation). They then revised the men-
tal model theory' that mental models should be iconic spatial
in nature, rather than visual (in addition to the fact that de-
picting abstract relations in a spatial manner is plausible and
possible). The hypothesis was supported by further studies
with blind people Knauff & May (2006) and on individual
differences (“verbalizers” versus “visualizers” by Castafieda
& Knauff, 2013).

Another source of reasoning difficulty depends on the num-
ber of mental model operations that are necessary to integrate
information into a spatial model. The PRISM-model (Ragni
& Knauff, 2013) formalizes these operations to build a pre-
ferred and alternative mental models (in cases which the de-
scriptions allow for several models) and it provides a cog-
nitive complexity measure? to predict and explain reasoning
difficulty for model-based complexity.

This study aimed to investigate the influence of task com-
plexity on the visual impedance effect in relational deductive
reasoning tasks. We varied the task complexity in two ways.
Firstly, besides the 3-term series problems, we included also
the 4-term (3 premises) and 5-term series (4 premises) prob-
lems. Difficulty is expected to increase with the number of re-
lations per task. Secondly, difficulty in terms of premises in-
tegration was varied. Discontinuous and continuous premise
order problems (successiveness) were presented. For contin-
uous problems, the subject of the premise sentence was the
same as the object of the previous premise, except for the last
premise preceding the conclusion, see Table 2 for examples.
For continuous tasks, the information of the first premises can
be integrated directly but in discontinuous tasks, the integra-
tion process cannot be proceeded until the presentation of the
last premise. The information of previous premises has to be
stored in the working memory for further processing. There-
fore, problems presented in discontinuous order are expected
to require more cognitive effort. We analyzed these three fac-

IThe Mental Model Theory (e.g., Johnson-Laird & Byrne, 1991)
proposes that reasoners apply three stages: premise comprehension,
a subsequent integration to form an initial model, and conclusion
validation by searching for counterexamples.

2The model: http://spatialmentalmodels.appspot.com/
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tors of difficulty/complexity (relational category, number of
terms and successiveness) in terms of both the percentage of
correct responses and response time. We hypothesized that
only the number of terms and successiveness would affect
the percentage of correct responses but not the relational cat-
egory. However, all the three factors were expected to affect
the response time as they can all slow down the reasoning pro-
cesses. If the two complexity factors can affect the response
time of visual relational problems, this might suggest that the
underlying processes are the same, or at least involved.

The remainder of the article is structured as follows: In the
following section, we present two experiments that investi-
gate the visual impedance effect and model complexity. We
then present a combined cognitive model in the next section.
A general discussion concludes the article.

Experiments

One criticism of previous studies is that the target words in the
experiments were not good examples of the categories, i.e.,
some “visual” items were also “spatial”. In order to eliminate
this potential limitation, we performed a preliminary survey
to select two pairs of words for each of the four categories.
We selected 37 pairs of antonyms (74 words) that may be-
long to the categories according to our intuition. They are all
frequent words in daily usage. Two pairs of words for each
category were selected to construct the reasoning problem set
according to the results of the word survey.

Word Survey

Purpose of this word survey is to select the best two pairs of
antonyms of adjectives describing the 1. visual, 2. spatial,
3. visuospatial, and 4. non-visual and non-spatial features
of a noun. Knauff & Johnson-Laird (2002) have shown that
the difficulty in forming spatial representation of words can
be independent of that in forming visual images. Word pairs
were then selected according to the criteria stated in Knauff
& Johnson-Laird (2002).

Participants

The survey was performed on the Amazon Mechanical Turk
platform. 97 native English speaker participated in the study
(mean age = 36.8 years, SD = 13.48; 56 females). They re-
ceived a nominal fee for their participation.

Materials and Design

We tested 37 pairs of antonyms such as fatter-thinner and
below-above. Each trial consisted of one pair. Participants
had to rate the ease of forming detailed visual images and spa-
tial representation (position of the object in space) for each of
the two words, i.e., giving four ratings in each trial. They
were asked to move separate sliders for the two scales to in-
dicate their responses, from O (extremely easy) to 100 (ex-
tremely difficult).

Results

We ranked the 74 words according to the means and medi-
ans of the two ratings (visual and spatial) respectively and



Table 1: Mean rating for the ease of forming a visual image
and a spatial representation for the two pairs of words.

Visual  Spatial

Word Pairs (mean) (mean)
. prettier—uglier 15.9 72.2
Visual cleaner—dirtier 153 677
Visuospatial above-below 17.8 18.0
p in front of—behind 176 155
. right—left 254 17.6
Spatial east—west 28.8 19.0
Control kinder—crueler 42.0 68.8
braver—more cowardly ~ 43.6 70.7
Overall 29.7 51.7

Note. Range: 0 (extremely easy) to 100 (extremely difficult).

selected two pairs for each of the four categories. The two
visual pairs are at the highest rank for the visual rating but
are relatively low for the spatial rating. We could not find
two pairs which were high for the spatial rating but very low
for the visual rating and thus we chose two pairs which are
ranked high for the spatial rating but not too high for the vi-
sual rating as the spatial pairs. The visuospatial pairs are at
a high rank for both the visual and spatial ratings. We then
chose two control pairs which were ranked relatively low for
both the visual and spatial rating. Please refer to Table 1 for
the ratings of the words we selected for each of the categories.

Reasoning Experiment

In this experiment, we investigated if the two other factors
(complexity) of reasoning processing can affect reasoning
performance and along with the visual impedance effect. The
complexity was varied by increasing the number of premises
(3-term, 4-term and 5-term series) and the successiveness of
the entities in the problems (continuous or discontinuous).
Visual relational category problems were expected to have
the longest response time, then the control, and finally the vi-
suospatial and spatial problems. 5-term discontinuous visual
problems were expected to have the longest response time
among the 24 possible condition combinations (4 category x
3 different term series x continuous or discontinuous).

Participants

96 native English speakers, different from the previous word
survey, participated in the experiment (mean age = 36.35
years, SD = 11.96; 65 females) via the same platform. They
received a nominal fee for their participation.

Materials and Design

We used the 8 pairs of words listed in Table 1 to construct
48 relational reasoning problems. We adopted a 4 (category:
visual, spatial, visuospatial, and control) x 3 (term: 3-term,
4-term and 5-term) x 2 (continuous or discontinuous) X 2
(valid or invalid) design. All factors were within-subject as
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we were not interested in individual differences in this study.
Therefore, there were 12 problems for each category and 16
problems for each term condition. We used the same animal-
nouns for all the problems: ape, cat and dog for 3-term prob-
lems, ape, cat, dog and bird for 4-term problems and ape,
cat, dog, bird and fish for 5-term problems. Half of the prob-
lems were continuous that the subject (the first noun) of the
premise was the same as the object (last noun) of the previ-
ous premise, except for the last premise that either the subject
or object was the same as the one in the previous premise
(depending on the validity of the problem). Please refer to
Table 2 for examples of the problems. The relational target
word of the last premise was always the antonym of the previ-
ous premise(s). Each term in the antonym pair was presented
equally often in the premises and conclusions. Each premise
and the conclusion were presented on separate screens and the
participants had to press the spacebar in order to read the next
premise or the conclusion (offline self-paced design). The
premises were presented in black letters while the conclusion
was in red. Participants were asked to evaluate whether the
given conclusion followed necessarily from the premises, by
pressing the J (for yes) and D (for no) keys. Two practice
trials were presented before the experiment. The relational
target words (older-younger and faster-slower) in the prac-
tice trials were not repeated in the experiment. Reading time
for each premise, response time to the conclusion and the re-
sponse were recorded.

Results

Regarding the percentage of correct responses, the overall re-
sult was 69%. We have performed a 4 (category: visual, spa-
tial, visuospatial and control) x 2 (term: 4-term or 5-term) X
2 (successiveness: continuous or discontinuous) x 2 (validity:
valid and invalid) repeated measure ANOVA, excluding the
3-term problem (as there was no continuous and discontinu-
ous distinction for the 3-term problems). The repeated mea-
sures ANOVA with a Greenhouse-Geisser correction showed
that only successiveness and validity were significant main
within-subject effects for percentage of correct responses,
successiveness: F(1,98) = 12.493, p = .001, nf, =.113; va-
lidity: F(1,98) =7.564,p = .007, 1]?, =.072. The post-hoc
Wilcoxon Signed Ranks Test showed that valid problems had
a significantly higher percentage of correct responses than in-
valid ones as well as continuous than discontinuous problems,
Z =12.350,p=.019 and Z = 3.546, p < .001, respectively. In
line with previous studies, we did not find any effect due to
the relational category of the target words. However, it was
unexpected that the number of terms did not affect the per-
centage of correct responses.

Only response times for correct responses were included
in the following analyses. We excluded also the response
times which were not within +/— 2 standard deviations of
the mean response time of individual participant. Regarding
the response time, we firstly tested if the validity was a sig-
nificant factor of the response time. The Wilcoxon Signed
Ranks Test showed that there was no significant difference



Table 2: Examples of 3-term and 5-term series. Conclusions can be valid (= v) or invalid (= 1).

3-term series

Continuous order

5-term series
Discontinuous order

Premise 1 The ape is dirtier than the cat The bird is right of the ape The ape is braver than the cat
Premise 2 The dog is cleaner than the cat The ape is right of the fish The dog is braver than the fish
Premise 3 The fish is right of the cat The bird is braver than the ape
Premise 4 The dog is left of the cat The dog is more cowardly than the cat
Conclusion The ape is dirtier than the dog? (v)  The bird is right of the dog? (v) The fish is braver than the bird? (i)

between the response time for valid and invalid problems,
Z = .837,p = .402. Therefore, we aggregated these 2 condi-
tions in order to simplify the following analyses. As there was
no successiveness distinction for the 3-term condition, we
performed a 4 (category: visual, spatial, visuospatial and con-
trol) X2 (term: 4-term or 5-term) X2 (successiveness: contin-
uous or discontinuous) repeated measure ANOVA, excluding
the 3-term problems. The repeated measures ANOVA with
a Greenhouse-Geisser correction showed that category, term
and successiveness were all significant main effects of re-
sponse time, category: F(1.899,34.178) = 13.162, p < .001,
N5 = .422; term: F(1,18) = 36.680,p < .001, N} = .671;
successiveness: F(1,18) = 21.032,p < .001, nlz, = .405.
However, none of the interaction effects were significant.
We then performed a separate one-way repeated measure
ANOVA with a Greenhouse-Geisser correction for the 3-term
problems regarding the factor category. The results suggested
that response times for different category conditions were
significantly different, F(2.316,215.426) = 7.504, p < .001,
n%, =.075. The response times are shown in Table 4.

As our aim was not to investigate individual differences,
but rather factors on reasoning processing and related to vi-
sual impedance effect, all the aforementioned factors were
within-subject factors. Regression analysis is not recom-
mended for repeated measure data. We then used a general-
ized estimating equation (GEE) to estimate the parameters on
response time. GEE was used to estimate the parameters of a
generalized linear model with a possible unknown correlation
between outcomes (Pickles, 1998) and is suitable for repeated
measure data. GEE attempts to treat the within-subject co-
variance as a nuisance and model only the mean response. In
additional, it is not necessary to specify the covariance struc-
ture correctly for reasonable estimates of regression coeffi-
cients and standard errors as it is not modeled and thus is rel-
atively more flexible. GEE was used to analyze the data with
response time as the dependent variable and category, term
and successiveness as the factors. In order to simplify the
model, only the 3 main effects were included, as the results
of the repeated measure ANOVA suggested no significant in-
teraction effects. The model suggested that for the response
time RT = 112118 +2224 - visual +2354 - (5 —term) + 1145
discontinous. Visual, 5-term and discontinuous problems re-
quired longer processing time with 5-term and visual required
about the double time than discontinuous problems. We could
actually hypothesize the relative response time for the prob-
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lems of each of the condition combinations according to the
equation, but space in this article does not permit an extensive
discussion here. Please refer to Table 3 for the results.

A Cognitive Model

We investigated in one experiment two different often repli-
cated effects: The (dis-)continuity effect (successiveness) and
the visual impedance effect that both have an implication on
the reasoning time. While the former can be explained by the
PRISM-model (Ragni & Knauff, 2013), the later has been
recently explained by a model of memory effect in ACT-R
(Albrecht et al., 2015). PRISM is a computational cognitive
model that can be used to simulate and explain how spatial
mental models are constructed, inspected, and varied in a spa-
tial array that functions as if it were a spatial working mem-
ory. A spatial focus inserts tokens into the array, inspects the
array to find new spatial relations, and relocates tokens in the
array to generate alternative models of the problem descrip-
tion, if necessary. Each of these focus operations in PRISM
imply 1 standard cost (see website in footnote 2), defining
a cognitive complexity measure. It does not reflect, how-
ever, how visual or spatial the relations are — it calculates for
each problem the costs necessary for performing the associ-
ated mental model operations to reason about this problem.

While the ACT-R model of memory effect does not neces-
sarily reflect mental model operations, it is compatible with
PRISM (Albrecht et al., 2015). The cost function for PRISM,
combined with an additional costs for a visual representation
(1 standard unit) and a reduction cost of -0.5 standard unit for
spatial or visuospatial representation compared to the control
problems (as the spatial representation is already built during
the comprehension process), can be expressed by the follow-
ing cost function:

cost(x) 5+ 1-visual — 0.5 -visuospatial — 0.5 - spatial

+2- (#terms —3) + 2 - discontinuous

with four boolean variables (i.e., 1 if true else 0) visual,
visuospatial, spatial, and discontinuous. #terms represent
the number of terms in the problem. While we are work-
ing on a computational cognitive modeling incorporating the
cognitive complexity measure in the formula, the correlation
between the respective behavioral response times and values
(costs) calculated by the cost function is very high (Kendall’s
T=.974, p < .001). This makes the effects on building and



Table 3: Results of the parameter estimation by the Generalized Estimating Equations.

Parameter Estimates

Parameter B Std. Err. 95% Wald CI Hypothesis Test
Lower Upper Waldy?> df p-value

(Intercept) 12051 669 10739 13363 324.172 1 .000
Visuospatial 338 631 -898 1574 287 1 .592
Visual 2633 772 1121 4146 11.647 1 .001
Spatial -21 355 -718 676 .003 1 953
Control Redundant

5-Term 2482 446 1607 3356 30.948 1 .000
4-Term Redundant

discontinuous 1151 338 488 1814 11.593 1 .001
continuous Redundant

(Scale) 123440405

Note. P = beta coefficient; Std. Err. = Standard Error; Wald CI = Wald confidence interval.

Table 4: Mean response times (in ms) for correctly answered
problem. Response times not within +/- 2 standard deviations
of the mean time of individual participant were excluded.
Cont = continuous; disc = discontinuous.

3-term 4-term 5-term
Category cont disc cont disc
Control 9727 13791 15490 16888 18156
Spatial 9056 12254 16140 16406 17723
Visual 10972 15219 17556 19765 21016
Visuospatial 8948 12833 16295 15352 17484

keeping visual models and cognitive operations comparable
on the common ground of mental operations.

General Discussion

Knauff & Johnson-Laird (2002) suggested that visually-rich
materials can evoke extra cognitive loading due to the pro-
cessing of unnecessary visual information in reasoning which
causes the visual impedance effect; in contrast with the com-
mon belief that reasoning problems with materials which are
easier to be visualized are easier to solve, having a faster pro-
cessing speed. Representation of reasoning problems should
be spatial rather than visual according to the results. Other-
wise, visual-relational problems should be faster to solve if
the problems are represented visually. In line with the re-
sults of Knauff & Johnson-Laird (2002), we found a slower
response time for visual problems even when the complex-
ity of the problems was varied. The same trend was found
in 3-term series as well as 4-term and 5-term series for both
continuous and discontinuous problems. Moreover, we found
that the number of term and successiveness of the entities in
the problems were also factors of the response time. Only
successiveness and validity were the significant factors for the
percentage of correct responses. However, validity does not
affect the response time of the problem.

It might be possible that the phenomenon is due to more
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spreading activation in memory of more (visual) features
for visually-rich relational terms Albrecht et al. (2015). As
more linked features are activated, the access time is longer.
However, we found a stronger visual impedance effect for
5-term discontinuous problem than 5-term continuous prob-
lems (with Wilcoxon Signed Ranks Test, difference between
response time for visual and control problems were signifi-
cant, for continuous: Z = 2.262, p = .024; for discontinuous:
Z =2.809, p = .005). The impedance effect is quite possibly
affecting the same underlying processing, i.e., hindrance in
reasoning processing. If the more spreading of activation in
memory solely causes the visual impedance effect, discontin-
uous problems should not have an even slower response time
as the items in both kinds of problems were the same and they
should evoke similar activations in memory.

As suggested by the mental model theory, after represent-
ing the premises into a iconic spatial array with the seman-
tics process, where the visual impedance effect is induced,
the reasoning processes (i.e., the construction of iconic spa-
tial mental model(s), validity evaluation, and revision of the
initial model) are nonlinguistic in nature. This hypothesis
was reflected in our results. We did not find any difference
between percentage of correct responses for visual relational
problems and other relational categories. On the other hand,
successiveness and validity were significant factors. Invalid
problems had a lower percentage of correct responses as well
as discontinuous problems. It was out of our expectation that
5-term series problems were not more difficult. The differ-
ence between 4-term and 5-term series problems was very
small (4-term: 67%; and 5-term: 65%). The results suggested
that the ease in representing or forming the integrated repre-
sentation is a more important issue in reasoning.

Results of the GEE analysis were in line with those of the
repeated measure ANOVA of the response time. Both re-
sults suggested that 5-term series discontinuous visual prob-
lems had the slowest response time. Furthermore, the regres-
sion coefficient of the visual problems was biggest among
the three significant parameters which might suggest that the



impedance due to visual processing was a more important
factor for the impedance effect on reasoning than the num-
ber of premises and successiveness of the entities.

In conclusion, our study replicated the visual impedance
effect for problems with different complexity. We found
that visual relational terms can slow down reasoning process-
ing but spatial relations can enhance reasoning in some of
our conditions. This supported the hypothesis of Knauff &
Johnson-Laird (2002) that the mental representation of rea-
soning problems should be spatial in nature. Also, the factors
affecting the complexity of reasoning problems are important
for the response time. Limitations of our study include that
we could not find any spatial relation terms that are easy to
represent spatially but difficult to visualize. In our word sur-
vey, we found many pairs which are easy to be visualized
but only few are rated to be easy to envisage spatially. How-
ever, this is one of the confounding factors of many previous
studies. Further studies include the correlation between the
easiness in visualizing the problem and the strength of the
visual impedance effect. The effect can also be tested with
other kinds of reasoning problems such as syllogisms.
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Abstract

This paper demonstrates how mental models and updates of
mental models due to system changes can be modeled with the
cognitive architecture ACT-R using explicit mechanisms. The
mental model building and updating is modeled with a
representation chunk and a control chunk. The representation
chunk holds the strategy, the expected outcome and an
evaluation mechanism of the strategy. The control chunk holds
information over environmental conditions and the learning
history. This modeling approach was developed and tested for
smartphone application tasks and then implemented in a
dynamic  decision-making task investigating strategy
development with complex stimuli. The later task used
different multi-feature auditory stimuli material. The modeling
approach explained data of participants in the smartphone
studies very well and met the trends found in the dynamic
decision-making task.

Keywords: ACT-R; mental model updating; general model;
learning; dynamic decision-making, applied

Introduction and Theory

Our behavior is guided by our internal representation of tasks
and situations (Norman, 1983). However, such
representations or mental models are not static but they
change and are adjusted, due to experience gain,
environmental changes etc. Understanding how people
update or adapt their mental model is relevant in many fields,
from updates in technical systems to real-life tasks that
require strategy learning and dynamic decision-making. The
later investigates serial decisions. Such decisions are
dependent on previous decisions and are made under time
constraints in a changing environment (Edwards,1962;
Gonzalez, 2014). Dynamic decision-making can be seen as
a continuous cycle of mental model updating, made up of
conceptualization — experimentation — reflection (Li and
Maani, 2011). In the conceptualization phase a general
concept of the situation is obtained. Hereby, the outcome of
potential decisions is mentally simulated. The current
situation is compared to information in the decision maker’s
mental model.

New information obtained from the environment is
integrated to develop a set of decisions. In the
experimentation phase, these decisions are tested. The
outcome (e.g. feedback) of the experimentation phase is
evaluated on in the reflection phase. If the expected outcome
is achieved (e.g. positive feedback), initial decisions are kept.
If, the outcome is unexpected (e.g. negative feedback) the
mental model of the decision maker is updated. Thus,
alternatives are sought for, such as new sources of
information.
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In real-life settings adaptations of mental representations
of users are required in many different circumstances.
Typical situations which require a user to update his or her
mental model are situations leading to errors, due to
incomplete or wrong representations. For example, if a user
repeatedly fails to install the connection settings for the
universities Wi-Fi, he or she needs to adjust his or her mental
model, about how to install Wi-Fi on phones. Situations in
which changes to the system (due to aspects outside of the
person) make the current (in the past correct mental model)
inadequate also require adjustment to the user’s mental
representation. Examples for the later are a) that due to
system-upgrades a new version of an application is launched
or b) that past-successful strategies used in decision-making
tasks are misleading due to environmental changes.

Nevertheless, the core mechanisms of mental model
adaptation should be the same for both situations. This paper
demonstrates how mental model build-up and adjustment due
to environmental can be addressed using the cognitive
architecture ACT-R.

Cognitive  architectures allow  computationally
implementing theories about human cognition in a broad
spectrum. The cognitive architecture ACT-R has been
applied in many applied domains such as smartphone usage
(Prezenski, Bruechner and Russwinkel, 2017) or air-traffic
control (Raufaste, 2006) but also in more ground-based
research (Halbriigge and Russwinkel, 2016).

ACT-R has symbolic and subsymbolic parts which
together produce the modeled behavior. The symbolic parts
are chunks, production rules, buffers and modules. The
modules resemble the architecture of the human brain. are
specified, each of them handles different types of information
(chunks). The chunks have slots, they store the smallest
pieces of information. The different modules interact through
their corresponding buffers. For example, visual information
is processed by the visual module and its two buffers. Motor
movement is controlled by the manual module and buffer.
The declarative module is the long-term memory of ACT-R.
Information for this module is retrieved via the retrieval
buffer. The imaginal module and buffer are important for
learning new information and can be seen as ACT-Rs
working memory. Model steering is controlled by the goal
module and buffer. The procedural module connects the
modules and selects (production-) rules. These production
rules are the core part of an ACT-R model- they govern the
model behavior. Production-rules can be selected and
executed, if buffer states are met. The selected production-
rule can then change the states of the modules. An example
of a subsymbolic process in ACT-R is the activation level.
Thus, if a production requests a chunk and more than one



chunk matches this request, this results in the selection of the
chunk with the highest activation level. The activation level
of a chunk is composed of how often it was used when it was
last accessed and how long ago the chunk was created. There
are many more subsymbolic processes built into the
architecture of ACT-R (e.g. blending, partial matching).
Subsymbolic processes are used for modeling implicit
learning, e.g. usage of activation mechanism to
model information that is well- known can be better retrieved
than information that is less well-known.

However, learning (especially in early phases) is also an
explicit process (Tenison, Fincham & Anderson, 2016).
Thus, the learner is deliberately processing information and
deciding what to do next stepwise. This can be modeled by
building of new chunks via specific production rules. They
can represent the strategies given to a model by the modeler.
For an overview and a discussion of implicit and explicit
mechanisms in ACT-R in context of intuitive decision-
making see Thomson et al (2016).

Explicit mechanisms seem especially important in mental
model updating. According to Li and Maani (2011) mental
model updating occurs in the reflection phase when negative
feedback (unexpected outcome) is observed. Then new
sources of information need to be sought for. Such processes
require the modeler to use explicit mechanism.

Cognitive models are useful to make precise predictions
about theories on human cognition. Models build with
cognitive architectures moreover allow precise prediction
about behavior influenced by different cognitive processes.
They try to capture cognition as a whole. Enough effort,
modeling skills and free parameters make it possible to
precisely match behavior of participants with models. But
for models to be useful. they should be able to predict data in
other situations as well. Therefore, modelers should avoid
using many specifications to match the data, but attempt to
use broader concepts. A successful example for this are
models using instance based learning (Gonzalez, 2005).
Instance based learning is used to model intuitive decision-
making (Thomson et al, 2016). Hereby problem-solving
instances are stored in declarative memory and decisions are
made by retrieving these instances. The activation
mechanism of ACT-R is used to determine which instances
are retrieved. However, in early phases of learning and when
previously-learned instances become invalid (due to changes
in the environment) explicit mechanisms are needed. Such
explicit mechanism should be constructed in a general
manner and thus be applicable in a variety of tasks.

Aim and Previous Work

The aim of this paper is to show how the same modeling
approaches and mechanisms relevant for mental model
building and updating can be used in very different applied
tasks. Both tasks have in common that they require the
participants to explicitly a) learn and b) notice changes and
thus to readjust their mental model. Otherwise the tasks are
different, thus two ACT-R models are used. Nevertheless,
this paper resembles a general modeling approach, since it
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demonstrates how the core model mechanisms developed in
one study (Prezenski and Russwinkel, 2016) are applied to a
different study (Prezenski et al. submitted).

The first study investigated a search-and select task with
two different smartphone applications. One application
allows users to select items to assemble a shopping list and
the other to select search-criteria for real-estates. Initial and
repeated usage of these applications was investigated.
Furthermore, users’ adaptation to changes in the applications
due to updates influencing the menu-structure (shopping
application) and adaptations (real-estate application) was
studied.

The second study examined strategy learning in an auditory
dynamic decision-making task. In this task, multi-feature
sounds were repeatedly presented to the participants. The task
was to decide if the presented sound was a target or a non-
target. To solve this task a combination of features had to be
chosen as targets. The relevance of feature combinations had
to be learned from the feedback given in the experiment. In
the middle of the task a uniformed switch of targets and non-
targets occurred. The task can be seen as an example for
dynamic decision-making, because it requires participants to
repeatedly make decisions on whether or not a stimulus is a
target or a non-target and learn (e.g. improve their decisions)
from feedback of the previous decisions. The decisions have
to be made under time-constraints. Other feature-
combinations become targets at a given point in the
experiment due to changes in the environment.

Methods

The methods section of this paper is structured in the
following way: First, the core mechanisms for mental model
building and mental model updating are described. Second,
the results of the first study on smartphone interaction and the
implementation of the mechanisms in the first study is
summarized. Third, the second study on dynamic decision-
making and the transfer and implementation of the
mechanisms is explained.

Mechanisms

Mental model building The core part of the mental model
(or abstract representation) of a situation, strategy or solution
is stored in the representation chunk (see figure 1). The slots
of this representation chunk hold information on the strategy
and the expected outcome of applying this strategy. The
information on the strategy consists of a representation of the
situation and the action.

During mental model building (conceptualisation phase)
the representation chunk needs to be placed in the imaginal
buffer. Only here ACT-R allows chunks to be altered. In the
experimentation phase, the expected (or predicted) outcome
of this representation chunk is tested and then reflected on
(reflection phase).

In the reflection phase, mental models can either be revised
or strengthened. On the one hand, revision is required, if the
outcome is different from what is expected. On the other



hand, if the outcome is as expected mechanisms for
strengthening the mental model are needed. Here fore,
explicit mechanisms are used; namely a slot that notes if a
strategy is correct and other slots that keep track (until a
threshold) how often a strategy was correct. Other implicit
ACT-R strengthening mechanisms are also used, such as that
frequently used chunks, are retrieved more often and have a
higher activation and this again makes them more likely to be
retrieved.

Furthermore, as learning evolves, mental models often
become more specific (Gonzalez and Lebiere, 2005). For
example, a user experienced in installing Wi-Fi on phones for
university networks might have two or more mental models
depending on the different types of phones the user installed
Wi-Fi for university network in the past. Thus, learners may
know that a solution is only applicable for a specific situation
(e.g. for one version of an application) such knowledge
should also be stored in the representation chunk.

Besides a representation of the situation, expected outcome
and observed success (core part of the mental model), the
building of such a model also requires some form of control
over the environmental conditions and the learning history.
Such information is stored in the control chunk (see Figure
1). This chunk is kept in the goal buffer.

representation chunk control chunk

specification uncertainty
environment change
situation part a)

situation part b)
action
predicted outcome

unsucessful
strengthening mechanism

Figure 1: Main chunks and slots required for mental model
building and updating

Mental Model Updating In this paper mental model
updating refers to the modification of an established
representation chunk, e.g. a strategy that has been successful
in the past.

The mechanism, illustrated in Figure 2 works the following
way: First, the strategy of the suggested action of the
representation chunk leads to unexpected outcome. This
unexpected outcome is then encoded in a slot of the control
chunk. This slot represents the uncertainty of the current
strategy that something may have changed. The
representation chunk is nevertheless kept as mental model
and tested again. If following the strategy proposed by the
representation chunk produces unexpected outcome again,
this is noted in a slot of the control chunk. This represents that
a change has occurred and that a different strategy needs to
be built up from now on.
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outcome

control chunk unexpected

outcome
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control chunk

representationf
chunk

uncertain

representation
chunk

o

try again

representation
chunk

change detected

representationf
chunk

rebuild

Figure 2: Mental model updating process, governed by
specified production rules.

Studies

In the following section the two studies, first the smartphone
study and then the decision-making study are presented. Both
sections first provide an overview of the tasks and material
and then focus on how the core model mechanism from above
are implemented respectively.

1) Smartphone Application Study These mechanisms were
implemented in a model of users search and select behavior
via navigating two smartphone applications. This study has
been presented in greater detail elsewhere (Prezenski and
Russwinkel, 2016). Thus, only a brief short summary of the
applications (material), task, participants, study-design and
the implementation of the mental model building and
updating mechanism is given.

Material/Applications  Two  self-designed  Android
applications (a shopping list application and a real-estate
application) each with two different versions were used. The
shopping list applications differed in overall menu-depth
(three layers vs. four layers). The real-estate application
adapted to prior selection, this affected the menu-depth and
the positions of some items. These applications were installed
on Google Nexus 4.

They are hierarchical-list style applications that support
search and select task. Targets and subtargets are spread out
over different pages of the applications. See Figure 3 for an
impression of the applications.

Task In the shopping-list application participants had to
search and select shopping items via navigating through
different pages of the application. The participants had to
search and select targets (shopping items) via selecting
subtargets (e.g. categories, shops) placed on different layers
of the application.
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Figure 3: Application layout, reprinted from (Prezenski et
al, 2017, p. 170)

In the real-estate application participants had to search and
select search criteria for real-estates via selecting different
subcategories which were again placed on different layers of
the application.

Study-Design The design in the four substudies was similar.
In the shopping-list study the participants were required to
search for the same nine items for four times. In the first two
blocks, they used one version of the application (either three
or four layers) in the last two blocks the version “updated”
and they had to use the other version. They were not informed
about the occurrence of a version switch. In the real-estate
study the participants were required to search for either a
house or an apartment with six or seven other criteria (e.g.
specific size, rent) and after two blocks they had to search for
the other one twice (e.g. those who searched for a house twice
had to search for an apartment and vice versa). Depending on
the pre-selection of house or apartment the position and the
menu-depth of other search-criteria could differ (e.g. if house
was pre-selected the search-criteria 60gm was positioned
higher in the list then if apartment was pre-selected).

The dependent variable is the average target selection time
per block. Each block consists of the selection of all items
(eight items per block for the shopping list studies and six or
seven items for the real-estate studies). Thus, four blocks per
study existed.

The four sub studies were conducted with student
participants. 10 participants took part in the real-estate study
where apartment was selected first, and 12 in the one where
house was selected first. 17 took part in the shopping list
study that used the three-layer version first and 12 in the one
that used the four layer version first.

Model implementation The apps were implemented in Lisp
and the model was run with ACT-R 7.1. 10 model runs per
study were implemented®. In the following the modeling
principles are summarized. This section focuses on how
the mechanism for mental model building and updating are
implemented. Other supplemental mechanisms will be
briefly introduced in the following section, as well.

Mental model building in smartphone studies The task
is to find a target via navigating through different layers of
the application. In the beginning of the task, a mental

! The data of the model did not show much variance. Thus,
additional model runs were not necessary.
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representation of the application is not inherent to the model.
Thus, navigation of the application if achieved using
knowledge of the world chunks. These are made up of
associations between different words (e.g. the target-word
alcohol-free beer is related to the word bottle shop). Thus,
each item of the application is read and a request for
a knowledge of the world chunk linking the current processed
item and the target, is made. If such a knowledge of the world
chunk can be found the item is selected, otherwise the next
item is processed. The knowledge of the world chunk is used
to build up a representation chunk in the imaginal buffer. If a
representation chunk is available, it will be used to navigate
to the target. This chunk contains the path leading to the
target, e.g. which item needs to be selected in order to reach
the target. Thus, the items are the situation and the target is
the expected outcome. There is no strengthening mechanism
used in this model. But a specification mechanism that
clarifies when a representation chunk is adequate to be used,
e.g. use representation chunk for a menu-depth of three.
However, this is part of the control chunk held in the goal
buffer. The control chunk of this model also holds
information about uncertainty of the current strategy (or path
chunk) and on detected changes (e.g. updates).

Mental model updates in smartphone studies After the
second block a change (either a version update or an
adaptation due to prior selection) is made to the application.
Thus, the established representation chunks will not lead to
the expected outcome anymore. So, targets, or subtargets
cannot be found with these representation chunks. This
uncertainty is noted in the control chunk. Another attempt to
find the target using this representation chunk is made. If it
again does not lead to the target, then a change in the
environment is noted. Thus, a strategy change is initiated
and the knowledge-of the world chunks are used to build a
different representation chunk. For the next target, a new
representation chunk is built directly. If the model is
required to search for a target with a new version a second
time it can retrieve the correct representation chunk using the
specification (see Figure 4).

representation chunk control chunk

(three or four layers)

m—3 specification

uncertainty
environment change

situation part a)
situation part b)
situation part c)

(first item)
(second item)
(third item)

(yes or nil)
(detected nil)

predicted outcome (target item)

unsuccessful (yes or no)

Figure 4: Two chunks which are implemented in the
Smartphone application study

2) Dynamic Decision-Making Study Mental model building
and updating should be the same process even in very
different tasks. Thus, it should be modeled in the same way



as other tasks that require mental model building and
updating. Such another task was investigated in the second
study. It required the participants to make sense of multi-
feature auditory stimuli. The experiment and the model are
presented in more detail in Prezenski et al (submitted). In the
following section, a short overview of material, task,
participants will be given. Followed by a more description of
how the mental model building and updating mechanisms
were implemented.

The stimuli were 160 different tones. These were made up of
a combination of different category features, namely duration
(short vs. long), direction of frequency modulation (rising vs.
falling) and intensity (quiet vs. loud) and frequency (high vs.
low). Tones which included a combination of specific
category feature (e.g. loud and falling) were the target stimuli
(25%), while the other where the non-targets (75%).
Different category-feature combinations were the target for
different participants.

In each trial (there were 240 altogether), a tone was
presented to the participant and he or she was required to
press one of two buttons to classify if the tone was a target or
a non-target. After the button-press auditory feedback was
presented (“wrong” or “correct”) and then after a pseudo-
random time of six, eight or ten seconds the next trial began.
After 120 trials, there was a switch of the button allocations,
the participants were not informed about this. There were
four different randomizations of the experiment; each had
different category features as targets.

The dependent variable was the average percentage of
correct responses per block. 20 trials were always grouped
together as a block. Thus, the experiment consisted of 12
blocks.

55 student participants took part in the experiment.

Model implementation The experiment for the model was
implemented in Lisp using the new-other-sound command
for the tones and using 16 tones (all possible combinations of
the category-feature) pairs as auditory stimuli. The model
was written with ACT-R 7.1.

Mental model building The task is to find the correct
strategy to classify tones into targets and non-targets. The
fact, that a combination of feature-value pairs is the correct
solution is unknown to model. Thus, first a single feature-
value-pair strategy is used and this is changed to a two
feature-value-pair strategy in the course of the experiment.
Two main chunks are part of the model (see Figure 5). The
first is arepresentation chunk which holds the current
strategy in the imaginal buffer. The second is a control chunk
in the goal buffer. In the beginning of a trial a tone is heard
and a decision has to be made if the tone is a target or not.
The representation chunk holds the current strategy the in
the imaginal buffer. It contains information about the
relevant feature(s) and value(s) (e.g., the sound is quiet or the
sound is quiet and its frequency range is high) and the
proposed response (0 or 1). This can be seen as the situation
and the predicted action. Furthermore, the specification slot
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of the representation chunk holds information on the degree
of complexity of the strategy (e.g. one or two-feature
strategy). An evaluation mechanism is part of the
representation chunk as well. The evaluation’s result
determines if a strategy was unsuccessful and keeps record of
how many times a strategy was successful. It marks if the first
attempt to use this strategy is successful. Furthermore, the
number of successful strategy uses are counted until a certain
value is reached. This is meant to reflect the subjective
feeling that a strategy was useful often. If a strategy was
useful often, then is well-established. The same
representation chunk is held in the imaginal buffer as long as
feedback is positive. If feedback is negative a different
representation chunk will be retrieved from memory.

The control chunk holds information on the uncertainty
about a current strategy and on detected environmental
changes.

representation chunk control chunk

specification one or two feature strategy | uncertainty

environment change

(yes or nil)
(detected nil)
situation part a) 1.feature-value-pair (e.g.
duration short)

situation part b) 2.feature-value-pair
(e.g.volume high)

predicted outcome response (0 or 1)

Unsucessful
First attempt
1.count
2.Count

(nil-yes)
(nil- yes)
(nil, 1,2... threshold)
(nil, 1,2...threshold)

Figure 5: Two chunks which are implemented in the
dynamic decision-making study

Mental model updating If an established strategy (in other
words representation chunk) causes unexpected negative
feedback uncertainty about this current strategy is noted in
the control chunk. Nevertheless, this strategy is used a second
time. If again unexpected outcome occurs, the strategy will
be changed using the mechanism seen in figure 2. In the
course of the experiment, this can occur in two different
situations. The first situation is, when a one-feature strategy
(e.g. volume loudness is 1) is successful often but after
repeated unexpected outcome (negative feedback) it is
changed into a two-feature strategy. Thereby, the first
feature-value pair (volume loudness is 1) is kept as part of the
strategy and complemented by another feature-value pair.

The second situation is, after the environment changed
when a past establish two-feature strategy repeatedly leads to
unexpected outcome. Then different two-feature strategies
are sought for.

To sum up, both the smartphone and the decision task
implemented mental model building and updating in the same
way. Mental model building and updating is modeled using
a representation and a control chunk. The followed strategy
is held in the representation chunk. This chunk is retrieved
from declarative memory and altered using working
memory. Information over environmental conditions and the
learning history is encoded in the control chunk which is held
in the goal buffer. In both models, well-established strategies
are not discarded directly in case of unexpected outcome, but



tested once more. If they lead to failure again, they are partly
revised and rebuilt.

However, the type of behavioral data that the models
performance was compared to, differed: average item
selection time was used for the smartphone studies and
percentage of correct responses for the dynamic decision-
making experiment.

Results

The results section briefly presents the results of the empirical
data together with the modeled data. The results of the
smartphone studies are presented in greater detail in
Prezenski & Russwinkel, 2016. The results of the decision-
making experiment in Prezenski et al (submitted).

Study 1: Smartphone Interaction

In all smartphone sub studies, the model captured the trends
found in the empirical data. The trends show a decrease in
item selection time from the first to the second block in all
four studies. An increase from the second to the third block
found in three studies (both real-estate app studies and the
shopping-list app, that added an additional layer (shopping 3-
4), see Figure 6). In the other shopping-list app study the
model also captured the decrease found between the second
and the third block. Finally, in all four studies there is a
decrease in the mean item-selection time this was again
captured by the model.

r =1.000 r=0.888
house apartment RSME=0.011 apartment house RSME=1,660
n=12 n=10

Figure 6: Mean target selection time, reprinted from
(Prezenski and Russwinkel, 2016, p. 205)

In the other shopping-list app study the model also
captured the decrease found between the second and the third
block. Finally, in all four studies there is a decrease in the
mean item-selection time this was again captured by the
model.

To sum up, the model captured learning and relearning
(update detection and new learning). It matched the
participant’s behavior in mean item selection time very well
for all four studies (r2 > 0.799).
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Study 2: Dynamic Decision-Making

In this study, the empirical data show an increase in the
proportion of the correct response from the first to the sixth
block (see Figure 7). This is followed by a drop in correct
responses in the seventh block, which is pursued by a
performance increase until the twelfth block. The model
resembles these trends. The overall r2 is at 0.672.
Nevertheless, the descriptive data indicates that the
participants have almost “recovered” from the change in the
eighth block, while the model takes longer.

In summary, the model captured the empirical data well; an
improvement in performance in the first half of the
experiment, the performance drop after the strategy changed
and the recovering in performance in the second half of the
experiment.

The overall fit of the dynamic decision-making task is not
as precise as the fit of the model in the smartphone
studies. One explanation hereof is that more measurement
points in the decision-making study (12) then in the
smartphone study (4) make it less likely to achieve a good fit.
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Figure 7: Proportions of correct responses of the model and
participants

Another explanation could be that the participants need less
long to find an adequate strategy (